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1. Introduction

First, we give a brief introduction to the theory of Vilenkin-Fourier analysis (for
more details see [1, 27]). Denote by P the set of the positive integers, N := PU{0}.
Let m := (mg,m1,...) be a sequence of the positive integers not less than 2.
Denote by Z,,, :={0,1,...,m, — 1} the additive group of integers modulo m,, for
any n € N. Define the group G,, as the complete direct product of the groups Z,,,
with the product of the discrete topologies of Z,,,, ‘s.

The direct product p of the measures

(7)) = —

Mp
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is the Haar measure on Gy, with u(G,,) =1, for any j € Z,,,,.

If the sequence m is bounded, then G,, is called a bounded Vilenkin group,
otherwise, it is called an unbounded one. In the case of m = (2,2,...) we get Go
(or simply G), the so-called Walsh group. The elements of G,,, are represented by
sequences

= (L0, X1y ey Tiyet)s

where x,, € Z,,, . It is easy to give a base for the neighbourhoods of G,:
Io(.]?) = Gm,

In(l‘) = {y € Gm | Yo = Toy---yYn—-1 = xn—l}
if v € G, and n € P. Let us denote I, := I,,(0) for n € N. We define the so-called
generalized number system based on m in the following way:

My :=1, My4q1:=m,M,

where n € N. Then every n € N can be uniquely expressed as

o0
n = E nkMk,
k=0

where ny € Zy,, (k € N) and only a finite number of ng‘s differ from zero. Let us
denote by |n| a natural number such that

M|n‘ <n< M|n‘+1.

Let L,(G,,) denote the usual Lebesgue spaces on G, with corresponding norms
I.ll, and C(G,,) denote the space of continuous functions on G,, with the norm

[flloo := sup{|f(z)| : = € G}

Next, we define the modulus of continuity in L,(Gp,) for 1 < p < oo of a function
f € Ly(G) by
wp(f;0) = sup, 1 @)llps 0> 0,
z|<

with the notation
o0

X4
|| = Z i for all x € Gy,
=0

and
F(z,u) = f(z—u) = f(z).
Analogously, we can define the modulus of continuity in C(G,,), it is denoted by

Woo (f7 5) .
The Lipschitz classes in L,(G,,) for each o > 0 are defined by

Lip(a, p, Gr) == {f € Lp(Gn) : wp(f,0) = O(6%) as § — 0}.
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Moreover,
Lip(e, C(Gm)) :=={f € C(Gm) : |F(z,y)| < Cly|*, =,y € Gm}.

Further, for the simplicity we write Lip(«, 00, Gy,) := Lip(t, C(Gp,)).

Next, we introduce on G, an orthonormal system which is called Vilenkin
system. At first, we define the complex-valued functions ri(z): G,, — C, the
generalized Rademacher functions, by

ri(z) = exp(2mixy, /my),

where 12 = -1, z € G,, and k € N.
Let us define the Vilenkin system ¢ := {y, : n € N} on G,, as

pn() =[] i (@).
k=0

Specifically, we call this system the Walsh-Paley system, when m = (2,2,...). The
Vilenkin system is orthonormal and complete in Lo(G,,) (see [31]). Exactly, the
elements of the Vilenkin system are the characters of G,,. Namely, f: G,, — C
continuous,

flx+y) = f(x)f(y)

and |f(z)| =1 for all ,y € G,,. Moreover, it holds if and only if f(x) = ¢, (z) for
some n € N (see [27]).

Let P,, be the collection of Vilenkin polynomials of order less than n, that is,
functions of the form

n—1
P(z) = arpr(x),
k=0
where n € P and {a,, : n € N} is a sequence of complex numbers and let
P = U,iozlpn.

The kth Vilenkin-Fourier-coefficient, the ith partial sum of the Vilenkin-Fourier
series, the nth Vilenkin-Fejér mean and the nth Vilenkin-Dirichlet kernel is defined

G k=0 i=1
n—1
Dp:=> @, Do:=0
k=0
where n,7 € P and &k € N. The Myth Dirichlet kernel for any & € N has a closed
form
puio- [, e



Annal. Math. et Inf. 1. Blahota

Fejér kernels are defined as the arithmetical means of Dirichlet kernels, that is,

1 n
K, = E;Dk.

