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1. Introduction

First, we give a brief introduction to the theory of Vilenkin-Fourier analysis (for
more details see [1, 27]). Denote by P the set of the positive integers, N := P∪ {0}.
Let m := (m0, m1, . . . ) be a sequence of the positive integers not less than 2.
Denote by Zmn := {0, 1, . . . , mn − 1} the additive group of integers modulo mn for
any n ∈ N. Define the group Gm as the complete direct product of the groups Zmn

with the product of the discrete topologies of Zmn
‘s.

The direct product µ of the measures

µn({j}) := 1
mn
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is the Haar measure on Gm with µ(Gm) = 1, for any j ∈ Zmn .
If the sequence m is bounded, then Gm is called a bounded Vilenkin group,

otherwise, it is called an unbounded one. In the case of m = (2, 2, . . . ) we get G2
(or simply G), the so-called Walsh group. The elements of Gm are represented by
sequences

x := (x0, x1, . . . , xn, . . .),

where xn ∈ Zmn . It is easy to give a base for the neighbourhoods of Gm:

I0(x) := Gm,

In(x) := {y ∈ Gm | y0 = x0, . . . , yn−1 = xn−1}

if x ∈ Gm and n ∈ P. Let us denote In := In(0) for n ∈ N. We define the so-called
generalized number system based on m in the following way:

M0 := 1, Mn+1 := mnMn

where n ∈ N. Then every n ∈ N can be uniquely expressed as

n =
∞∑

k=0
nkMk,

where nk ∈ Zmk
(k ∈ N) and only a finite number of nk‘s differ from zero. Let us

denote by |n| a natural number such that

M|n| ≤ n < M|n|+1.

Let Lp(Gm) denote the usual Lebesgue spaces on Gm with corresponding norms
∥.∥p and C(Gm) denote the space of continuous functions on Gm with the norm

∥f∥∞ := sup{|f(x)| : x ∈ Gm}.

Next, we define the modulus of continuity in Lp(Gm) for 1 ≤ p < ∞ of a function
f ∈ Lp(Gm) by

ωp(f, δ) := sup
|x|<δ

∥F (·, x)∥p, δ > 0,

with the notation

|x| :=
∞∑

i=0

xi

Mi+1
for all x ∈ Gm

and
F (x, u) := f(x − u) − f(x).

Analogously, we can define the modulus of continuity in C(Gm), it is denoted by
ω∞(f, δ).

The Lipschitz classes in Lp(Gm) for each α > 0 are defined by

Lip(α, p, Gm) := {f ∈ Lp(Gm) : ωp(f, δ) = O(δα) as δ → 0}.
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Moreover,

Lip(α, C(Gm)) := {f ∈ C(Gm) : |F (x, y)| ≤ C|y|α, x, y ∈ Gm}.

Further, for the simplicity we write Lip(α, ∞, Gm) := Lip(α, C(Gm)).
Next, we introduce on Gm an orthonormal system which is called Vilenkin

system. At first, we define the complex-valued functions rk(x) : Gm → C, the
generalized Rademacher functions, by

rk(x) := exp(2πıxk/mk),

where ı2 = −1, x ∈ Gm and k ∈ N.
Let us define the Vilenkin system φ := {φn : n ∈ N} on Gm as

φn(x) :=
∞∏

k=0
rnk

k (x).

Specifically, we call this system the Walsh-Paley system, when m = (2, 2, . . . ). The
Vilenkin system is orthonormal and complete in L2(Gm) (see [31]). Exactly, the
elements of the Vilenkin system are the characters of Gm. Namely, f : Gm → C
continuous,

f(x + y) = f(x)f(y)
and |f(x)| = 1 for all x, y ∈ Gm. Moreover, it holds if and only if f(x) = φn(x) for
some n ∈ N (see [27]).

Let Pn be the collection of Vilenkin polynomials of order less than n, that is,
functions of the form

P (x) =
n−1∑
k=0

akφk(x),

where n ∈ P and {an : n ∈ N} is a sequence of complex numbers and let

P := ∪∞
n=1Pn.

The kth Vilenkin-Fourier-coefficient, the ith partial sum of the Vilenkin-Fourier
series, the nth Vilenkin-Fejér mean and the nth Vilenkin-Dirichlet kernel is defined
by

f̂(k) :=
∫

Gm

fφ̄kdµ, Si(f) :=
i−1∑
k=0

f̂(k)φk, σn(f) := 1
n

n∑
i=1

Si(f),

Dn :=
n−1∑
k=0

φk, D0 := 0

where n, i ∈ P and k ∈ N. The Mkth Dirichlet kernel for any k ∈ N has a closed
form

DMk
(x) =

{
0, if x ̸∈ Ik,

Mk, if x ∈ Ik.
(1.1)
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Fejér kernels are defined as the arithmetical means of Dirichlet kernels, that is,

Kn := 1
n

n∑
k=1

Dk.

It is well-known [1] that if Gm is a bounded Vilenkin group, the L1(Gm) norm of
the Fejér kernels are uniformly bounded. Namely, there exists a positive constant
c such that ∫

Gm

|Kn(x)|dµ(x) ≤ c (1.2)

holds for any n ∈ P.
Let {qk : k ∈ N} be a sequence of non-negative numbers. The nth Nörlund

mean of the Vilenkin-Fourier series is defined by

1
Qn

n∑
k=1

qn−kSk(f ; x),

where Qn :=
∑n−1

k=0 qk, where n ∈ P. It is always assumed that q0 > 0 and

lim
n→∞

Qn = ∞.

In this case, the summability method generated by {qk : k ∈ N} is regular (see [24,
35]) if and only if

lim
n→∞

qn−1

Qn
= 0.

