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1. Introduction
Over the last few decades, various sequences of numbers have been the subject of
investigation by many researchers. In this field of research, the study of numerical
sequences has stood out. A clear example is the study of sequences of numbers
known as balancing. The notion of balancing numbers under the name of numerical
centers was introduced by the first time in the work of Finkelstein [7]. In this
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work, a very well-known problem found in many books of puzzles (see, e.g. [8]) was
solved. This sequence was studied in [1], it is denoted by {Bn}n≥0 and defined by
the recurrence relation

Bn+2 = 6Bn+1 − Bn, (1.1)

with the initial conditions B0 = 0 and B1 = 1.
Since then, several studies have emerged as a result of this work. For example,

in [2], a new explicit formula for square-triangular numbers was presented and a
link with balancing numbers was established. In [4], some formulas were explic-
itly given for the numerical sequences of balancing, Lucas-balancing, cobalancing
and Lucas-cobalancing. Another expression was also given for the general term
of each of these sequences, using the ordinary generating function. In [13], some
properties of balancing, modified Lucas-balancing and Lucas-balancing sequences
were studied, and their Binet formulas, generating functions and Simson formulas
were presented. Summation formulas for these sequences were also presented. In
[14], studies were carried out on balancing and Lucas-balancing numbers, where in
particular the application to cryptography of these numbers through their recur-
rence relations was examined. In [9], some interesting properties and results about
balancing, cobalancing and all kinds of generalized balancing number sequences
were analyzed. In [10], the links between the balancing and cobalancing num-
bers with the Pell numbers and the associated Pell numbers were established. In
[12], study was made on balancing numbers, where some connections of balancing
numbers and cobalancing numbers with Pell numbers and associated Pell numbers
were presented. Some important properties of balancing numbers and sequences of
numbers related to them were also presented.

The bidimensional version around the balancing numbers has also been the
subject of research. For example, in [5], a brief study was made of this new sequence,
in particular, the authors defined it as a sequence denoted by {B(n,m)}n,m≥0 that
satisfies the following recurrence relations{

B(n+1,m) = 6B(n,m) − B(n−1,m),

B(n,m+1) = 6B(n,m) − B(n,m−1),

with the initial conditions B(0,0) = 0, B(1,0) = 1, B(0,1) = i, B(1,1) = 1 + i and
i2 = −1. Chimpanzo et. al. [5], give the following explicit form for the entry
B(n,m)

B(n,m) = Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi

that will be useful in part in the proof of some results stated in the next Section of
this article. Finally, in [6], a brief study of bidimensional Lucas-balancing numbers
(a special case of balancing numbers) was also made. In this study, in particular, the
authors defined this new number sequence as a sequence denoted by {C(n,m)}n,m≥0
that satisfies the following recurrence relations{

C(n+1,m) = 6C(n,m) − C(n−1,m),

C(n,m+1) = 6C(n,m) − C(n,m−1),
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with the initial conditions C(0,0) = 1, C(1,0) = 3, C(0,1) = 1 + i, C(1,1) = 3 + i.
Therefore, these and other works served as motivation for the study of a new

tridimensional version of the balancing numerical sequence.
This article is structured as follows: in the next section, the recurrence relations

of tridimensional balancing numbers will be presented. In addition, some of their
properties will be presented. Section 3 will be devoted to studying some sum
identities of the tridimensional sequence of balancing numbers. Finally, we finish
with a brief conclusion of this work.

2. Tridimensional balancing numbers
Based on the studies carried out in [5], where B(n, m) denotes the bidimensional
balancing numbers, in this section we introduce the tridimensional version of these
numbers by adopting the following definition.

Motivated by the 2D case studied in [3], we decided to dedicate to the 3D case
and we adopt the following definition through this text.

Definition 2.1. The numbers B(n, m, p) represent the tridimensional balancing
numbers that satisfy the following recurrence relations, where n, m and p are non-
negative integers

B(n,m,p) =


6B(n−1,m,p) − B(n−2,m,p) for all m, p and n ≥ 2,

6B(n,m−1,p) − B(n,m−2,p) for all n, p and m ≥ 2,

6B(n,m,p−1) − B(n,m,p−2) for all m, n and p ≥ 2,

with the initial conditions B(0,0,0) = 0, B(1,0,0) = 1, B(0,1,0) = B(0,0,1) = i,
B(1,1,0) = B(1,0,1) = 1 + i, B(1,1,1) = 1 + 2i, B(0,1,1) = 2i.