It is well-known [1] that if G, is a bounded Vilenkin group, the Li(G,,) norm of
the Fejér kernels are uniformly bounded. Namely, there exists a positive constant
c such that

/ Ko ()| dp(z) < (1.2)
Gm

holds for any n € P.
Let {gx : k € N} be a sequence of non-negative numbers. The nth Norlund
mean of the Vilenkin-Fourier series is defined by

n

1
Qﬁ Qn—kSk(ﬁl’)v
" k=1

where @, := ZZ;& qr, where n € P. It is always assumed that ¢y > 0 and

lim @, = co.
n—r oo

In this case, the summability method generated by {qi : k € N} is regular (see [24,
35]) if and only if

. dn—1
am e =0

In paper [24], the rate of the approximation by Norlund means of Walsh-Fourier
series of a function f in L,(G2) and in C(G2) (in particular, in Lip(e, p, G2), where
a>0and 1 <p<oo) was studied. As special cases Méricz and Siddiqi obtained
the earlier results given by Yano [34], Jastrebova [20] and Skvortsov [29] on the rate
of the approximation by Cesaro means. The approximation properties of the Walsh-
Cesaro means of negative order were studied by Goginava [17], Vilenkin case was
investigated by Shavardenidze [28] and Tepnadze [30]. In 2008, Fridli, Manchanda
and Siddiqi generalized the result of Méricz and Siddiqi for homogeneous Banach
spaces and dyadic Hardy spaces [16]. Recently, Baramidze, Gat, Goginava, Memi¢,
K. Nagy, Persson, Tephnadze, Wall and the author presented some results with
respect to this topic [3, 5, 11, 18, 22]. See [15, 33], as well. For the two-dimensional
results see [8, 10, 25, 26].

Let {pr : k € P} be a sequence of non-negative numbers. The nth weighted
mean of Vilenkin-Fourier series is defined by

1 n
" k=1

where P, := >"}'_, py, where n € P. It is always assumed that p; > 0 and

lim P, = oo,
n—oo
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which is the condition for regularity.

In [23] the authors studied the rate of the approximation by weighted means
of Walsh-Fourier series of a function in L,(G2) and in C(G2) (in particular, in
Lip(a, p, G2), where a > 0 and 1 < p < 00). As special cases Méricz and Rhoades
obtained the earlier results given by Yano [34], Jastrebova [20] on the rate of
the approximation by Walsh-Cesaro means. A common generalization of this two
results of Méricz and Siddiqi [24] and Méricz and Rhoades [23] was given by K. Nagy
and the author in the paper [7].

In particular cases weighted and Norlund means are the Vilenkin-Fejér means
(for all k set pr, = g, = 1).

Let T := (¢, j);ojzl be a doubly infinite matrix of numbers. It is always supposed
that matrix T is upper triangular. Let us define the nth de La Vallée Poussin type
matrix transform mean determined by the matrix T

Ug,n(f; 117) = Z tk,nsk(f;m)7
k=n

where Sy (f; ) denotes the kth partial sums of the Vilenkin-Fourier series of f. For
matrix transform method the conditions of regularity can be found in Zygmund’s
book [35, p. 74].

Since the nth row of the matrix T' determines the linear mean a;Tw and its
definition contains only finite number of entries, for the simplicity we say {tgn :
n <k <n, k € P} is a finite sequence of numbers for each n € P.

In the further part of this paper, let {tx, : 7 < k < n, k € P} be a finite
sequence of non-negative numbers for each n € P. The (1, n)th matrix transform
kernel is defined by

n
KL ()= trnDi(x).
k=n

It is easily seen that

oT (fix) = / S KT (2 — u)dp(u).

Gm

It follows by simple consideration that the Nérlund means and weighted means are
matrix transform means.

For matrix transforms means with respect to the trigonometric system see e.g.
results of Chandra [13] and Leindler [21], to Walsh system see paper of Blyumin [12].

This paper is motivated by the work of Moéricz and Siddiqi [24] on Walsh-
Noérlund mean method and the result of Méricz and Rhoades [23] on Walsh weighted
mean method.

Our main aim is to investigate the rate of the approximation of de La Vallée
Poussin type matrix transform means in terms of modulus of continuity under some
general conditions.
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The main theorem (Theorem 3.3) gives a kind of common generalization of the
two results of Méricz and Siddigi on Norlund means [24] and Moéricz and Rhoades
on weighted means [23]. Moreover, we generalized the system, as well. At the end,
we present an application for Lipschitz functions.

Other aspects of these methods regarding Walsh-Fourier series are treated in the
papers [15, 33]. Avdispahié¢ and Pepié¢ proved some results also for Vilenkin-system
in the paper [2].

We mention, that Iofina and Volosivets obtained similar results on Vilenkin
systems with similar assumptions using different methods (independently form
technics of Moricz, Rhoades, Siddiqi, Fridli and others) with respect to matrix
transform means in [19] and Volosivets in [32]. They used in their proof the defini-
tion of the best approximation and the Watari-Efimov inequality. We used it only
for the trivial case (if 1 < p < 00).

