Annales Mathematicae et Informaticae
59 (2023) pp. 27-36

DOI: 10.33039/ami .2023.12.003

URL: https://ami.uni-eszterhazy.hu

A Hosszt type functional equation with
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Abstract. The aim of this paper is to give the general solution of the Hosszu
type functional equation

fz+y—(zoy)) +g(zoy) =g(z)+9(y) (=,y€Ry)

with unknown functions f,g: Ry := {x € R | > 0} — R, and binary
operation defined by x oy = (x% + y%)C for all z,y € Ry where ¢ € R,
c € {2,3} is a fixed constant.
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1. Introduction

At the International Symposium on Functional Equation conference held on Za-
kopane (Poland) in 1967 the functional equation

flz+y—zy) + flay) = f(z) + f(y) (1.1)

where the unknown function f: R — R satisfies the equation for all z,y € R was
proposed to investigate in the first time by M. Hosszt. This equation is known as
Hossz functional equation.

Z. Daréczy [6, 8] D. Blanusa [4], and H. Swiatak [25, 26] proved that the
general solution of equation (1.1) is in the form f(x) = A(x) + C for all z € R
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where A: R — R is an additive function (that is, A(x+y) = A(z)+ A(y) is fulfilled
for all z,y € R [2, 3, 18]), and C' is a real constant.

Since 1969, many researchers have investigated the Hosszi equation and its
generalizations. In papers [9-12] the equation (1.1) was investigated on various
abstract structures. In paper [13] a Pexider version (that is functional equation with
more unknown function [1, 3, 15, 18]) of equation (1.1) and its locally integrable
function solutions can be found. See also [20, 21].

The general solution of equations

flxy) +g(z+y—ay) = f(z)+ f(y) (1.2)
flzy) +g(z+y—xy) = h(z) + h(y)

was given by K. Lajké [19] in the following cases:

Problem A. If the unknown functions f,g: ]0,1[ — R satisfy the equation (1.2)
for all z,y € ]0, 1], then there exist additive functions A, A, and a constant C' € R
such that

f(.%‘) = Al(x) + Ag(logw) + C, ({L‘ € ]07 1[)7
g(z) = Ai(x) + C, (z €]0,1]).

(where log denotes the natural logarithm function).

Problem B. If the unknown functions f, g, h: R — R satisfy the equation (1.3) for
all z,y € R, then there exist an additive function A and constants C; (i = 1,2, 3)
such that

f(z) = A(z) + Cs (z eR),
g(.’E) :A(SC)-FC,?,, (fEER),
h(z) = A(z) + C4, (z € R),

where 2C; = C3 4+ C3. If the unknown functions f,h: Ry := R\ {0} — R, and
g: R — R satisfy the equation (1.3) for all 2,y € Ry, then there exist additive
functions A;, As and constants C; (i = 1,2,3) such that

f(z) = A1(z) + Az(log|z|) + Cs (z € Ry),
g(x) = A1(z) + Co, (x € R),
h(z) = Ay (x) + As(log |z|) + C4, (z € Ry).

If the unknown functions f: R — R, and g,h: R; := R\ {1} — R satisfy the
equation (1.3) for all z,y € Ry, then there exist additive functions A;, As and
constants C; (i = 1,2, 3) such that

f(z) = A1(z) + Cs (x € R),
g(z) = A1(x) + Az(log |1 — z|) + Cy, (z € Ry).
h(z) = Ai(z) + As(log |1 — z|) + C4, (x € Ry).
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In his paper [7] Z. Dardczy investigate the functional equation

fl@t+y—zoy)+ flzoy) = f(x)+ fly) (v,y eRy) (1.4)

with unknown function f: R — R where the binary operation o is defined by
zoy = In(e* 4+ ¢¥) for all z,y € R. The general solution of this equation is
f(x) = A(xz)+C for all € R where A is an additive function, C is a real constant.

The main purpose of our present paper is to give the general solution of the
functional equation

fz+y—(zoy)) +g(xoy) =g(x)+g(y) (r,yecRy) (1.5)

with unknown functions f,g: Ry — R. The binary operation is defined by
zoy:=(zc +y*)° (v,y€R,), (1.6)

where ¢ € R\ {0,1} is a fixed constant.
We also consider the functional equation

flz+y—(zoy)]) +glxoy)=h(z)+h(y) (z,y€Ry) (1.7)

with unknown functions f, g, h: Ry — R and binary operation o is defined by (1.6).
The equation (1.5) is a common generalization of equations (1.2) and (1.4). The
equation (1.7) is a common generalization of equations (1.3) and (1.4).

The devices needed to the problems we set out, and to the earlier problems
are the theorems giving the solutions of the restricted Pexider additive functional
equations (in the rest briefly Additive Extension Theorems) and the application of
the Hosszu cycle.

Let D C R? be a non-empty connected set. Define the sets

D, :={ueR|3veR: (u,v) € D},
Dy:={veR|JueR: (u,v) € D},
Dyyy ={2z€R|3I(u,v) €D:z=u+v}.