Note that these initial conditions are chosen as a particular case and taking into
account the construction adopted in 2D case (see, [3]). Since B(0,1,0) = B(0,0,1)
and B(1,1,0) = B(1,0,1) we can interpret this information as there exist a reflection
symmetry on the plane y = z if one consider the location of the value B(n,m,p) as
the point (n, m, p) in the 3D Cartesian system.

The Definition 2.1 above is correct in the sense that B(n,m,p) does not depend
on the path we use for calculation. For example, to find B(2,2,2), we see that

B(2,2,2) =


6B(1,2,2) − B(0,2,2) (path 1);
6B(2,1,2) − B(2,0,2) (path 2);
6B(2,2,1) − B(2,2,0) (path 3).

Using path 1 we obtain that

B(1,2,2) =
{

6B(1,1,2) − B(1,0,2) (subpath a1),
6B(1,2,1) − B(1,2,0) (subpath a2),
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and {
B(1,1,2) = 6B(1,1,1) − B(1,1,0) = 6(1 + 2i) − (1 + i) = 5 + 11i,

B(1,0,2) = 6B(1,0,1) − B(1,0,0) = 6(1 + i) − 1 = 5 + 6i.

Therefore, using subpath a1 we get

B(1,2,2) = 6(5 + 11i) − (5 + 6i) = 25 + 60i.

On the other hand,{
B(1,2,1) = 6B(1,1,1) − B(1,0,1) = 6(1 + 2i) − (1 + i) = 5 + 11i,

B(1,2,0) = 6B(1,1,0) − B(1,0,0) = 6(1 + i) − 1 = 5 + 6i.

Since B(1,2,1) = B(1,1,2) and B(1,2,0) = B(1,0,2), the value of B(1,2,2) coincides in
both supaths a1 or a2 and is given as B(1,2,2) = 25 + 60i.

Once more, using path 1 we have

B(0,2,2) =
{

6B(0,1,2) − B(0,0,2) (subpath b1),
6B(0,2,1) − B(0,2,0) (subpath b2).

Some computation gives us that{
B(0,1,2) = 6B(0,1,1) − B(0,1,0) = 6(2i) − i = 11i,

B(0,0,2) = 6B(0,0,1) − B(0,0,0) = 6i − 0 = 6i.

Therefore, using subpath b1 we get

B(0,2,2) = 6(11i) − 6i = 60i.

On the other hand,{
B(0,2,1) = 6B(0,1,1) − B(0,0,1) = 6(2i) − i = 11i,

B(0,2,0) = 6B(0,1,0) − B(0,0,0) = 6i − 0 = 6i.

Since B(0,2,1) = B(0,1,2) and B(0,2,0) = B(0,0,2), the value of B(0,2,2) coincides in
both supaths b1 or b2 and is given by B(0,2,2) = 60i. Hence, using path 1,

B(2,2,2) = 6B(1,2,2) − B(0,2,2) = 6(25 + 60i) − 60i = 150 + 300i. (2.1)

Similarly, by the use of path 2, we get that

B(2,1,2) =
{

6B(1,1,2) − B(0,1,2),

6B(2,1,1) − B(2,1,0).

Considering the first subpath we conclude that

B(2,1,2) = 6B(1,1,2) − B(0,1,2) = 6(5 + 11i) − 11i = 30 + 55i. (2.2)
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Take into account the second subpath,{
B(2,1,1) = 6B(1,1,1) − B(0,1,1) = 6(1 + 2i) − 2i = 6 + 10i,

B(2,1,0) = 6B(1,1,0) − B(0,1,0) = 6(1 + 2i) − i = 6 + 5i.

Hence

B(2,1,2) = 6B(2,1,1) − B(2,1,0)

= 6(6 + 10i) − (6 + 5i)
= 30 + 55i

which coincides with (2.2).
In order to calculate B(2,0,2) we have the following ways

B(2,0,2) =
{

6B(1,0,2) − B(0,0,2),

6B(2,0,1) − B(2,0,0).

In the first subpath B(0,0,2) = 6B(0,0,1) − B(0,0,0) = 6i and so

B(2,0,2) = 6B(1,0,2) − B(0,0,2) = 6(5 + 6i) − 6i = 30 + 30i (2.3)

In the second subpath B(2,0,1) = 6B(1,0,1) − B(0,0,1) = 6(1 + i) − i = 6 + 5i and
B(2,0,0) = 6B(1,0,0) − B(0,0,0) = 6. Hence

B(2,0,2) = 6B(2,0,1) − B(2,0,0) = 6(6 + 5i) − 6 = 30 + 30i

which is equal to (2.3). Therefore, using path 2,

B(2,2,2) = 6B(2,1,2) − B(2,0,2)