De La Vallée Poussin type matrix transform means for Walsh system were
introduced G4t and the author in [5]. In their paper, Blahota and Gat proved
similar theorems as in this one, but for the Walsh system. See also [4] and [6]. In
the latter article, the authors dealt with Vilenkin systems, but in special cases.

2. Auxiliary results

Lemma 2.1. Let us set j,k,l €N, 0 <k <M; and 0 <l <mj;. Then

-1

Dk = E 7Dy — pin;—1 Dk
s=0

Proof. By definition

IM;—k—1 IM;—1 IM;—1
Dyt -k = Z on = Z ©n — Z Ph
h=0 h=0 h=IM;—k
1—1 M;—1 k—1
= Z PsMj+i — Z PIM;—i—1-
s=0 i=0 i=0
Since easy to see that pgnr, 15 = wsnr; @i for any s € {1,...,m; — 1}, j € N, where
i €4{0,...,M; — 1} and pspr; =775, so we get
M;—1
Z sM;+i = 717D
i=0

On the other hand, ¢in;, i1 = @in; -1 for any [ € {1,...,m;}, j € N, where
ie€{0,...,M; —1}. Tt follows

k-1

E OiM;—i—1 = Pir;—1 D
i=0
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O

Lemma 2.2 (Blahota and K. Nagy [9]). Let us set j,k,l € N, 0 < k < M; and

0<1l<mj. Then
-1

2 : K 1
DerHC = r;DMj -&-erk.
s=0

Lemma 2.3 (Blahota and K. Nagy [9]). Let n,qg € P, 1 < ¢ < m, — 1 and
g€ Pum,, [ €Ly(Gr), where 1 <p < oo or f € C(Gy,). Then

/ P () g () F (- w)dp()|| < mnllglhes, (f, ﬁ)
o P

holds (for f € C(G,,) we change p by o).

Corollary 2.4. Letn € P and g € Py, [ € Lp(Gy), where 1 < p < oo or
f€C(Gy). Then

1
[ st st FCaint)| < malalien (551 )
Com , "
holds (for f € C(G,,) we change p by o).

Proof. This statement is a simple consequence of Lemma 2.3. Since

my—1

PMpi1—1 = Pmp—1)M, PM,—1 =Ty ©M, —1,

where @y, 1 € P, 80 ¢’ := ©un, —19 € Py, also. Then we can use Lemma 2.3 for
this ¢’ by choosing ¢ := m,, — 1. Furthermore it is obvious, that [|¢’||1 = |lg|;. O

We introduce the notation Aty , = tgn — tg+1,n, where k € {1,...,n} and
tn+1,n = 0. In the next Lemma, we give a decomposition of the kernels K{n.

Lemma 2.5. Let n,n € P and suppose that 7| < |n|. Then we have

Mz 41 -7
T — . =\ I ~
K0 = 2 : EM 1~k DMy 4 _tm”(leerl—l(MlﬁHl - n)KM\erl—”
k=1
M) 41 —n—1
+§DM|M+1*1 Z AtMlﬁ‘+17k717nkKk
k=1
In|—1 m;—17]—1 M;—1 In|—1 Mjy1—1
+ E g g g bty +k,n73 Dy + E g tsn Dy,
j=In|+1 =1 s=1 k=0 j=|nl+1 s=M;
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In|—1 m;—1M;—-2

+ Z Z ZAth-‘rknkT Ky

j=|nl+1 =1 =

In|—1 mj;—1

D D twenm—ra(My = Dri K,

j=|f|+1 =1
Nyp =1 (-1 Mjp—1 Nyn|—1 Mjn =2
1
+ Z Z Z UM ke T Dy Z Z Atiny, +k,n k7, Ki
=1 s=1 k=0 =1 k=1
n‘n‘—l
l
>ty (Mg = Dy K, -1
=1

=" Min| nn|—1
S
+ Z Z b My k0T Dy
k=0 s=1

N—n|p| M|p

+ Z Atmn\M\nﬁk’nkrw Ky + Z tn Dy, _:ZKW’”'
k=1 I=M,,, i—1

Proof. We write

Mz141—1 In|—1 Mjq1—1
Kg,n: Z tlnDl+ Z Z tlnDl+ Z tlnDl
l=n j=|al+1 =M I=Mp,
A B c
=: Knn+Knn+K

Now, we apply Lemma 2.1 and Lemma 2.2 for these expressions. We get

Mz41—7
Ki = t D
fi,n = M t1—kn Mg 41—k
k=1
M7 41—7 Mizj41—7
= 2 : EMyp e~k DM — § : EMisy 1=k P M 0 —1 Dk
k=1 k=1
2
_ A
- n,n’
i=1