In paper [24], the rate of the approximation by Nörlund means of Walsh-Fourier
series of a function f in Lp(G2) and in C(G2) (in particular, in Lip(α, p, G2), where
α > 0 and 1 ≤ p ≤ ∞) was studied. As special cases Móricz and Siddiqi obtained
the earlier results given by Yano [34], Jastrebova [20] and Skvortsov [29] on the rate
of the approximation by Cesàro means. The approximation properties of the Walsh-
Cesàro means of negative order were studied by Goginava [17], Vilenkin case was
investigated by Shavardenidze [28] and Tepnadze [30]. In 2008, Fridli, Manchanda
and Siddiqi generalized the result of Móricz and Siddiqi for homogeneous Banach
spaces and dyadic Hardy spaces [16]. Recently, Baramidze, Gát, Goginava, Memić,
K. Nagy, Persson, Tephnadze, Wall and the author presented some results with
respect to this topic [3, 5, 11, 18, 22]. See [15, 33], as well. For the two-dimensional
results see [8, 10, 25, 26].

Let {pk : k ∈ P} be a sequence of non-negative numbers. The nth weighted
mean of Vilenkin-Fourier series is defined by

1
Pn

n∑
k=1

pkSk(f ; x),

where Pn :=
∑n

k=1 pk, where n ∈ P. It is always assumed that p1 > 0 and

lim
n→∞

Pn = ∞,
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which is the condition for regularity.
In [23] the authors studied the rate of the approximation by weighted means

of Walsh-Fourier series of a function in Lp(G2) and in C(G2) (in particular, in
Lip(α, p, G2), where α > 0 and 1 ≤ p ≤ ∞). As special cases Móricz and Rhoades
obtained the earlier results given by Yano [34], Jastrebova [20] on the rate of
the approximation by Walsh-Cesàro means. A common generalization of this two
results of Móricz and Siddiqi [24] and Móricz and Rhoades [23] was given by K. Nagy
and the author in the paper [7].

In particular cases weighted and Nörlund means are the Vilenkin-Fejér means
(for all k set pk = qk = 1).

Let T := (ti,j)∞
i,j=1 be a doubly infinite matrix of numbers. It is always supposed

that matrix T is upper triangular. Let us define the nth de La Vallée Poussin type
matrix transform mean determined by the matrix T

σT
ñ,n(f ; x) :=

n∑
k=ñ

tk,nSk(f ; x),

where Sk(f ; x) denotes the kth partial sums of the Vilenkin-Fourier series of f . For
matrix transform method the conditions of regularity can be found in Zygmund’s
book [35, p. 74].

Since the nth row of the matrix T determines the linear mean σT
ñ,n and its

definition contains only finite number of entries, for the simplicity we say {tk,n :
ñ ≤ k ≤ n, k ∈ P} is a finite sequence of numbers for each n ∈ P.

In the further part of this paper, let {tk,n : ñ ≤ k ≤ n, k ∈ P} be a finite
sequence of non-negative numbers for each n ∈ P. The (ñ, n)th matrix transform
kernel is defined by

KT
ñ,n(x) :=

n∑
k=ñ

tk,nDk(x).

It is easily seen that

σT
ñ,n(f ; x) =

∫
Gm

f(u)KT
ñ,n(x − u)dµ(u).

It follows by simple consideration that the Nörlund means and weighted means are
matrix transform means.

For matrix transforms means with respect to the trigonometric system see e.g.
results of Chandra [13] and Leindler [21], to Walsh system see paper of Blyumin [12].

This paper is motivated by the work of Móricz and Siddiqi [24] on Walsh-
Nörlund mean method and the result of Móricz and Rhoades [23] on Walsh weighted
mean method.

Our main aim is to investigate the rate of the approximation of de La Vallée
Poussin type matrix transform means in terms of modulus of continuity under some
general conditions.
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The main theorem (Theorem 3.3) gives a kind of common generalization of the
two results of Móricz and Siddiqi on Nörlund means [24] and Móricz and Rhoades
on weighted means [23]. Moreover, we generalized the system, as well. At the end,
we present an application for Lipschitz functions.

Other aspects of these methods regarding Walsh-Fourier series are treated in the
papers [15, 33]. Avdispahić and Pepić proved some results also for Vilenkin-system
in the paper [2].

We mention, that Iofina and Volosivets obtained similar results on Vilenkin
systems with similar assumptions using different methods (independently form
technics of Móricz, Rhoades, Siddiqi, Fridli and others) with respect to matrix
transform means in [19] and Volosivets in [32]. They used in their proof the defini-
tion of the best approximation and the Watari-Efimov inequality. We used it only
for the trivial case (if 1 < p < ∞).

De La Vallée Poussin type matrix transform means for Walsh system were
introduced Gát and the author in [5]. In their paper, Blahota and Gát proved
similar theorems as in this one, but for the Walsh system. See also [4] and [6]. In
the latter article, the authors dealt with Vilenkin systems, but in special cases.

2. Auxiliary results
Lemma 2.1. Let us set j, k, l ∈ N, 0 ≤ k < Mj and 0 < l ≤ mj. Then

DlMj−k =
l−1∑
s=0

rs
j DMj − φlMj−1D̄k.

Proof. By definition

DlMj−k =
lMj−k−1∑

h=0
φh =

lMj−1∑
h=0

φh −
lMj−1∑

h=lMj−k

φh

=
l−1∑
s=0

Mj−1∑
i=0

φsMj+i −
k−1∑
i=0

φlMj−i−1.

Since easy to see that φsMj+i = φsMj
φi for any s ∈ {1, . . . , mj − 1}, j ∈ N, where

i ∈ {0, . . . , Mj − 1} and φsMj = rs
j , so we get

Mj−1∑
i=0

φsMj+i = rs
j DMj

.

On the other hand, φlMj−i−1 = φlMj−1φ̄i for any l ∈ {1, . . . , mj}, j ∈ N, where
i ∈ {0, . . . , Mj − 1}. It follows

k−1∑
i=0

φlMj−i−1 = φlMj−1D̄k.
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Lemma 2.2 (Blahota and K. Nagy [9]). Let us set j, k, l ∈ N, 0 ≤ k < Mj and
0 ≤ l < mj. Then

DlMj+k =
l−1∑
s=0

rs
j DMj

+ rl
jDk.

