Annales Mathematicae et Informaticae
62 (2025) pp. 91-98

DOI: 10.33039/ami.2025.03.002

URL: https://ami.uni-eszterhazy.hu

On the sum of divisors function of
linearly recurrent sequences

Florian Luca®, Makoko Campbell Manape®

“Mathematics Division, Stellenbosch University, Stellenbosch, South Africa
fluca@sun.ac.za

®School of Maths, Wits University, Johannesburg, South Africa
2127079Q@students.wits.ac.za

Abstract. Let k > 2 be an integer and ox(n) be the sum of the kth powers
of the positive divisors of n. In this paper, we prove that if (Un)n>1 is any
nondegenerate linearly recurrent sequence of integers whose general term is
up to sign not a polynomial in n, then the inequality ok (|Un|) < |Us, (n)]
holds for all n sufficiently large, and the inequality o(|U,x|) < |Usy(n)| holds
for almost all natural numbers n, where o(n) = o1(n). In fact, the second
inequality fails on a set of n < z of counting function O(z/logz).
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1. Introduction

Let U := (U,)n>1 be a linearly recurrent sequence of integers. Such a sequence
satisfies a recurrence of the form

Upia=01Uprq1+--+agU, forall n>1

with integers a1, ...,aq, where Uy, ..., Uy are integers. Assuming d is minimal, U,
can be represented as

Un=>_ Piln)ar, (1.1)

where
S

\I/(X) ;:Xd_ale—l_,.._ad:H(X_ai)w
i=1
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is the characteristic polynomial of U, ay,. .., a, are the distinct roots of ¥(X) with
multiplicities vy, ..., vs, respectively, and P;(X) is a polynomial of degree v; — 1
with coefficients in Q(c;). The sequence is nondegenerate if ;/a; is not a root of
1 for any i # jin {1,...,s}.

Recently (see [4]), we proved that if (U,),>1 is any nondegenerate linearly
recurrent sequence of integers such that |U,| is not a polynomial in n for large
values of n, then the inequalities

P(|Un]) = [Usm|  and  o(|Un]) < |Us(m)|

hold for almost all natural numbers n. In fact, we showed that the set of pos-
itive integers n < x for which the above inequalities fail has counting function
O(z/log x).

Let o1(n) be the sum of the kth powers of the positive divisors of n. We denote
o1(n) as o(n). In this paper, we continue where we left off in the last paper [4] by
considering the inequalities of the arithmetic function oy (n) for k > 2.

In this paper, we prove the following theorems. Recall that if f(x) and g(z)
are functions defined on Ry with values in Ry we write f(z) = O(g(x)) and
f(x) = o(g(x)) if the inequality f(x) < Kg(z) holds with some constant K > 0
and all z > zg, and lim,_, f(z)/g(xz) = 0, respectively. Further, the notations
f(z) < g(x) and g(x) > f(x) are equivalent to f(z) = O(g(x)).

Theorem 1.1. Let k > 2 be an integer. Let U := (Uy,)n>1 be a nondegenerate
linearly recurrent sequence of integers such that |Uy,| is not a polynomial in n for
all large n and let x be a large real number. Then the inequality

Uk(‘UnD < |U0k(n)|
holds for all n sufficiently large.

Theorem 1.2. Let k > 1 be an integer. Let U := (Up)n>1 be a nondegenerate
linearly recurrent sequence of integers such that |U,| is not a polynomial in n for
all large n and let x be a large real number. Then the inequality

0(|Unk‘) < ‘Umc(n)|
holds for almost all positive integers n. In fact, the set of positive integers n < x
for which it fails is of cardinality O(z/logx).
2. Preliminary results

The following lemma follows from Theorem 323 in [3].

Lemma 2.1. Let n > 3. We then have

o(n) < nloglogn.
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The following lemma follows from a result on page 116 in [6].

Lemma 2.2. Let k> 2. For alln > 1, we have that
or(n) < 2nk.

For a positive integer n put p(n) to be the smallest prime factor of n with the
convention that p(1) = 1. For x >y > 2 put

®(z,y) == #{n <z :p(n) > y}.

The following inequality is a consequence of the Brun sieve and appears, for exam-
ple, as an Exercise on page 11 in [2].

Lemma 2.3. We have uniformly for x >y > 2,

X
d Sl
(z,y) < Tog

Let Q(n) be the total number of prime factors of n counting multiplicities.

Lemma 2.4. Let x > 10. The number of positive integers n < x such that Q(n) >
10loglog x is O(z/(log x)?).

Proof. See Lemma 3 in [4]. O
Let 7(n) be the total number of divisors of n.