In|—1 mj;—1M;—1

= Z Z Zth+knDlM+k

j=|n|+1 =1 =

In|—1 mj;—1M;—1 In|—1 mj;—1M;—1

S0 S S SUTHNS SET VRIS S Sl SR T
j=lal+l I=1 k= j=lal+l I=1 k=
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|n\71 mjfl 1—1 Mj71 |n\71 Mj+171
s
E E E E tiM;+k,n”; Dy + E E tsn D,
j=|n|+1 I=1 s=1 k=0 j=|nl+1 s=M;

In]—1 mj;—1 M;—1

+ > Yo Z btk Dre = ZKf;

j=|n|+1 =1
and
n—M|y
c _ }:
Kn - tM‘n|+k,nDM|n‘+k
k=0
Nyn| =1 Mjn =1 =" | Min
= Z Z M+ D+ + Z b Mtk D Mk
=1 = k=0
n‘n‘71M|n|fl TL‘n‘*lMHL‘*l
_ l
= Z Z th\nW’C"Zr\nIDM\n\JF Z Z QM+ | D
=1 =1 k=1
n—anw ”|n\*1 =N n| M|
s Nn|
+ Z brajpn My +hm Z T\nIDM\n\+T|n| Z tnp M +kn D
k=0 s=0 k=1
Nyn| =1 -1 Mjn =1 Nyp)—1 Mp —1
Z Z Z QM b T Dy + Z Z tumy,, |+’f”T\n|Dk
=1 s=1 : 1=
’I‘L*n|n‘M|n‘ n‘n‘f n7n|n‘M|n‘
s Tn|
+ Z b M e [ DMy 7y Z by My k0 D
k=0 s=1 k=1
n 5
tinDu,, =y K
+ Ln M, — n -
=M, i=1

. B,3
Now, we use Abel’s transform for the expressions Kn o K K%? and K¢, We
have
M)41—7
A2 =
Kﬁ,n - E : tM|ﬁ,\+1*ka"(pMm|+1*1Dk
k=1

= —tanPM -1 (Maj — ) Km, -

M741—1—1

+50M|ﬁ|+1*1 Z AtM|;,,|+1fk71,nkKk;
k=1

|n|—=1 m;—1M;-1

KB‘3 Z Z Zt1M+kn7"Dk

j=|n|+1 =1 =
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In|—=1 m;—1 /M;—2

Z Do D2 AtuspknkriEr + teinyag 10 (M = DriKa, - |
|7 +1 1=1 k=1

’I’L‘n‘fl M|n|71

c2 _ !
Kp*= Z Z 1My kT ) D

=1 k=1
Nyn| =1 Mjn)—2
= E E Atin,,, +, nk""‘n‘Kk
=1 k=1
nyp—1

+ Yty 1 (M) = Dl Kar, 1.
=1

Using Abel-transformation and equality 41, = 0 we get that
n="n| My
n n
K’V?A = Z t”\n|M\n|+k’nT|n‘| le’
k=1

’I’Lfn‘nﬂvf‘n‘*l

= Y Aty g skakr Ky

k=1

+ tn,n( n|n\M\n|) |n| Kn—nM‘MM‘
n="n| Mjn

_ Z Aty M+, nkr‘n‘ K.

It completes the proof of Lemma 2.5. O

Lemma 2.6. Let n,n € P and suppose that i < n, but |7t| = |n|. Then we have
Mp|41—7
T e
Kin = Z EMy g~k D0 — tﬁv"@M\nHl—l(MlnHl - n)KMlnHl_ﬁ
k=Mjn|41—n
Mpp1—n—1
+ ()OM‘HH_l—l Z AtM‘n|+l_[C_17nkKk.
k=M‘”|+1—n—l
Proof. We write
n Mp41—1
= Ztl,nDz = Z tin Dy,
l=n l=n
where t;, =0,if l € {n+1,..., M},|11 — 1}. Using Lemma 2.1 for this expression
we get
Min|41—7

T _
Kﬁyn - § : tM|nH»17k1nDM\nH»17k
k=1

10
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My 41— My 41—
= § : EMy i1~k DM 0 — § : EM 1~k P M 1 —1 Dk
k=1 k=1
Mip)41—70 Mip|41—70
= E : tM\n\+1—k7"DM\n|+1 - § : tM\n\+1—k7n‘PM|n\+1—1Dk'
k=M‘,LH,1—TL k=1

Now, we use Abel’s transform

Mip|41—7
- §: EM 1 =P My 1 =1 D
k=1
- tﬁvnsoM\nH1—1(M\n|+1 - n)KJVI‘,,L‘Jrl—ﬁ,
Mipn)41—7—1
+ OM -1 E Atar,, o —k—1,nk Ky
k=1

- tﬁ,n@M‘n‘+1—1(M\7L|+1 - n)KM‘nH,l—’FL
Mip41—n—1

T PMppy -1 Z Aty o —k—1,0k K.
k=M|n41—n—1

Recall that t,1,, =0. O
From now, we discuss bounded Vilenkin groups, i.e. the case when

sup my, < c.
neN

Throughout our article ¢ denotes a positive absolute constant, which may vary at
different appearances.