Lemma 2.3 (Blahota and K. Nagy [9]). Let n, q ∈ P, 1 ≤ q ≤ mn − 1 and
g ∈ PMn

, f ∈ Lp(Gm), where 1 ≤ p < ∞ or f ∈ C(Gm). Then∥∥∥∥∥∥
∫

Gm

rq
n(u)g(u)F (·, u)dµ(u)

∥∥∥∥∥∥
p

≤ mn∥g∥1ωp

(
f,

1
Mn

)

holds (for f ∈ C(Gm) we change p by ∞).

Corollary 2.4. Let n ∈ P and g ∈ PMn , f ∈ Lp(Gm), where 1 ≤ p < ∞ or
f ∈ C(Gm). Then∥∥∥∥∥∥

∫
Gm

φMn+1−1(u)g(u)F (·, u)dµ(u)

∥∥∥∥∥∥
p

≤ mn∥g∥1ωp

(
f,

1
Mn

)

holds (for f ∈ C(Gm) we change p by ∞).

Proof. This statement is a simple consequence of Lemma 2.3. Since

φMn+1−1 = φ(mn−1)Mn
φMn−1 = rmn−1

n φMn−1,

where φMn−1 ∈ Pn, so g′ := φMn−1g ∈ Pn also. Then we can use Lemma 2.3 for
this g′ by choosing q := mn − 1. Furthermore it is obvious, that ∥g′∥1 = ∥g∥1.

We introduce the notation ∆tk,n := tk,n − tk+1,n, where k ∈ {1, . . . , n} and
tn+1,n := 0. In the next Lemma, we give a decomposition of the kernels KT

ñ,n.

Lemma 2.5. Let ñ, n ∈ P and suppose that |ñ| < |n|. Then we have

KT
ñ,n =

M|ñ|+1−ñ∑
k=1

tM|ñ|+1−k,nDM|ñ|+1 − tñ,nφM|ñ|+1−1(M|ñ|+1 − ñ)K̄M|ñ|+1−ñ

+ φM|ñ|+1−1

M|ñ|+1−ñ−1∑
k=1

∆tM|ñ|+1−k−1,nkK̄k

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

l−1∑
s=1

Mj−1∑
k=0

tlMj+k,nrs
j DMj

+
|n|−1∑

j=|ñ|+1

Mj+1−1∑
s=Mj

ts,nDMj
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+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

Mj−2∑
k=1

∆tlMj+k,nkrl
jKk

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

t(l+1)Mj−1,n(Mj − 1)rl
jKMj−1

+
n|n|−1∑

l=1

l−1∑
s=1

M|n|−1∑
k=0

tlM|n|+k,nrs
|n|DM|n| +

n|n|−1∑
l=1

M|n|−2∑
k=1

∆tlM|n|+k,nkrl
|n|Kk

+
n|n|−1∑

l=1
t(l+1)M|n|−1,n(M|n| − 1)rl

|n|KM|n|−1

+
n−n|n|M|n|∑

k=0

n|n|−1∑
s=1

tn|n|M|n|+k,nrs
|n|DM|n|

+
n−n|n|M|n|∑

k=1
∆tn|n|M|n|+k,nkr

n|n|
|n| Kk +

n∑
l=M|n|

tl,nDM|n| =:
13∑

i=1
Ki,ñ,n.

Proof. We write

KT
ñ,n =

M|ñ|+1−1∑
l=ñ

tl,nDl +
|n|−1∑

j=|ñ|+1

Mj+1−1∑
l=Mj

tl,nDl +
n∑

l=M|n|

tl,nDl

=: KA
ñ,n + KB

ñ,n + KC
n .

Now, we apply Lemma 2.1 and Lemma 2.2 for these expressions. We get

KA
ñ,n =

M|ñ|+1−ñ∑
k=1

tM|ñ|+1−k,nDM|ñ|+1−k

=
M|ñ|+1−ñ∑

k=1
tM|ñ|+1−k,nDM|ñ|+1 −

M|ñ|+1−ñ∑
k=1

tM|ñ|+1−k,nφM|ñ|+1−1D̄k

=:
2∑

i=1
KA,i

ñ,n,

KB
ñ,n =

|n|−1∑
j=|ñ|+1

mj−1∑
l=1

Mj−1∑
k=0

tlMj+k,nDlMj+k

=
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

Mj−1∑
k=0

tlMj+k,n

l−1∑
s=0

rs
j DMj

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

Mj−1∑
k=0

tlMj+k,nrl
jDk
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=
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

l−1∑
s=1

Mj−1∑
k=0

tlMj+k,nrs
j DMj

+
|n|−1∑

j=|ñ|+1

Mj+1−1∑
s=Mj

ts,nDMj

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

rl
j

Mj−1∑
k=0

tlMj+k,nDk =:
3∑

i=1
KB,i

ñ,n

and

KC
n =

n−M|n|∑
k=0

tM|n|+k,nDM|n|+k

=
n|n|−1∑

l=1

M|n|−1∑
k=0

tlM|n|+k,nDlM|n|+k +
n−n|n|M|n|∑

k=0
tn|n|M|n|+k,nDn|n|M|n|+k

=
n|n|−1∑

l=1

M|n|−1∑
k=0

tlM|n|+k,n

l−1∑
s=0

rs
|n|DM|n| +

n|n|−1∑
l=1

M|n|−1∑
k=1

tlM|n|+k,nrl
|n|Dk

+
n−n|n|M|n|∑

k=0
tn|n|M|n|+k,n

n|n|−1∑
s=0

rs
|n|DM|n| + r

n|n|
|n|

n−n|n|M|n|∑
k=1

tn|n|M|n|+k,nDk

=
n|n|−1∑

l=1

l−1∑
s=1

M|n|−1∑
k=0

tlM|n|+k,nrs
|n|DM|n| +

n|n|−1∑
l=1

M|n|−1∑
k=1

tlM|n|+k,nrl
|n|Dk

+
n−n|n|M|n|∑

k=0

n|n|−1∑
s=1

tn|n|M|n|+k,nrs
|n|DM|n| + r

n|n|
|n|

n−n|n|M|n|∑
k=1

tn|n|M|n|+k,nDk

+
n∑

l=M|n|

tl,nDM|n| =:
5∑

i=1
KC,i

n .