= 6(30 + 55i) − (30 + 30i)
= 180 + 330i − 30 − 30i

= 150 + 300i

which coincides with (2.1).
Finally, using path 3, we have

B(2,2,1) =
{

6B(1,2,1) − B(0,2,1),

6B(2,1,1) − B(2,0,1)

and B(1,2,1) = 5 + 11i, B(0,2,1) = 11i as already calculated in path 1. So,

B(2,2,1) = 6B(1,2,1) − B(0,2,1) = 6(5 + 11i) − 11i = 30 + 55i. (2.4)

By the use of second subpath,{
B(2,1,1) = 6B(1,1,1) − B(0,1,1) = 6(1 + 2i) − 2i = 6 + 10i,

B(2,0,1) = 6B(1,0,1) − B(0,0,1) = 6(1 + i) − i = 6 + 5i
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and so,

B(2,2,1) = 6B(2,1,1) − B(2,0,1)

= 6(6 + 10i) − (6 + 5i)
= 36 + 60i − 6 − 5i

= 30 + 55i

which is equal to (2.4). On the other hand,

B(2,2,0) =
{

6B(1,2,0) − B(0,2,0),

6B(2,1,0) − B(2,0,0).

Using the first subpath we have B(1,2,0) = 5+6i, B(0,2,0) = 6i as already calculated
in path 1. So,

B(2,2,0) = 6(5 + 6i) − 6i = 30 + 30i. (2.5)

Using the second subpath, B(2,2,0) = 6 + 5i, B(2,0,0) = 6 as we have calculeted in
path 2 and therefore

B(2,2,0) = 6B(2,1,0) − B(2,0,2)

= 6(6 + 5i) − 6
= 30 + 30i

which is exactly the same value found in (2.5). Hence, using path 3 we conclude
that

B(2,2,2) = 6B(2,2,1) − B(2,2,0)

= 6(30 + 55i) − (30 + 30i)
= 180 + 330i − 30 − 30i

= 150 + 300i

which, once more, coincides with (2.1).
Next, we will present some properties related to tridimensional balancing num-

bers.

Lemma 2.2. Considering one unknown the following properties are valid for tridi-
mensional balancing numbers

1. B(n,0,0) = Bn;

2. B(0,m,0) = B(0,0,m) = Bmi;

3. B(n,1,0) = B(n,0,1) = Bn + (Bn − Bn−1)i;

4. B(n,1,1) = Bn + 2(Bn − Bn−1)i;

5. B(1,m,0) = B(1,0,m) = (Bm − Bm−1) + Bmi;

6
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6. B(0,m,1) = B(0,1,m) = (2Bm − Bm−1)i;

7. B(1,m,1) = (Bm − Bm−1) + B(0,m,1);

8. B(1,1,p) = (Bp − Bp−1) + B(0,1,p).

Proof. 1. The statement is trivial since the initial values are 0 and 1, and this
provides the sequence of balancing numbers.

2. The proof is done by induction on m.
For m = 0 and, again, given the value of B0 we have that B(0,0,0) = 0 = B0i

and the proposition is true.
For m = 1 and, once again, considering the value of B1 we have that B(0,1,0) =

B(0,0,1) = i = B1i and the proposition is also true.
Suppose the proposition is true for any integer less than or equal to m. Let us

prove that it remains true for m + 1.
Then, using the reflection symmetry on the plane y = z, B(0,m+1,0) = B(0,0,m+1)

and hence

B(0,m+1,0) = B(0,0,m+1) = 6Bmi − Bm−1i

= (6Bm − Bm−1)i
= Bm+1i,

which ends the proof 2.

3. The proof is done by induction on n.
For n = 0 and given that B0 = 0 and B−n = −Bn in [5] and given one of the

initial conditions of the sequence {B(n,m,p)}n,m,p≥0 we have that

B(0,1,0) = B(0,0,1) = i = B0 + (B0 − B−1)i,

and the proposition is true.
For n = 1 and, once again, taking into account the values of B0 = 0 and B1 = 1

we have that
B(1,1,0) = B(1,0,1) = 1 + i = B1 + (B1 − B0)i,

and the proposition is valid.
Suppose the proposition is true for all values less than or equal to n. Let us

show that it is still valid for n + 1.
Then, by the symmetry property mentioned before B(n+1,1,0) = B(n+1,0,1) and

hence

B(n+1,1,0) = B(n+1,0,1) = 6
(

Bn + (Bn − Bn−1)i
)

−
(

Bn−1 + (Bn−1 − Bn−2)i
)

= 6Bn + 6(Bn − Bn−1)i − Bn−1 − (Bn−1 − Bn−2)i
= (6Bn − Bn−1) + (6Bn − Bn−1)i − (6Bn−1 − Bn−2)i
= Bn+1 + (Bn+1 − Bn)i,

7
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and thus the property 3 is valid.