Lemma 2.7. Let ,n € P and the members of finite sequence {ty, : 7 < k < n}
be non-negative numbers. We suppose that

n
Z tem = 1. (2.1)
k=n

If the finite sequence {ty » : 1 < k < n} is non-decreasing for all n, then we suppose

of2)

and if the finite sequence {ty, : 1 < k < n} is non-increasing for all n, then we

suppose
1

n — O(,,) .
n

Gl <

Then in both case Inequality
(2.2)

holds.

11
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Proof. Using Abel transformation we get

n—1

= Atp kK + tn Ky — tan (it — 1)Kz 1.
=
Applying Inequality (1.2) we obtain

HKLnH < Z |Atk n‘kHKk”l + tn nn”K ||1 +ia ﬂ( )HKﬁ—lHl

(Z |Atg |k + tnnn + tan (7 — 1)).

k=

In non-decreasing case

KX, < ( Zt;m—nn —1)—|—tn7nn+tn)nn+tﬁ7n(ﬁ—1))

< 2ty pn S c.

In non-increasing case

k=
<c(1+ 2tz ,7) <c. O

K3, < C(Z thm + tan(i—1) = tppnn + typ,n + ta (i — 1))

Remark 2.8. Inequality (2.2) surely is not fulfilled without conditions (besides
(2.1)). For example consider t,, = 1. Then K}, = D, and sequence | D,||, is
not bounded.

The next result is in paper [9]. We use only the half of that statement, only for
non-decreasing tx ,, sequences and f € Ly (Gyp,).

Lemma 2.9 (Blahota and K. Nagy [9]). Let f € L1(G.,). For everyn € P, {ty ,
1 <k < n} be a finite sequence of non-negative numbers such that

n
> ten =1
k=1
is satisfied. If the finite sequence {tgn : 1 <k <n} is non-decreasing for a fized n

and the Condition .
weeoft)
n
In|—1

m;—1
1 - 1
IoT )= <e 3 M (137 ) Xt + o (£ ).
j:

=1

is satisfied, then

12
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3. De La Vallée Poussin type approximations in
norm

Theorem 3.1. Let f € L1(Gy,) and i,n € P, where i < n. Let the finite sequence
{tkn : 1 < k < n} of non-negative numbers be non-decreasing for alln. We suppose

that .
S thm=1
k=n
and )
-
n
hold. Then

loT () = £, < o (f, | |)

Proof. The proof is a simple consequence of Lemma 2.9. Namely, in the statement

of Lemma 2.9 let us choose t1 , := - :=tz_1, = 0. Then
Hafq;,n(f) - fH1 = Hazn(f) - f”l
[n|—1 m;—1

IN

]

C Z Mjw1< s 1
j=0

In|—-1

1
Lar1)M;—1,n T+ Cw1 (f, )
=1 My
C Z Mjwl( y

1
Dtn;pr—1,n + cwi fvm
|n\ 1

Z Mwl <f7 >CtM +1—1,n+cwl <.f7 ]\41|n)

Jj=|n|

A
QH

| /\

Remark 3.2. In the proof of Theorem 3.1 we got inequality

In|-1

1
Jotatr) = 1l < e 3 ttgon (£ 5 Jetusnoan+ e (£ 57 )

Jj=|7

This estimate is more accurate for small 7 compared to the statement of Theo-
rem 3.1.

13
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The statement of next lemma has mostly analogous form as result of Lemma 2.9,
Moricz and Siddiqi [24] and others.

Theorem 3.3. Let f € L1(G,,). For every n,i € P, {ty,, : 7 <k < n}, where
|| < |n| be a finite sequence of non-negative numbers such that

Z thm =1 (3.1)
k=n

(i) (3.2)
k<

are satisfied. If the finite sequence {ty  : 1 <
n, then

and

n} is non-increasing for a fized

[n|—1

||Jﬁ f||1<c Z Mwl(fv ) Z 2378 n+0w1(f,M |>

Jj=|nl+1

Proof. Using Lemma 2.5, Condition (3.1) and the usual Minkowski inequality we
get

ot a(5) = Flh = | [ KEA@P( wdnta)

Grm 1

<Z /K ) ()

1
Mz 41—

< Z tM\n\+1 k,n /DM\ \+1 VE (- u)dp(u)

1

+tﬁ7”(M\’ﬁ|+l_ﬁ) /QOM\nHl—lKMmHl —n ( )dﬂ( )

Gm 1
M) 41 —n—1
b Btk [ oan K wdnta)
k=1 g
m 1
In|-1 m;—1]—-1 M;—1

+ Z i LM+ kon /Tf(U)DMj(U)F(',U)dM(U)

j=IAl+1 =1 s=1 k=0 a. .