Now, we use Abel’s transform for the expressions KA,2
ñ,n , KB,3

ñ,n , KC,2
n and KC,4

n . We
have

KA,2
ñ,n = −

M|ñ|+1−ñ∑
k=1

tM|ñ|+1−k,nφM|ñ|+1−1D̄k

= − tñ,nφM|ñ|+1−1(M|ñ|+1 − ñ)K̄M|ñ|+1−ñ

+ φM|ñ|+1−1

M|ñ|+1−ñ−1∑
k=1

∆tM|ñ|+1−k−1,nkK̄k,

KB,3
ñ,n =

|n|−1∑
j=|ñ|+1

mj−1∑
l=1

Mj−1∑
k=1

tlMj+k,nrl
jDk
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=
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

Mj−2∑
k=1

∆tlMj+k,nkrl
jKk + t(l+1)Mj−1,n(Mj − 1)rl

jKMj−1

,

KC,2
n =

n|n|−1∑
l=1

M|n|−1∑
k=1

tlM|n|+k,nrl
|n|Dk

=
n|n|−1∑

l=1

M|n|−2∑
k=1

∆tlM|n|+k,nkrl
|n|Kk

+
n|n|−1∑

l=1
t(l+1)M|n|−1,n(M|n| − 1)rl

|n|KM|n|−1.

Using Abel-transformation and equality tn+1,n = 0 we get that

KC,4
n =

n−n|n|M|n|∑
k=1

tn|n|M|n|+k,nr
n|n|
|n| Dk

=
n−n|n|M|n|−1∑

k=1
∆tn|n|M|n|+k,nkr

n|n|
|n| Kk

+ tn,n(n − n|n|M|n|)r
n|n|
|n| Kn−n|n|M|n|

=
n−n|n|M|n|∑

k=1
∆tn|n|M|n|+k,nkr

n|n|
|n| Kk.

It completes the proof of Lemma 2.5.

Lemma 2.6. Let ñ, n ∈ P and suppose that ñ < n, but |ñ| = |n|. Then we have

KT
ñ,n =

M|n|+1−ñ∑
k=M|n|+1−n

tM|n|+1−k,nDM|n|+1 − tñ,nφM|n|+1−1(M|n|+1 − ñ)K̄M|n|+1−ñ

+ φM|n|+1−1

M|n|+1−ñ−1∑
k=M|n|+1−n−1

∆tM|n|+1−k−1,nkK̄k.

Proof. We write

KT
ñ,n =

n∑
l=ñ

tl,nDl =
M|n|+1−1∑

l=ñ

tl,nDl,

where tl,n = 0, if l ∈ {n + 1, . . . , M|n|+1 − 1}. Using Lemma 2.1 for this expression
we get

KT
ñ,n =

M|n|+1−ñ∑
k=1

tM|n|+1−k,nDM|n|+1−k

10
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=
M|n|+1−ñ∑

k=1
tM|n|+1−k,nDM|n|+1 −

M|n|+1−ñ∑
k=1

tM|n|+1−k,nφM|n|+1−1D̄k

=
M|n|+1−ñ∑

k=M|n|+1−n

tM|n|+1−k,nDM|n|+1 −
M|n|+1−ñ∑

k=1
tM|n|+1−k,nφM|n|+1−1D̄k.

Now, we use Abel’s transform

−
M|n|+1−ñ∑

k=1
tM|n|+1−k,nφM|n|+1−1D̄k

= − tñ,nφM|n|+1−1(M|n|+1 − ñ)K̄M|n|+1−ñ

+ φM|n|+1−1

M|n|+1−ñ−1∑
k=1

∆tM|n|+1−k−1,nkK̄k

= − tñ,nφM|n|+1−1(M|n|+1 − ñ)K̄M|n|+1−ñ

+ φM|n|+1−1

M|n|+1−ñ−1∑
k=M|n|+1−n−1

∆tM|n|+1−k−1,nkK̄k.

Recall that tn+1,n = 0.

From now, we discuss bounded Vilenkin groups, i.e. the case when

sup
n∈N

mn < c.

Throughout our article c denotes a positive absolute constant, which may vary at
different appearances.
Lemma 2.7. Let ñ, n ∈ P and the members of finite sequence {tk,n : ñ ≤ k ≤ n}
be non-negative numbers. We suppose that

n∑
k=ñ

tk,n = 1. (2.1)

If the finite sequence {tk,n : ñ ≤ k ≤ n} is non-decreasing for all n, then we suppose

tn,n = O

(
1
n

)
and if the finite sequence {tk,n : ñ ≤ k ≤ n} is non-increasing for all n, then we
suppose

tñ,n = O

(
1
ñ

)
.

Then in both case Inequality ∥∥KT
ñ,n

∥∥
1 ≤ c (2.2)

holds.

11
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Proof. Using Abel transformation we get

KT
ñ,n =

n−1∑
k=ñ

∆tk,nkKk + tn,nnKn − tñ,n(ñ − 1)Kñ−1.

Applying Inequality (1.2) we obtain

∥∥KT
ñ,n

∥∥
1 ≤

n−1∑
k=ñ

|∆tk,n|k∥Kk∥1 + tn,nn∥Kn∥1 + tñ,n(ñ − 1)∥Kñ−1∥1

≤ c

(
n−1∑
k=ñ

|∆tk,n|k + tn,nn + tñ,n(ñ − 1)
)

.

In non-decreasing case

∥∥KT
ñ,n

∥∥
1 ≤ c

(
−

n∑
k=ñ

tk,n − tñ,n(ñ − 1) + tn,nn + tn,nn + tñ,n(ñ − 1)
)

≤ c2tn,nn ≤ c.