4. The proof is performed by induction on n.
For n = 0 and, once again, given that B0 = 0 and B−n = −Bn in [5] and taking

into account one of the initial conditions of {B(n,m,p)}n,m,p≥0 we have that

B(0,1,1) = 2i = B0 + 2(B0 − B−1)i,

and the proposition is valid.
For n = 1 and again, given that B0 = 0 and B1 = 1 and also one of the initial

conditions of {B(n,m,p)}n,m,p≥0 we have that

B(1,1,1) = 1 + 2i = B1 + 2(B1 − B0)i,

and the proposition is true.
Suppose the proposition is true for any integer k ≤ n. Let us prove that it

remains true for n + 1.
Then, by the first recurrence relation of Definition 2.1, by the induction hy-

pothesis and by the recurrence relation expressed in (1.1), we get

B(n+1,1,1) = 6B(n,1,1) − B(n−1,1,1)

= 6
(

Bn + 2(Bn − Bn−1)i
)

−
(

Bn−1 + 2(Bn−1 − Bn−2)i
)

= 6Bn + 12(Bn − Bn−1)i − Bn−1 − 2(Bn−1 − Bn−2)i
= (6Bn − Bn−1) + 2(6Bn − Bn−1)i − 2(6Bn−1 − Bn−2)i
= Bn+1 + 2(Bn+1 − Bn)i,

so the property 4 is valid.
Since the results of items 5, 6, 7 and 8 are similar to the previous ones, we have

omitted their respective proofs. Note that item 5 comes directly from item 3 via
the symmetry.

Lemma 2.3. Considering two unknowns the following properties are valid for
tridimensional balancing numbers

1. B(n,m,0) = B(n,0,m) = Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi;

2. B(0,m,p) = BmB(0,1,p) − Bm−1Bpi;

3. B(n,m,1) = Bn(Bm − Bm−1) + (Bn − Bn−1)B(0,m,1);

4. B(n,1,p) = Bn(Bp − Bp−1) + (Bn − Bn−1)B(0,1,p);

5. B(1,m,p) = (Bm − Bm−1)(Bp − Bp−1) + B(0,m,p).

Proof. 1. The proof is done by induction on m.

8
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For m = 0 and, once again, given that B0 = 0 and B−m = −Bm in [5] and by
item 1 of Lemma 2.3 we have that

B(n,0,0) = Bn = Bn(B0 − B−1) + (Bn − Bn−1)B0i,

and equality is true.
For m = 1 and again, given the values of B0 = 0 and B1 = 1 and Lemma 2.3,

item 3 we have that

B(n,1,0) = B(n,0,1) = Bn + (Bn − Bn−1)i = Bn(B1 − B0) + (Bn − Bn−1)B1i,

which is true.
Suppose the proposition is valid for any integer less than or equal to m. Let us

prove that it remains true for m + 1.
Then, using the second recurrence of Definition 2.1, the induction hypothesis

and the recurrence relation expressed in (1.1), we get

B(n,m+1,0) = 6B(n,m,0) − B(n,m−1,0)

= 6B(n,0,m) − B(n,0,m−1)

= B(n,0,m+1),

thus

B(n,m+1,0) = B(n,0,m+1) = 6
(

Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi
)

−
(

Bn(Bm−1 − Bm−2) + (Bn − Bn−1)Bm−1i
)

= 6Bn(Bm − Bm−1) + 6(Bn − Bn−1)Bmi

− Bn(Bm−1 − Bm−2) − (Bn − Bn−1)Bm−1i

= Bn(6Bm − 6Bm−1 − Bm−1 + Bm−2)
+ (Bn − Bn−1)(6Bm − Bm−1)i

= Bn(Bm+1 − Bm) + (Bn − Bn−1)Bm+1i,

as we wanted to prove.