[n|—1 Mjyi—1

+ fun / D, () F(-, u)du(u)

J=Inl+1 s=M; 1

14
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In|—1 mj—1M;—

YD Z‘At1M+kn|k‘ / Ki(u)F (-, w)dp(u)

j=|nl+1 =1 k=1

Gm 1

In|—1 mj;—1

+ 30 g8 = )| [ b K@ wdita)

j=Inl+1 =1 Gm 1
1l 1M|n\ 1
S >tk [ @D (@ wdita)
=1 s=1 : G7n 1
’I’L‘n‘flM|n|72
!
F30 Y At ealt]) [ @ En@FC 0du
=1 k=1 E
m 1
Nyp—1
+ taryM, —10(Mjn) — 1) /T\ln|(U)KM‘n‘_1(UJ)F('7U)dﬂ(u)
m 1

=" Min| nn|—1
+ Z Z b M +h,m /Tlsn\(“)DMw(U)F('au)dﬂ(u)
k=0 s=1

1
=" Mn

Gm
b Bty el [ @@ 0)du)
G

k=1
1

n 13
+ Y )| [ Dr @FCadut)| =3 L

I=M,,, g, i=1
The generalized Minkowski inequality and Condition (3.1) imply

Miz41—1

fn < [ st @) [IF@ldu()dn) > o
G Gm

k=n

Swl (f7 1/M|7~1H-1)7

[n|—1 Mj41—1

Lin< > Y M/DM /|qu|du )dpu(w)

j=|n|+1 s=M;
In|—1 M1 —M;—1

< Z Z tar;+ kw1 (f, 1/Mj)

j=Il+1 k=0

[n|—1 [ M;—1 2M; -1 Mjp1—1
< D | X taet D tante Y
j=|al+1 \ k=0 k=M; k=M, 1—M;

15
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X wi(f,1/M;)

n|—1 mi 1
= Z Mj Z thj,nwl(fvl/Mj)
j=IAL =1

and

Iis, < /DM\n /|qu\dp Ydu(u Z tin

=M,
<w (f7 1/M|n\)

For expressions I ,,, Isn and I11,, we apply Lemma 2.3, equation (1.1) and Con-
dition (3.1). We have

In|—1 m;—1
147n§ Z ijDMjulwl<f71/M Z l_l Z thJ-l-kn
j=lal+1
In|—1 m;—1M;—1
Z miwi(f,1/M;) Z Z b +kn-
j=lal+1 I=1 k=0

From monotony we obtain

n|—1 m;—1
Iyn<c Z M (f,1/M;) ZfZMn
J=Inl+1
Similarly,
TL‘n|71 M‘n‘fl
Is.n < M| Do,y |01 (F; 1/ M) Z (1-1) Z tiM,, +k,n
1=1 k=0

’I’L|n|71 M‘n‘fl

<mbywr(f, /M) Y Dt vkm

=1 k=0
Nn| Mjn =1
< cwl(fa 1/2\4\n|) Z tk:,n
k=M)p,

< Cwl(.ﬂ 1/M\n|)

and

’I’L*’n‘n|M‘n|

Lt < My () = D Dag [[yor (£ /M) D70 o bk
k=0

16
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n

< mfn|wl(f7 1/]\4|n|) Z tk,n

k=nn| Mn
< cwr(f,1/Mp,).

The usual Minkowski inequality, Inequality (1.2), Corollary 2.4, Condition (3.1)
and Condition (3.2) yield estimations of expressions I, and I3,. At first

L <t (M1 — 2)mpmwi(f, I/M\ﬁI)HKM‘

ﬁ\+1*ﬁH1

< et nfiwi (f, 1/Mz))

< cwi(f,1/Mz)).
Then

M7 41—7—1
I3,n < m\ﬁ|w1(fa1/M|ﬁ|) Z ’AtM\m+1*k*1,n’k”KkHl
k=1
M 1 —7—1
< Cwl(f,l/Mm‘) Z AtM‘ﬁHl—k—l,nk;
k=1

and we get

Mz 41 ——1

Z AtMlﬁHl*k*L”k
k=1
Mz 41—n—1
= (tM\ﬁHl—k—l:" - tM\ﬁHl—’f,”)k
k=1
M|ﬁ|+17ﬁ71
= (M|ﬁ\+1 —n— 1)tﬁ,n - Z tM‘erl—k,n
k=1