Lemma 2.5. Let x > 10 and k > 1 be an integer. The number of positive integers
n <z such that T(ok(n)) > exp (viIogz) is O(z/(logz)?).

Proof. The remarks on page 128 in [5] show that
1 1z log log 1
ZT(Uk(n)) =zexp | c(z) (ng) (1+O(W>> 7
n<a loglog z loglog x

holds with ¢(z) € [«, 8], where a and 8 are constants. Then following the proof of
Lemma 4 in [4] concludes the proof. O

Lemma 2.6. Let U := (Uy,),>1 be a nondegenerate linearly recurrent sequence of
integers whose general term is given by (1.1) with s > 2 and assume that |a1]| =
max{|o;| : i =1,...,8} > 1. Then for every e € (0,1), there exist constants xg
and ¢ := ¢c(U) € (0,¢€) such that for all x > xo, the number of n < x such that

[Un| < |O‘1|n(175)7
with 6 :== 2~ is of cardinality O(x°).

The proof of the above lemma is similar to the proof of Lemma 5 in [4], by
considering the n € (x¢, x] because there are only O(x°) positive integers n < z¢
and by taking ¢ := ¢/7sr € (0,¢€), where 7 is as defined in [4].
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3. The proof of Theorem 1.1

Let k > 2 be an integer. Assume that |a;| > -+ > |as| and |U,| is not a polynomial
in n for large n. In particular, |@1| > 1. By an application of the subspace theorem
(see page 229 in [1]), we have that

‘Uok(n)| > |O‘1|Jk(n)/2

holds for all n > ng, for some constant ng. By the fact that oj(n) > n*, the above
inequality becomes

nk
|U0k(n)| > |O‘1‘ /2

for all n > ng. On the other hand, using (1.1) and the triangle inequality, we have
that

S
Unl = 13 Pi(n)af| < nflay|",
=1

where 8 := max{y; —1:4=1,...,s} and v; — 1 is the degree of the polynomial
P;(X). Using Lemma 2.2 and the above inequality, we have that

o1 ([Un]) < 20U [F < ¥ oy [P,

Let ¢; be the constant implied by the < symbol in the above inequality. We claim
that .
ern®Blog [P < Jag | /2 (3.1)

holds for all n > ng, where ng is some constant. Taking the logarithm on both
sides, the above inequality is equivalent to

2kn + O(logn) < n*,

which holds for all n > ng(k, U) sufficiently large because k > 2. Thus, (3.1) holds
and hence,

O'k(‘UnD < |U0'k(n)|

holds for all n > ng, where ng is some constant depending both on k£ and on the
sequence U.

4. The proof of Theorem 1.2

Let us assume that |a1| > -+ > |as| and |U,| is not a polynomial in n for large
n. In particular, |ay| > 1. We assume that k is an integer and k& > 2 because
for the case k = 1, it is already proved (see the proof of Theorem 1 in [4]). For a
positive integer n put p(n) be the smallest prime factor of n with the convention
that p(1) = 1. Let

Alz) = {n <z :pn)k >z},
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where ¢ € (0,1/4k) is a constant to be determined later. Let
Clx) :={n <z :0(|Up|) > |Usym)l}-

We need to prove that the set C(x) has counting function of O(x/logz). Let us
split the set C(z) into the following three subsets

Ci(z) :={n<z:necAlz) and n € C(z)},
Co(z) :={n < z'?* :n ¢ A(z) and n € C(x)},
Cs(x) == {n e (z'/?* 2] :n ¢ A(x) and n € C(z)}.

The set Cy () is a subset of A(x). By Lemma 2.3 with y := 2°/* we have that

#A(z) = 0(z,y) <

< .
logy log x

Thus, the subset C1(z) has counting function of O(x/logz). The second subset
has counting function of O(x'/?¥) = o(x/logz) because the set Co(x) has at most
x/?% positive integers n < £'/?%. From now on, let n € C3(z).

Then n € (/2% z] and p(n)F < z®. Since p(n) divides n, then (n/p(n))
divides n as well. Thus, we have that

k X nk
>n’+

_ .k
o(n)F o~ (+9),

or(n) > n* +

where § := 1/x1. The above inequality gives

or(n)

nk <

where §; := 0/2. Let

The case s = 1 needs to be treated separately as there are only finitely many n.
Assume that s = 1. In this case ¥(X) = (X — a;)? and a; is an integer with
|ag| > 2. Thus,

U, = Pi(n)af,

where P;(X) € Z[X]. Let n be large (say larger than the maximal real root of
Pi(X)). By Lemma 2.1, we have that

o(|Unr]) < [Upi|loglog |Upe|
k k
< |[Py(n")[|en " loglog [Pr(n")||ax [
< =D gy |7 A=01) 160 (4.1)
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On the other hand, we have that
Up(ny] = [Pr(or(n))]|aa ]| > op(n) o |75 s> nF @D [or(m) - (4.2)
Since n € Cs(x), then
Usimy| < o(|Unx])-
Using the above inequality together with (4.1) and (4.2), we have that
nkFd=D g, o) « |Uop(n)| < o(|Upx|) < nkd=1) g |7 A=01) o0,
The above inequality leads to the following inequality
oy |21+ <« Togn.
Let ¢ be the constant implied by the < symbol in the above inequality. Then the

above inequality is equivalent to

L |51rrk(")

| < ¢y logn.