2. The proof is first done by induction on p.
For p = 0 and, again, given the value of B0, the value of B(0,1,0) and Lemma 2.3,

item 2 we have that

B(0,m,0) = Bmi = BmB(0,1,0) − Bm−1B0i,

and the equality is valid.
For p = 1 and, once again, taking into account the value of B1 and item 6 of

Lemma 2.3 we have that

B(0,m,1) = (2Bm − Bm−1)i = BmB(0,1,1) − Bm−1B1i,

9
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and the equality holds.
Suppose that the proposition is true for any integer k ≤ p. Let us prove that

it remains true for p + 1. Then, by the third recurrence relation of Definition 2.1,
the induction hypothesis and the recurrence relation (1.1), we get

B(0,m,p+1) = 6B(0,m,p) − B(0,m,p−1)

= 6
(
BmB(0,1,p) − Bm−1Bpi

)
−
(
BmB(0,1,p−1) − Bm−1Bp−1i

)
= 6BmB(0,1,p) − 6Bm−1Bpi − BmB(0,1,p−1) + Bm−1Bp−1i

= Bm

(
6B(0,1,p) − B(0,1,p−1)

)
− Bm−1(6Bp − Bp−1)i

= BmB(0,1,p+1) − Bm−1Bp+1i,

what we wanted to prove.

3. The proof is first performed by induction on m.
For m = 0 and again, given that B0 = 0 and B−m = −Bm in [5] and using

Lemma 2.3, item 3 we have that

B(n,0,1) = Bn + (Bn − Bn−1)i = Bn(B0 − B−1) + (Bn − Bn−1)B(0,0,1),

and the equality is valid.
For m = 1 and again, given that B0 = 0 and B1 = 1 in [5], given the value of

B(0,1,1) and item 4 of Lemma 2.3 we have that

B(n,1,1) = Bn + 2(Bn − Bn−1)i = Bn(B1 − B0) + (Bn − Bn−1)B(0,1,1),

which is correct.
Suppose that the proposition is valid for any integer k ≤ m. Let us show that it

is still valid for m + 1. Then, using the second recurrence relation from Definition
2.1, the induction hypothesis and recurrence relation (1.1), we get

B(n,m+1,1) = 6B(n,m,1) − B(n,m−1,1)

= 6
(

Bn(Bm − Bm−1) + (Bn − Bn−1)B(0,m,1)

)
−
(

Bn(Bm−1 − Bm−2) + (Bn − Bn−1)B(0,m−1,1)

)
= 6Bn(Bm − Bm−1) + 6(Bn − Bn−1)B(0,m,1)

− Bn(Bm−1 − Bm−2) − (Bn − Bn−1)B(0,m−1,1)

= Bn

(
(6Bm − Bm−1) − (6Bm−1 − Bm−2)

)
+ (Bn − Bn−1)

(
6B(0,m,1) − B(0,m−1,1)

)
= Bn(Bm+1 − Bm) + (Bn − Bn−1)B(0,m+1,1),

what we wanted to show.
Because the proof of items 4 and 5 is also done in the same way as the proof

of the previous results, we have omitted their corresponding demonstrations. Note
that item 5 is essentially the same as item 4 again via the symmetry.

10
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The following result is a relation that the balancing tridimensional numerical
sequence satisfies.

Theorem 2.4. For the non-negative integers m, n and p, the tridimensional bal-
ancing numbers are described in the form

B(n,m,p) = Bn(Bm − Bm−1)(Bp − Bp−1)

+ (Bn − Bn−1)
(

Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i.

Proof. We start by doing the induction on p, with n and m fixed.
For p = 0 and, again, given that B0 = 0 and B−p = −Bp in [5] and given item 1

of Lemma 2.3 we have that

B(n,m,0) = Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi

= Bn(Bm − Bm−1)(B0 − B−1)

+ (Bn − Bn−1)
(

Bm(B0 − B−1) + (Bm − Bm−1)B0

)
i,

and equality is verified.
For p = 1 and again, given that B0 = 0 and B1 = 1 and according to Lemma 2.3,

items 6 and 3 we have that

B(n,m,1) = Bn(Bm − Bm−1) + (Bn − Bn−1)B(0,m,1)

= Bn(Bm − Bm−1) + (Bn − Bn−1)(2Bm − Bm−1)i
= Bn(Bm − Bm−1)(B1 − B0)

+ (Bn − Bn−1)
(

Bm(B1 − B0) + (Bm − Bm−1)B1

)
i,

which is true.
Suppose that the proposition is valid for any integer k ≤ p. Let us show that it

is still valid for p + 1. Then, by the third recurrence relation of Definition 2.1, the
induction hypothesis and the recurrence relation described in (1.1), we get

B(n,m,p+1) = 6B(n,m,p) − B(n,m,p−1)

= 6
(

Bn(Bm − Bm−1)(Bp − Bp−1)

+ (Bn − Bn−1)
(

Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i
)

−
(

Bn(Bm − Bm−1)(Bp−1 − Bp−2)

+ (Bn − Bn−1)
(

Bm(Bp−1 − Bp−2) + (Bm − Bm−1)Bp−1

)
i
)

= 6Bn(Bm − Bm−1)(Bp − Bp−1)