S Cntﬁ,n < G,

hence

I3 < cwr (f,1/Mz)).
For expressions I n, I7.n, Ion, L0, and I12 , we apply Inequality (1.2), Lemma 2.3

and Condition (3.1). Estimating Is , we obtain

In|—1 m;—1M;—2

Ion < D muen(f1/My) Y Y | At prn |k Kkl

j=|al+1 =1 k=1
In|—1 m;—1 M;—2

SC Z wl(f,l/Mj) Z Z Athj+k,nk-

j=|fl+1 =1 k=1

17
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We write
M;—2 M;—2
> Atingknk =D tingrkn — (Mj = 2)tas1), -1
k=1 1
< Z b+ < Mt n
and
In|—1 m;—1
Isn<c Y Mw(f,1/M;) Z tine
J=[nl+1

Now, we estimate the expression I7 .

[n|—1 mj—1
Iz <my Z Mjwi(f, 1/ M) Ky -1l Z (I41)M;—1,n
j=|n|+1 =1
[n|—1 mj—1
<ec Z M;wi(f,1/M;) Z ting; n-
J=Inl+1

We have

’I’L‘n‘fl M|T,,‘ —2

Iy < mypwi(f,1/Mj) Z Z | Ating,, hen [ EI Kkl
=1 k=1
Nn|— IM‘ = 2

<o (f1/Mu) Yo Y At sknk

=1 k=1

From monotony we have

My —2 M —2
Z Ating,, +knk = Z tind, +k,n — (M) = 2)ta41) M, -10
-1
M‘,,L‘—Q

< Z UM+
k=1

and

n‘n|—1 M‘n‘ -2

Iy < cwi(f,1/My)) Z Z UMy +hn
=1 k=1
M| Min| =2

:Cwl(fa l/M\n|) Z tk,n

k‘:M‘anl

18
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< cwr(f, 1/Myy).
Let us consider the expression Iig .

n‘n‘fl

Lo < myp Mpwi (f,1/M,y,)) Z L) My — 10 1K, 1
=1
Nyp—1

< eMppwi(f,1/Myy) Z tU+1) M, —1,m-
=1

From monotony we write

nip—1 M, —1

Lo < cwr(f,1/My) Z Z LMy, +kn
=1 k=0
Njn| Min =1

< cwy (fa 1/M|n|) Z tk,n

k):]\/f‘n‘
< cwi (f, 1/ M)
We discuss expression Iz

n=nn| Mn
Do S Y | Aty aay ko [Fwr (F, 1/ M) | Kl
k=1

nfn‘n‘M‘n‘

< aw (fv 1/M\n|) Z At My +hn k-

k=1
We have
=" | Mn =" | Min
Z Atn\n\M\n\+k7”k = Z Uiy M ki — (n— n\n|M|n\)tn+1,n
k=1 k=1
n=n|n| Mn
= Z b My +hm
k=1
and

I12,n < Cwl(f71/M\n|) Z tk,n

k=nn M) +1
< cwy (f, I/M‘n|)

Because of |7i| < |n| we get inequalities

wi (f, 1/ M) < wi(f, 1/ Mzjs1) < wi(f,1/Mz))
These complete the proof of Theorem 3.3.
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Corollary 3.4. Let f € L1(Gy,). For every n,n € P, {ty, : 7 < k < n}, where
|| < |n| be a finite sequence of non-negative numbers such that

n
> thm=1
k=n

(1>

tﬁ,n =

n
k<

are satisfied. If the finite sequence {ty , : 1
n, then

and

< n} is non-increasing for a fized

oz (f) = fIl, < cwn (f, Mlnl)

Proof. The proof is a consequence of Theorem 3.3. We use inequality

77”—1

M; Z tivg;n = Mjtag; n + Mjtonv i + - + Mitm; —1)M; 0

M;—1
< Mjtam+ > tapin o D b2y tim
i=0 i=
Mj+17Mj*1
=mj Mty + Y tin
i=M,
forje{|n|+1,...,|n|] — 1} and
In|—1 Mn)—1
Z Mj—1ta;n < Z tjin <1.
J=I7l+2 J=Ma|42—Mn|+1+1
So
[n]—1 m;—1 |n|—1 |n|]—1 Mjy1—M;—1
Z M; Z tingyn < Z mj 1 Mj 1ty n + Z Z tin
j=Inl+1 =1 j=|nl+1 j=|al+1 =M
In|—1
< mlﬁ\M\ﬁltMm|+1,n + Z mj—le—lth,n +1
j=Inl+2
S Cﬁtﬁ,n +c+ 1
<
It implies that
In|—1 mj;—1 1
Z M; Z th7,nw1<f7 ) Scwl<f,]wlﬁl>~ O