In non-increasing case

∥∥KT
ñ,n

∥∥
1 ≤ c

(
n∑

k=ñ

tk,n + tñ,n(ñ − 1) − tn,nn + tn,nn + tñ,n(ñ − 1)
)

≤ c(1 + 2tñ,nñ) ≤ c.

Remark 2.8. Inequality (2.2) surely is not fulfilled without conditions (besides
(2.1)). For example consider tn,n = 1. Then KT

ñ,n = Dn and sequence ∥Dn∥1 is
not bounded.

The next result is in paper [9]. We use only the half of that statement, only for
non-decreasing tk,n sequences and f ∈ L1(Gm).

Lemma 2.9 (Blahota and K. Nagy [9]). Let f ∈ L1(Gm). For every n ∈ P, {tk,n :
1 ≤ k ≤ n} be a finite sequence of non-negative numbers such that

n∑
k=1

tk,n = 1

is satisfied. If the finite sequence {tk,n : 1 ≤ k ≤ n} is non-decreasing for a fixed n
and the Condition

tn,n = O

(
1
n

)
is satisfied, then

∥σT
1,n(f) − f∥1 ≤ c

|n|−1∑
j=0

Mjω1

(
f,

1
Mj

)mj−1∑
l=1

t(l+1)Mj−1,n + cω1

(
f,

1
M|n|

)
.

12
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3. De La Vallée Poussin type approximations in
norm

Theorem 3.1. Let f ∈ L1(Gm) and ñ, n ∈ P, where ñ < n. Let the finite sequence
{tk,n : ñ ≤ k ≤ n} of non-negative numbers be non-decreasing for all n. We suppose
that

n∑
k=ñ

tk,n = 1

and
tn,n = O

(
1
n

)
hold. Then ∥∥σT

ñ,n(f) − f
∥∥

1 ≤ cω1

(
f,

1
M|ñ|

)
.

Proof. The proof is a simple consequence of Lemma 2.9. Namely, in the statement
of Lemma 2.9 let us choose t1,n := · · · := tñ−1,n = 0. Then∥∥σT

ñ,n(f) − f
∥∥

1 =
∥∥σT

1,n(f) − f
∥∥

1

≤ c

|n|−1∑
j=0

Mjω1

(
f,

1
Mj

)mj−1∑
l=1

t(l+1)Mj−1,n + cω1

(
f,

1
M|n|

)

≤ c

|n|−1∑
j=0

Mjω1

(
f,

1
Mj

)
(mj − 1)tMj+1−1,n + cω1

(
f,

1
M|n|

)

≤ c

|n|−1∑
j=|ñ|

Mjω1

(
f,

1
Mj

)
ctMj+1−1,n + cω1

(
f,

1
M|n|

)

≤ cntn,nω1

(
f,

1
M|ñ|

)
+ cω1

(
f,

1
M|n|

)
≤ cω1

(
f,

1
M|ñ|

)
+ cω1

(
f,

1
M|n|

)
= cω1

(
f,

1
M|ñ|

)
Remark 3.2. In the proof of Theorem 3.1 we got inequality

∥∥σT
ñ,n(f) − f

∥∥
1 ≤ c

|n|−1∑
j=|ñ|

Mjω1

(
f,

1
Mj

)
ctMj+1−1,n + cω1

(
f,

1
M|n|

)
.

This estimate is more accurate for small ñ compared to the statement of Theo-
rem 3.1.

13
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The statement of next lemma has mostly analogous form as result of Lemma 2.9,
Móricz and Siddiqi [24] and others.

Theorem 3.3. Let f ∈ L1(Gm). For every n, ñ ∈ P, {tk,n : ñ ≤ k ≤ n}, where
|ñ| < |n| be a finite sequence of non-negative numbers such that

n∑
k=ñ

tk,n = 1 (3.1)

and
tñ,n = O

(
1
ñ

)
(3.2)

are satisfied. If the finite sequence {tk,n : ñ ≤ k ≤ n} is non-increasing for a fixed
n, then

∥∥σT
ñ,n(f) − f

∥∥
1 ≤ c

|n|−1∑
j=|ñ|+1

Mjω1

(
f,

1
Mj

)mj−1∑
l=1

tlMj ,n + cω1

(
f,

1
M|ñ|

)
.

Proof. Using Lemma 2.5, Condition (3.1) and the usual Minkowski inequality we
get

∥σT
ñ,n(f) − f∥1 =

∥∥∥∥∥∥
∫

Gm

KT
ñ,n(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

≤
13∑

i=1

∥∥∥∥∥∥
∫

Gm

Ki,ñ,n(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

≤
M|ñ|+1−ñ∑

k=1
tM|ñ|+1−k,n

∥∥∥∥∥∥
∫

Gm

DM|ñ|+1(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+ tñ,n(M|ñ|+1 − ñ)

∥∥∥∥∥∥
∫

Gm

φM|ñ|+1−1K̄M|ñ|+1−ñF (·, u)dµ(u)

∥∥∥∥∥∥
1

+
M|ñ|+1−ñ−1∑

k=1

∣∣∆tM|ñ|+1−k−1,n

∣∣k
∥∥∥∥∥∥
∫

Gm

φM|ñ|+1−1K̄kF (·, u)dµ(u)

∥∥∥∥∥∥
1

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

l−1∑
s=1

Mj−1∑
k=0

tlMj+k,n

∥∥∥∥∥∥
∫

Gm

rs
j (u)DMj (u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
|n|−1∑

j=|ñ|+1

Mj+1−1∑
s=Mj

ts,n

∥∥∥∥∥∥
∫

Gm

DMj
(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

14
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+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

Mj−2∑
k=1

∣∣∆tlMj+k,n

∣∣k
∥∥∥∥∥∥
∫

Gm

rl
j(u)Kk(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
|n|−1∑

j=|ñ|+1

mj−1∑
l=1

t(l+1)Mj−1,n(Mj − 1)