+ 6(Bn − Bn−1)
(

Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i

− Bn(Bm − Bm−1)(Bp−1 − Bp−2)

11
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− (Bn − Bn−1)
(

Bm(Bp−1 − Bp−2) + (Bm − Bm−1)Bp−1

)
i

= Bn(Bm − Bm−1)
(

(6Bp − Bp−1) − (6Bp−1 − Bp−2)
)

+ (Bn − Bn−1)
(

Bm

(
(6Bp − Bp−1) − (6Bp−1 − Bp−2)

)
+ (Bm − Bm−1)(6Bp − Bp−1)

)
i

= Bn(Bm − Bm−1)(Bp+1 − Bp)

+ (Bn − Bn−1)
(

Bm(Bp+1 − Bp) + (Bm − Bm−1)Bp+1

)
i,

as we wanted to prove. Therefore, the theorem is valid.

3. Some identities of tridimensional balancing num-
bers

From now on, we will explore some identities of this tridimensional sequence, using
certain properties inherent to it. For the proof of the following results, we need
some results concerning the sequence of balancing numbers, namely, items (a) and
(b) of Corollary 2.3.6 in [11] and items of Proposition 2.6 in [4]. In order to facilitate
to understand the end of the proofs for the reader, we present here these results.

Lemma 3.1 (Corollary 2.3.6 in [11]). If n is a natural number, then

1. B1 + B3 + . . . + B2n−1 = B2
n;

2. B2 + B4 + . . . + B2n = BnBn+1.

Lemma 3.2 (Proposition 2.6 in [4]). If Bj, Cj and STj are the jth terms of
the balancing sequence, Lucas-balancing sequence and square triangular sequence,
respectively, then

1. B2n = 2CnBn;

2. ST 2
n = B4

n;

3. C2
n = 8B2

n + 1 = 8STn + 1;

4. C2n = 16B2
n + 1;

5. Bn+2 − Bn−2 = B(1,0,m) = 12Cn;

6.
∑n

j=0 Bj = −1−Bn+Bn+1
4 ;

7.
∑n

j=0 Cj = 2−Cn+Cn+1
4 ;

8.
∑n

j=0 STj = −1−STn+STn+1−2n
32 .

12
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The next results are related to sums of tridimensional balancing numbers.

Proposition 3.3. The sum of the first p numbers B(n,m,t) of odd index t is given
by

p∑
q=1

B(n,m,2q−1) =
(

Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi
)(

B2
p − BpBp+1 + B2p

)
+ (Bn − Bn−1)(Bm − Bm−1)B2

pi.

Proof. By Theorem 2.4, we have
p∑

q=1
B(n,m,2q−1) =

p∑
q=1

(
Bn(Bm − Bm−1)(B2q−1 − B2q−2)

+ (Bn − Bn−1)
(

Bm(B2q−1 − B2q−2) + (Bm − Bm−1)B2q−1

)
i
)

.

Thus,
p∑

q=1
B(n,m,2q−1) = Bn(Bm − Bm−1)

p∑
q=1

(B2q−1 − B2q−2)

+ (Bn − Bn−1)
(

Bm

p∑
q=1

(B2q−1 − B2q−2)

+ (Bm − Bm−1)
p∑

q=1
B2q−1

)
i

= Bn(Bm − Bm−1)
(

p∑
q=1

B2q−1 −
p∑

q=1
B2q−2

)

+ (Bn − Bn−1)
(

Bm

(
p∑

q=1
B2q−1 −

p∑
q=1

B2q−2

)

+ (Bm − Bm−1)
p∑

q=1
B2q−1

)
i

= Bn(Bm − Bm−1)
(

p∑
q=1

B2q−1 −

(
B0 +

p−2∑
q=1

B2q

))

+ (Bn − Bn−1)
(

Bm

(
p∑

q=1
B2q−1 −

(
B0 +

p−2∑
q=1

B2q

))

+ (Bm − Bm−1)
p∑

q=1
B2q−1

)
i.

The result follows, using items (a) and (b) of Lemma 3.1 and B0 = 0.

13
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Proposition 3.4. The sum of the first p numbers B(n,m,t) of even index t can be
described by

p∑
q=1

B(n,m,2q) =
(

Bn(Bm − Bm−1) + (Bn − Bn−1)Bmi
)(

BpBp+1 − B2
p

)
+ (Bn − Bn−1)(Bm − Bm−1)BpBp+1i.

Proof. Applying Theorem 2.4, we have
p∑

q=1
B(n,m,2q) =

p∑
q=1

(
Bn(Bm − Bm−1)(B2q − B2q−1)

+ (Bn − Bn−1)(Bm(B2q − B2q−1) + (Bm − Bm−1)B2q)i
)

.