Taking the logarithm on both sides, this is equivalent to
010 (n)log |az| < logea + loglogn.

Since n € (z'/?* x|, then the right-hand side of the above inequality is O(loglog ).
Since §; = 0.56, then d10(n) > 0.56n* > 0.5z~ 2'/2 = 0.527, where v :=
0.5—¢1 > 0.5—1/4k > 0. Thus, the left—hand side is > 7. Then above inequality
becomes

27 < 010k(n)log |ai| <logecs + loglogn <« loglog x,

which does not hold for large n because loglogz = o(x”). Thus, x is bounded and
So is n.
From now on, we assume that s > 2. Then the inequality

o |72 < Ui | < 0¥y ™

holds for all n > ng, where ng is some constant. The left-hand side is by an
application of the subspace theorem (see page 229 in [1]) and the right-hand side
is by triangle inequality. Thus, for n > ng, we have that

loglog |U,,x| = logn* + O(1).
Using the above inequality, we have that
(|Uk]) < |Upe | loglog [Uy| < 0¥ o[ (log n* + O(1))
< a3.(n) o | (log o (n) + O(1)).

Let ¢3 and ¢4 be constants implied by the < symbol and O(1) in the above inequal-
ity, respectively. We claim that with d; := 1/22“t and m = o%(n), the inequality
63md\a1|m(1761)(10gm +ey) < |a1\m(1752)
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holds for all n > ng, where ng is some constant. Taking logarithm on both sides,
the above inequality is equivalent to

log c3 + dlogm + log (logm + c4) < m(d1 — d2) log |aq]. (4.3)
Since n € (z/?* 2] and m = op(n) < 22* (by Lemma 2.2), then the left-hand
side of (4.3) is O(logz). Since 6; = §/2 and 5 = §2, then it follows that §; — 5y >
0.250 = 0.25z~¢ for x > xg, for some constant xg. Thus, the right—hand side of

(4.3) is > 27, where v := 0.5 — ¢; > 0. Thus, since logz = o(z7), then we have
that

log ez + dlogm +log (logm + ¢4) < logx < 27 < m(d; — d2) log o |
holds for all n > ng. Thus, inequality (4.3) holds for all n > ng and hence,
U < Jaa [0

holds for all x > x, for some constant xg. Note that by Lemma 2.2 (since k > 2),
m = oy(n) < 2z%. By Lemma 2.5, we can choose c¢; := ¢/2 with € = 1/2k and then
the set of m < 2z* satisfying the above inequality is of cardinality

0(V/a).

But this is only an upper bound on the number of distinct values of m = o (n) and
we have to get the upper bound on the number of n’s themselves. By Lemmas 2.3
and 2.4, we may assume that Q(n) < 10loglog z and 7(o,(n)) < exp (v/logx) since
the number of n < x for which one of the above inequalities fails is O(z/(log z)?) =
o(z/log z). Writing

n=pit . plt

with distinct primes pq,...,ps and positive exponents a1, ..., ap, so
L k(a;+1)
b; —1
e(n) = H( : )
i=1 pi—1
Given m = oi(n), each of d; := (pf(“"ﬂ) —1)/(pF — 1) is a divisor of ox(n).

Additionally, given d; and also a;, p; is uniquely determined. Thus, since d; can be
fixed in at most 7(oi(n)) ways and a; < (n) can be fixed in at most Q(n) ways,
it follows that pf* can be fixed in at most 7(o%(n))Q(n) ways. This is so for a fixed
i, but i < £ =w(n) < Q(n). Thus, the number of such n when given oy (n) and
Q(n) is at most

10loglog x
((lOloglog;z:)exp(\/log:r)) e < exp (20(loglog:z:)\/logz)

for all z > xq, for some constant zy. Now varying Q(n) up to 10loglogx and oy (n)
up to O(y/), we get that the number of possible n < x is

< vz (loglog x) exp (QO(log log z)+/log a:) = o(x/log x)

as ¢ — 0o. Hence, the set C3(z) has counting function o(z/logx) and thus the set
C(x) has a counting function of O(z/logz). This concludes the proof.
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