∥∥∥∥∥∥
∫

Gm

rl
j(u)KMj−1(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n|n|−1∑

l=1

l−1∑
s=1

M|n|−1∑
k=0

tlM|n|+k,n

∥∥∥∥∥∥
∫

Gm

rs
|n|(u)DM|n|(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n|n|−1∑

l=1

M|n|−2∑
k=1

∣∣∆tlM|n|+k,n

∣∣k
∥∥∥∥∥∥
∫

Gm

rl
|n|(u)Kk(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n|n|−1∑

l=1
t(l+1)M|n|−1,n(M|n| − 1)

∥∥∥∥∥∥
∫

Gm

rl
|n|(u)KM|n|−1(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n−n|n|M|n|∑

k=0

n|n|−1∑
s=1

tn|n|M|n|+k,n

∥∥∥∥∥∥
∫

Gm

rs
|n|(u)DM|n|(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n−n|n|M|n|∑

k=1

∣∣∆tn|n|M|n|+k,n

∣∣k
∥∥∥∥∥∥
∫

Gm

r
n|n|
|n| (u)Kk(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

+
n∑

l=M|n|

tl,n

∥∥∥∥∥∥
∫

Gm

DM|n|(u)F (·, u)dµ(u)

∥∥∥∥∥∥
1

=:
13∑

i=1
Ii,n.

The generalized Minkowski inequality and Condition (3.1) imply

I1,n ≤
∫

Gm

DM|ñ|+1(u)
∫

Gm

|F (x, u)|dµ(x)dµ(u)
M|ñ|+1−1∑

k=ñ

tk,n

≤ω1
(
f, 1/M|ñ|+1

)
,

I5,n ≤
|n|−1∑

j=|ñ|+1

Mj+1−1∑
s=Mj

ts,n

∫
Gm

DMj
(u)

∫
Gm

|F (x, u)|dµ(x)dµ(u)

≤
|n|−1∑

j=|ñ|+1

Mj+1−Mj−1∑
k=0

tMj+k,nω1(f, 1/Mj)

≤
|n|−1∑

j=|ñ|+1

Mj−1∑
k=0

tMj ,n +
2Mj−1∑
k=Mj

t2Mj ,n + · · · +
Mj+1−1∑

k=Mj+1−Mj

t(mj−1)Mj ,n


15
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× ω1(f, 1/Mj)

=
|n|−1∑

j=|ñ|+1

Mj

mj−1∑
l=1

tlMj ,nω1(f, 1/Mj)

and

I13,n ≤
∫

Gm

DM|n|(u)
∫

Gm

|F (x, u)|dµ(x)dµ(u)
n∑

l=M|n|

tl,n

≤ ω1
(
f, 1/M|n|

)
.

For expressions I4,n, I8,n and I11,n we apply Lemma 2.3, equation (1.1) and Con-
dition (3.1). We have

I4,n ≤
|n|−1∑

j=|ñ|+1

mj

∥∥DMj

∥∥
1ω1(f, 1/Mj)

mj−1∑
l=1

(l − 1)
Mj−1∑
k=0

tlMj+k,n

≤
|n|−1∑

j=|ñ|+1

m2
jω1(f, 1/Mj)

mj−1∑
l=1

Mj−1∑
k=0

tlMj+k,n.

From monotony we obtain

I4,n ≤ c

|n|−1∑
j=|ñ|+1

Mjω1(f, 1/Mj)
mj−1∑

l=1
tlMj ,n.

Similarly,

I8,n ≤ m|n|
∥∥DM|n|

∥∥
1ω1(f, 1/M|n|)

n|n|−1∑
l=1

(l − 1)
M|n|−1∑

k=0
tlM|n|+k,n

≤ m2
|n|ω1(f, 1/M|n|)

n|n|−1∑
l=1

M|n|−1∑
k=0

tlM|n|+k,n

≤ cω1(f, 1/M|n|)
n|n|M|n|−1∑

k=M|n|

tk,n

≤ cω1(f, 1/M|n|)

and

I11,n ≤ m|n|(n|n| − 1)
∥∥DM|n|

∥∥
1ω1(f, 1/M|n|)

n−n|n|M|n|∑
k=0

tn|n|M|n|+k,n

16
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≤ m2
|n|ω1(f, 1/M|n|)

n∑
k=n|n|M|n|

tk,n

≤ cω1(f, 1/M|n|).

The usual Minkowski inequality, Inequality (1.2), Corollary 2.4, Condition (3.1)
and Condition (3.2) yield estimations of expressions I2,n and I3,n. At first

I2,n ≤ tñ,n(M|ñ|+1 − ñ)m|ñ|ω1(f, 1/M|ñ|)
∥∥KM|ñ|+1−ñ

∥∥
1

≤ ctñ,nñω1(f, 1/M|ñ|)
≤ cω1(f, 1/M|ñ|).

Then

I3,n ≤ m|ñ|ω1(f, 1/M|ñ|)
M|ñ|+1−ñ−1∑

k=1

∣∣∆tM|ñ|+1−k−1,n

∣∣k∥Kk∥1

≤ cω1(f, 1/M|ñ|)
M|ñ|+1−ñ−1∑

k=1
∆tM|ñ|+1−k−1,nk,

and we get

M|ñ|+1−ñ−1∑
k=1

∆tM|ñ|+1−k−1,nk

=
M|ñ|+1−ñ−1∑

k=1

(
tM|ñ|+1−k−1,n − tM|ñ|+1−k,n

)
k

= (M|ñ|+1 − ñ − 1)tñ,n −
M|ñ|+1−ñ−1∑

k=1
tM|ñ|+1−k,n

≤ cñtñ,n ≤ c,

hence
I3,n ≤ cω1

(
f, 1/M|ñ|

)
.