Thus,
p∑

q=1
B(n,m,2q) = Bn(Bm − Bm−1)

p∑
q=1

(B2q − B2q−1)

+ (Bn − Bn−1)
(

Bm

p∑
q=1

(B2q − B2q−1)

+ (Bm − Bm−1)
p∑

q=1
B2q

)
i

= Bn(Bm − Bm−1)
(

p∑
q=1

B2q −
p∑

q=1
B2q−1

)

+ (Bn − Bn−1)
(

Bm

(
p∑

q=1
B2q −

p∑
q=1

B2q−1

)

+ (Bm − Bm−1)
p∑

q=1
B2q

)
i.

By items (b) and (a) of Lemma 3.1, the result follows.

The third identity is the last one for the sum of the first m terms and is related
to the third component of the index, this index being any generic number. It
can also be understood as the identity relating to the sum of the first components
of the even and odd indices, i.e. the identity resulting from the sum of the first
components of the even and odd indices.

Proposition 3.5. The sum of the first p numbers B(n,m,t), with index t a non-
negative integer, can be described as follows

p∑
q=1

B(n,m,q) = Bn(Bm − Bm−1)Bp + (Bn − Bn−1)
(

BmBp

14
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+ 1
4(Bm − Bm−1)(Bp+1 − Bp − 1)

)
i.

Proof. Using Theorem 2.4, we have

p∑
q=1

B(n,m,q) =
p∑

q=1

(
Bn(Bm − Bm−1)(Bq − Bq−1)

+ (Bn − Bn−1)(Bm(Bq − Bq−1) + (Bm − Bm−1)Bq)i
)

.

Thus,

p∑
q=1

B(n,m,q) = Bn(Bm − Bm−1)
p∑

q=1
(Bq − Bq−1)

+ (Bn − Bn−1)
(

Bm

p∑
q=1

(Bq − Bq−1) + (Bm − Bm−1)
p∑

q=1
Bq

)
i

= Bn(Bm − Bm−1)
(

p∑
q=1

Bq −
p∑

q=1
Bq−1

)

+ (Bn − Bn−1)
(
Bm

(
p∑

q=1
Bq −

p∑
q=1

Bq−1

)
+ (Bm − Bm−1)

p∑
q=1

Bq

)
i

= Bn(Bm − Bm−1)
(

p∑
q=1

Bq −

(
B0 +

p−1∑
q=1

Bq

))

+ (Bn − Bn−1)
(

Bm

(
p∑

q=1
Bq −

(
B0 +

p−1∑
q=1

Bq

))

+ (Bm − Bm−1)
p∑

q=1
Bq

)
i.

The result follows Lemma 3.2 and the fact that B0 = 0.

Since B(n,m,2q−1) = B(n,2q−1,m), B(n,m,2q) = B(n,2q,m) and B(n,m,q) = B(n,q,m)
by the symmetry property, then immediately the results of Propositions 3.6, 3.7
and 3.8 follow.

Proposition 3.6. The sum of the first m numbers B(n,t,p) of odd index t can be
described by

m∑
l=1

B(n,2l−1,p) =
(

Bn(Bp − Bp−1) + (Bn − Bn−1)Bpi
)(

B2
m − BmBm+1 + B2m

)
+ (Bn − Bn−1)B2

m(Bp − Bp−1)i.
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Proposition 3.7. The sum of the first m numbers B(n,t,p) of even index t is given
by

m∑
l=1

B(n,2l,p) =
(

Bn(Bp − Bp−1) + (Bn − Bn−1)Bpi
)(

BmBm+1 − B2
m

)
+ (Bn − Bn−1)BmBm+1(Bp − Bp−1)i.

Proposition 3.8. The sum of the first m numbers B(n,t,p), with index t a non-
negative integer, is given by

m∑
l=1

B(n,l,p) = BnBm(Bp − Bp−1)

+ (Bn − Bn−1)
(1

4(Bm+1 − Bm − 1)(Bp − Bp−1) + BmBp

)
i.

We have omitted the proofs of the following results since they are analogous to
the identities concerning partial sums mentioned before.

Proposition 3.9. The sum of the first n numbers B(t,m,p) of odd index t is given
as follows

n∑
k=1

B(2k−1,m,p) = B2
n(Bm − Bm−1)(Bp − Bp−1)

+
(
B2

n − BnBn+1 − B2n

)(
Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i.

Proposition 3.10. The sum of the first n numbers B(t,m,p) of even index t can be
described by

n∑
k=1

B(2k,m,p) = BnBn+1(Bm − Bm−1)(Bp − Bp−1)

+
(
BnBn+1 − B2

n

)(
Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i.