J=lAl+1
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Theorem 3.5. Let f € Li1(G,,). For every n,i € P, {ty,, : 7 <k < n}, where
|| = |n| be a finite sequence of non-negative numbers such that

n
> thm=1
k=n

and

are satisfied. Let the finite sequence {tx, : 7 < k < n} be non-increasing for a
fired n. Then

o2 . (f) = f]l, < cwn (f, Mln|>

Proof. Based on Lemma 2.6, we can prove it similarly, than in cases I y, I3, and
I3, in Theorem 3.3. In the last case

Mip41—n—1

Z AtM‘n‘+1—k—1,7lk.

= Z (tM\nH_l*k*l,n _tMW_ka,n)k’

My 41 —n—1

= (M|n\+1 - ﬁ)tﬁ,n - Z tM‘n‘+1—k,n
k}:M‘nH_l*’I’L*l

< citpn, < c. ]

Remark 3.6. Theorem 3.1, Corollary 3.4 and Theorem 3.5 (not in this structure)
are also reached by Volosivets [32] (see Corollary 3.4.) by a different method.

Theorem 3.7. Let f € L,(G,,) where 1 <p < oo and 7i,n € P, where i < n. Let
the finite sequence {tr n : 7 <k <n} of non-negative numbers. We suppose that

D tin =1 (3.3)
k=n

holds. Then )
||0-7”,1;n(f) - f||p < Cpwp (fa ]\M>7
where ¢, depends only on p.

Proof. Since M <k, from elementary properties of the partial sum we obtain

1560 — £l < IS8, (F) = FIL+11S5(5) = San (D],
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= HSMM (f) - pr + HSk(f) - Sk(SMW (f))Hp
- HSMW(f) - pr + HSk(f - SMm(f))Hp

It is known, that if 1 < p < oo, then ||Sk(f)|l, < ¢pl|fllp, hence
19k() = £l < epl|San (F) = £
Based on this inequality, Efimov [14] famous result gives us

I504) = 71, < ey (£ 57 )

so, using Condition (3.3)

loZn(F) = 71, < 3 tanll i) 11,
k=n

= 1
< Cp Z tk,nwp (f7 M)

k=n

1
= prp <f, ]\4~|> . ]

Remark 3.8. In the proof of Theorem 3.7 we got inequality

n 1
lof . (F) = fll, < cp;tk,nwp (f, Mk)

This estimate is better for small 7 than the statement of Theorem 3.7.
At the end of this, let us summarize our results.

Theorem 3.9. Let f € L,(G,y,), where 1 < p < co and fi,n € P, where i < n.
Let the members of the finite sequence {tin : 1 < k < n} be non-negative numbers.

We suppose that
n
> thn =1
k=

If the finite sequence {ty n : 1 < k < n} is non-decreasing for all n, then we suppose

tn,n =0 (1)
n

and if the finite sequence {t, : < k < n} is non-increasing for all n, then we
suppose
1
tﬁ,n =0 <~) .
7
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Then in both cases and if 1 < p < oo, then without monotony restrictions and
supposing boundedness of nt,, , or ity

1
o7 () = £, < epser <f’ M|)

holds, where c, depends only on p.

4. Application of the norm estimation

A specific case (for Lipschitz functions) can be formulated as a statement — or
rather as an example — one may say, concerning the de La Vallée Poussin means.

Remark 4.1. It is easy to see, that supposing conditions of Theorem 3.9 we get

equality
1
Jotath) - 71, =0(3)

for every f € Lip(a, p,Gy), @ >0and 1 < p < oc.

Example 4.2. As a special case, let

{(qﬁ)_l, ifn <k<n,
thn 1=

0, otherwise ,

where ¢ > 0 and n := [(¢ + 1)n] — 1. In this case we get the rate of the norm
convergence of de La Vallée Poussin mean for Lipschiz functions, namely if f €
Lip(1, p, G,) for some 1 < p < oo , then
1
of)
7

1

1 n
%];Sk(f)—f

Proof. This statement is a simple corollary of Remark 4.1. O

Remark 4.3. Statements of Corollary 3.4, Theorems 3.5, 3.7, 3.9 and Remark 4.1
are useful if the 7 is large. For example, if n — oo, we will get a good estimate if
the n does not remain under a limit.
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