For expressions I6,n, I7,n, I9,n, I10,n and I12,n we apply Inequality (1.2), Lemma 2.3
and Condition (3.1). Estimating I6,n we obtain

I6,n ≤
|n|−1∑

j=|ñ|+1

mjω1(f, 1/Mj)
mj−1∑

l=1

Mj−2∑
k=1

∣∣∆tlMj+k,n

∣∣k∥Kk∥1

≤ c

|n|−1∑
j=|ñ|+1

ω1(f, 1/Mj)
mj−1∑

l=1

Mj−2∑
k=1

∆tlMj+k,nk.

17
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We write
Mj−2∑
k=1

∆tlMj+k,nk =
Mj−2∑
k=1

tlMj+k,n − (Mj − 2)t(l+1)Mj−1,n

≤
Mj−2∑
k=1

tlMj+k,n ≤ MjtlMj ,n

and

I6,n ≤ c

|n|−1∑
j=|ñ|+1

Mjω1(f, 1/Mj)
mj−1∑

l=1
tlMj ,n.

Now, we estimate the expression I7,n.

I7,n ≤ mj

|n|−1∑
j=|ñ|+1

Mjω1(f, 1/Mj)∥KMj−1∥1

mj−1∑
l=1

t(l+1)Mj−1,n

≤ c

|n|−1∑
j=|ñ|+1

Mjω1(f, 1/Mj)
mj−1∑

l=1
tlMj ,n.

We have

I9,n ≤ m|n|ω1
(
f, 1/M|n|

) n|n|−1∑
l=1

M|n|−2∑
k=1

∣∣∆tlM|n|+k,n

∣∣k∥Kk∥1

≤ cω1
(
f, 1/M|n|

) n|n|−1∑
l=1

M|n|−2∑
k=1

∆tlM|n|+k,nk.

From monotony we have

M|n|−2∑
k=1

∆tlM|n|+k,nk =
M|n|−2∑

k=1
tlM|n|+k,n − (M|n| − 2)t(l+1)M|n|−1,n

≤
M|n|−2∑

k=1
tlM|n|+k,n

and

I9,n ≤ cω1
(
f, 1/M|n|

) n|n|−1∑
l=1

M|n|−2∑
k=1

tlM|n|+k,n

= cω1
(
f, 1/M|n|

) n|n|M|n|−2∑
k=M|n|+1

tk,n

18
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≤ cω1
(
f, 1/M|n|

)
.

Let us consider the expression I10,n.

I10,n ≤ m|n|M|n|ω1
(
f, 1/M|n|

) n|n|−1∑
l=1

t(l+1)M|n|−1,n∥KM|n|−1∥1

≤ cM|n|ω1
(
f, 1/M|n|

) n|n|−1∑
l=1

t(l+1)M|n|−1,n.

From monotony we write

I10,n ≤ cω1
(
f, 1/M|n|

) n|n|−1∑
l=1

M|n|−1∑
k=0

tlM|n|+k,n

≤ cω1
(
f, 1/M|n|

) n|n|M|n|−1∑
k=M|n|

tk,n

≤ cω1
(
f, 1/M|n|

)
.

We discuss expression I12,n

I12,n ≤ m|n|

n−n|n|M|n|∑
k=1

∣∣∆tn|n|M|n|+k,n

∣∣kω1
(
f, 1/M|n|

)
∥Kk∥1

≤ cω1
(
f, 1/M|n|

) n−n|n|M|n|∑
k=1

∆tn|n|M|n|+k,nk.

We have
n−n|n|M|n|∑

k=1
∆tn|n|M|n|+k,nk =

n−n|n|M|n|∑
k=1

tn|n|M|n|+k,n − (n − n|n|M|n|)tn+1,n

=
n−n|n|M|n|∑

k=1
tn|n|M|n|+k,n

and

I12,n ≤ cω1
(
f, 1/M|n|

) n∑
k=n|n|M|n|+1

tk,n

≤ cω1
(
f, 1/M|n|

)
.

Because of |ñ| < |n| we get inequalities

ω1
(
f, 1/M|n|

)
≤ ω1

(
f, 1/M|ñ|+1

)
≤ ω1

(
f, 1/M|ñ|

)
These complete the proof of Theorem 3.3.
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Corollary 3.4. Let f ∈ L1(Gm). For every n, ñ ∈ P, {tk,n : ñ ≤ k ≤ n}, where
|ñ| < |n| be a finite sequence of non-negative numbers such that

n∑
k=ñ

tk,n = 1

and
tñ,n = O

(
1
ñ

)
are satisfied. If the finite sequence {tk,n : ñ ≤ k ≤ n} is non-increasing for a fixed
n, then ∥∥σT

ñ,n(f) − f
∥∥

1 ≤ cω1

(
f,

1
M|ñ|

)
.

Proof. The proof is a consequence of Theorem 3.3. We use inequality

Mj

mj−1∑
l=1

tlMj ,n = MjtMj ,n + Mjt2Mj ,n + · · · + Mjt(mj−1)Mj ,n

≤ MjtMj ,n +
Mj−1∑

i=0
tMj+i,n + · · · +

Mj−1∑
i=0

t(mj−2)Mj+i,n

= mj−1Mj−1tMj ,n +
Mj+1−Mj−1∑

i=Mj

ti,n

for j ∈ {|ñ| + 1, . . . , |n| − 1} and

|n|−1∑
j=|ñ|+2

Mj−1tMj ,n ≤
M|n|−1∑

j=M|ñ|+2−M|ñ|+1+1
tj,n < 1.

So
|n|−1∑

j=|ñ|+1

Mj

mj−1∑
l=1

tlMj ,n ≤
|n|−1∑

j=|ñ|+1

mj−1Mj−1tMj ,n +
|n|−1∑

j=|ñ|+1

Mj+1−Mj−1∑
i=Mj

ti,n

≤ m|ñ|M|ñ|tM|ñ|+1,n +
|n|−1∑

j=|ñ|+2

mj−1Mj−1tMj ,n + 1

≤ cñtñ,n + c + 1
≤ c.