Proposition 3.11. The sum of the first n numbers B(t,m,p), with t a non-negative
integer, can be described by

n∑
k=1

B(k,m,p) = 1
4(Bn+1 − Bn − 1)(Bm − Bm−1)(Bp − Bp−1)

+ Bn

(
Bm(Bp − Bp−1) + (Bm − Bm−1)Bp

)
i.

4. Conclusion
This article continues the work related to the n-dimensional versions of the balanc-
ing number sequence. We introduce the tridimensional recurrence relations of the
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balancing number sequence and study some of its properties, as well as some of its
sum identities. The results presented in this article are considered a contribution
to the field of mathematics and offer an opportunity for researchers interested in
number sequences.

Acknowledgements. The first two authors are members of the CMAT Research
Center - UTAD. The last author is a member of the Mathematics Research Group
of the University of Santiago de Compostela - USC GI 2136 and also of the Homol-
ogy, Homotopy and Categorical Invariants in Groups and Non-Associative Algebras
Project - PID2020 115155GB I00, within the scope of the Dynamical Systems, Ge-
netic Algebras and Non-Stochastic Quadratic Operators objective. This research
was partially funded by FCT - Foundation for Science and Technology, under the
projects UIDB/00013/2020 and UIDP/00013/2020 and this research was also par-
tially funded by the Ministry of Science and Innovation, State Research Agency
(Spain), under the grant PID2020-115155GB-I0 and by the Council of Education,
University and Vocational Training (Council of Galicia), grant ED431C 2023/3.

References
[1] A. Behera, G. K. Panda: On the square roots of triangular numbers, Fib. Quart. 37 (1999),

pp. 98–105.
[2] S. Bouroubi: On the Square-triangular and Balancing-Numbers, Rostock Math. Kolloq. 72

(2021), pp. 73–99.
[3] P. Catarino, J. Chimpanzo, M. V. Otero-Espinar, L. Szalay: Bidimensional binary re-

currence array (2024), Submitted.
[4] P. Catarino, H. Campos, P. Vasco: On some identities for balancing and cobalancing

numbers, Ann. Math. Inform. 45 (2015), pp. 11–24.
[5] J. Chimpanzo, P. Catarino, P. Vasco, A. Borges: Bidimensional extensions of balancing

and Lucas-balancing numbers, J. Discrete Math. Sci. Cryptogr. 27.1 (2024), pp. 95–115, doi:
10.47974/JDMSC-1574.

[6] J. Chimpanzo, M. V. Otero-Espinar, A. Borges, P. Vasco, P. Catarino: Bidimensional
Extensions of Cobalancing and Lucas-Cobalancing Numbers, Annales Mathematicae Sile-
sianae (2023), doi: 10.2478/amsil-2023-0022.

[7] R. Finkelstein: The house problem, The American Mathematical Monthly 72.10 (1965),
pp. 1082–1088.

[8] A. Marjorie: Puzzles for Everybody, Avon Publications, 1955.
[9] P. Olajos: Properties of Balancing, Cobalancing and Generalized Balancing Numbers, Ann.

Math. Inform. 37 (2010), pp. 125–138.
[10] G. K. Panda, P. K. Ray: Some Links of Balancing and Cobalancing Numbers with Pell

and Associated Pell Numbers, Bulletin of th e Institute of MathematicsAcademi a Sinica 6
(2011), pp. 41–72.

[11] P. K. Ray: Balancing and Cobalancing Numbers, Rourkela, India: PhD. thesis, Departament
of Mathematics, National Institute of Technology, 2009.

[12] P. K. Ray: Balancing polynomials and their derivatives, Ukrainian Mathematical Journal
64.4 (2017), pp. 646–663, doi: 10.1007/s11253-017-1386-7.

17

https://doi.org/10.47974/JDMSC-1574
https://doi.org/10.2478/amsil-2023-0022
https://doi.org/10.1007/s11253-017-1386-7


Annal. Math. et Inf. J. Chimpanzo, P. Catarino, M. V. Otero-Espinar

[13] Y. Soykan: A Study on Generalized Balancing Numbers, Asian Journal of Advanced Re-
search and Reports 15.5 (2021), pp. 78–100, doi: 10.9734/ajarr/2021/v15i530401.

[14] S. Swain, C. Pratihary, P. K. Ray: Balancing and Lucas-Balancing Numbers and Their
Application to Cryptography, Computer Engineering and Applications 5.1 (2016), pp. 29–36.

18

https://doi.org/10.9734/ajarr/2021/v15i530401