It implies that
|n|−1∑

j=|ñ|+1

Mj

mj−1∑
l=1

tlMj ,nω1

(
f,

1
Mj

)
≤ cω1

(
f,

1
M|ñ|

)
.
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Theorem 3.5. Let f ∈ L1(Gm). For every n, ñ ∈ P, {tk,n : ñ ≤ k ≤ n}, where
|ñ| = |n| be a finite sequence of non-negative numbers such that

n∑
k=ñ

tk,n = 1

and
tñ,n = O

(
1
ñ

)
are satisfied. Let the finite sequence {tk,n : ñ ≤ k ≤ n} be non-increasing for a
fixed n. Then ∥∥σT

ñ,n(f) − f
∥∥

1 ≤ cω1

(
f,

1
M|ñ|

)
.

Proof. Based on Lemma 2.6, we can prove it similarly, than in cases I1,n, I2,n and
I3,n in Theorem 3.3. In the last case

M|n|+1−ñ−1∑
k=M|n|+1−ñ−1

∆tM|n|+1−k−1,nk

=
M|n|+1−ñ−1∑

k=M|n|+1−ñ−1

(
tM|n|+1−k−1,n − tM|n|+1−k,n

)
k

= (M|n|+1 − ñ)tñ,n −
M|n|+1−ñ−1∑

k=M|n|+1−n−1
tM|n|+1−k,n

≤ cñtñ,n ≤ c.

Remark 3.6. Theorem 3.1, Corollary 3.4 and Theorem 3.5 (not in this structure)
are also reached by Volosivets [32] (see Corollary 3.4.) by a different method.

Theorem 3.7. Let f ∈ Lp(Gm) where 1 < p < ∞ and ñ, n ∈ P, where ñ < n. Let
the finite sequence {tk,n : ñ ≤ k ≤ n} of non-negative numbers. We suppose that

n∑
k=ñ

tk,n = 1 (3.3)

holds. Then ∥∥σT
ñ,n(f) − f

∥∥
p

≤ cpωp

(
f,

1
M|ñ|

)
,

where cp depends only on p.

Proof. Since M|k| ≤ k, from elementary properties of the partial sum we obtain

∥Sk(f) − f∥p ≤
∥∥SM|k|(f) − f

∥∥
p

+
∥∥Sk(f) − SM|k|(f)

∥∥
p
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=
∥∥SM|k|(f) − f

∥∥
p

+
∥∥Sk(f) − Sk(SM|k|(f))

∥∥
p

=
∥∥SM|k|(f) − f

∥∥
p

+
∥∥Sk(f − SM|k|(f))

∥∥
p
.

It is known, that if 1 < p < ∞, then ∥Sk(f)∥p ≤ cp∥f∥p, hence

∥Sk(f) − f∥p ≤ cp

∥∥SM|k|(f) − f
∥∥

p
.

Based on this inequality, Efimov [14] famous result gives us

∥Sk(f) − f∥p ≤ cpωp

(
f,

1
M|k|

)
,

so, using Condition (3.3)

∥∥σT
ñ,n(f) − f

∥∥
p

≤
n∑

k=ñ

tk,n∥Sk(f) − f∥p

≤ cp

n∑
k=ñ

tk,nωp

(
f,

1
M|k|

)
= cpωp

(
f,

1
M|ñ|

)
.

Remark 3.8. In the proof of Theorem 3.7 we got inequality

∥∥σT
ñ,n(f) − f

∥∥
1 ≤ cp

n∑
k=ñ

tk,nωp

(
f,

1
M|k|

)
.

This estimate is better for small ñ than the statement of Theorem 3.7.

At the end of this, let us summarize our results.

Theorem 3.9. Let f ∈ Lp(Gm), where 1 ≤ p ≤ ∞ and ñ, n ∈ P, where ñ < n.
Let the members of the finite sequence {tk,n : ñ ≤ k ≤ n} be non-negative numbers.
We suppose that

n∑
k=ñ

tk,n = 1.

If the finite sequence {tk,n : ñ ≤ k ≤ n} is non-decreasing for all n, then we suppose

tn,n = O

(
1
n

)
and if the finite sequence {tk,n : ñ ≤ k ≤ n} is non-increasing for all n, then we
suppose

tñ,n = O

(
1
ñ

)
.
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Then in both cases and if 1 < p < ∞, then without monotony restrictions and
supposing boundedness of ntn,n or ñtñ,n∥∥σT

ñ,n(f) − f
∥∥

p
≤ cpωp

(
f,

1
M|ñ|

)
holds, where cp depends only on p.

4. Application of the norm estimation
A specific case (for Lipschitz functions) can be formulated as a statement – or
rather as an example – one may say, concerning the de La Vallée Poussin means.

Remark 4.1. It is easy to see, that supposing conditions of Theorem 3.9 we get
equality ∥∥σT

ñ,n(f) − f
∥∥

p
= O

(
1

ñα

)
for every f ∈ Lip(α, p, Gm), α > 0 and 1 ≤ p ≤ ∞.

Example 4.2. As a special case, let

tk,n :=
{

(qñ)−1, if ñ ≤ k ≤ n,

0, otherwise ,

where q > 0 and n := ⌊(q + 1)ñ⌋ − 1. In this case we get the rate of the norm
convergence of de La Vallée Poussin mean for Lipschiz functions, namely if f ∈
Lip(1, p, Gm) for some 1 ≤ p ≤ ∞ , then∥∥∥∥∥ 1

qñ

n∑
k=ñ

Sk(f) − f

∥∥∥∥∥
1

= O

(
1
ñ

)
.

Proof. This statement is a simple corollary of Remark 4.1.

Remark 4.3. Statements of Corollary 3.4, Theorems 3.5, 3.7, 3.9 and Remark 4.1
are useful if the ñ is large. For example, if n → ∞, we will get a good estimate if
the ñ does not remain under a limit.

Acknowledgments. The author would like to thank the anonymous reviewer
for his/her help and work.
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