The functional equation

fl@+y)=g(@)+hy) ((z,y)€D)

with unknown functions f: Dyyy — R, g: D, = R, h: D, — R is a restricted
Pexider additive functional equation. According to Riman’s Extension Theorem
[24], there exist an additive function A: R — R and constants C; (i = 1,2) such
that

flu) = A(u) + C1 + Co (4 € Dyyy),
g(v) = A(v) + G (v € Dy),
h(z) = A(z) + Cy (z € D).
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Concerning the Additive Extension Theorems see also [1, 5, 14, 16, 18, 23].
A Hosszu cycle is a functional equation

Flx+y,z) + Flx,y) = F(z,y+2)+ F(y,2) (z,y,2€D)
with unknown function F': A2 — D, where A = A(+) is a semi-group, D = D(+) is
an Abelian semi-group. The first appearance of this equation was in [17], although

many researchers use the Hosszi Cycle to solve functional equations for example
equations (1.1), and (1.2).

2. The decomposition of equation (1.5) by Hosszu
cycle

Theorem 2.1. If the functions f,g: Ry — R satisfy the functional equation (1.5)
where the binary operation o is defined by (1.6), then f satisfies the functional
equation

fl@+y+2)° = ((z+y)°+ 29D + f([(z +9)° = (=" +y)])
=@ +y+2)°" =@+ (y+2)))) (2.1)
+ (I +2)° =W +29) (2,5 €Ry).

Proof. For the proof we shall use the well-known Hosszti Cycle (see [7]). Define
the function F: R — R by

Flz,y) = g(x) +9(y) —g(zoy) (z,y €Ry).
Since the operation o is associated thus we have that
F(zoy,2)+ F(z,y) = F(z,yoz)+ F(y,2) (z,y,2z € Ry). (2.2)
By equations (1.5) we have that
Fla,y) = f(lz+y—(zoy)) (z,y €Ry). (2.3)
From equations (2.2) and (2.3) we have the equation (2.1). O

The following proposition is well known (and will be used later).

Proposition 2.2. Let ¢ € R\ {0,1} and define the function ¢.: Ry — Ry by
we(z) =2 (zeRy).
a. If ¢ > 1, then the function . is strictly superadditive in the sense that

(z+y)>a"+y" (z,y eRy). (2.4)
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b. If0 < ¢ <1, orc <0 then the function @, is strictly subadditive in the sense
that
eyt > (@+y) (v,yeRy) (2.5)

Example 2.3. Since e* = > 7 2" thus by Proposition 2.2 it is easy to see that

n=0 nl

Y +1 > e* +e¥ for all x,y € Ry, and log(z + 1) + log(y + 1) > log(z +y + 1)
for all z,y € R4. It is also easy to see that log(z + y) > log(x) + log(y) for all
z,y €]0,1][.

Define the function p: Ry — R by ¢p(x) := 2 + 22 + 23 for all # € Ry. Then
function ¢ is a strictly superadditive bijection.

Our references concerning subadditive, and superadditive functions is [22].

Corollary 2.4. Preserving the notations of Theorem 2.1 by Proposition 2.2 it is
easy to see that

e if ¢ > 1, then the function f satisfies the equation
flle+y+2)° = ((+y)+29) + f((=+y)° = (2° + )
=fllz+y+2) =@+ (y+2)9)) (2.6)
+f((y+2)° =@ +29) (z,y,z€Ry).
e if0<c<1orc<0, then the function f satisfies the equation
f(@+y) +2° = (@+y+2))+ f((@°+y° = (x+y))
=f@"+W+2)°—(+y+2)) (2.7)
W+ = (w+2)) (z,y,2€Ry).

Corollary 2.5. If the function f: Ry — R satisfy the functional equation (2.6) or
equation (2.7) for all x,y,z € Ry thus it is also satisfies the equation

(r+y+2)°—((x+y)° +2°) (x+y)° — (z°+y°)
f(<x+y+z>c—<wc+<y+z>c>>+f<<x+y+z>c—<xc+<y+z>c>>

(y+2)° = (y° + 2°)
(x+y+2)°—(2°+ (y +2)°)

— s+ £ ) @user.) (2.5)

3. On the equation (2.8) in the cases ¢ = 2,3

Proposition 3.1. If the function f: Ry — R satisfies the equation

fw)+f) =)+ flutv—-1) ((u,v) € D) (3.1)
where the set D C R? is defined by
D :={(u,v) eR* |v> —u+1,v<1}, (3.2)

then there exists an additive function A: R — R and a constant C € R such that.

flx) =A(z)+C (zeRy).
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Proof. Define the function g: |1, 00[ — R by

9(2) = flz=1) + f(1) (2 €]1,00).

Then the functions f and g satisfy the equation

glu+v) = f(u) + f(v) ((u,v) € D)

where the set D is defined by (3.2). Thus by Rimédn’s Extension Theorem (see
[14, 24]) we obtain that there exist an additive function A: R — R and a constant
C € R with

fu)=A@w) +C (ue D, =R,). O

Theorem 3.2. If the function f: Ry — R satisfy equation (2.8) for all z,y,z € Ry
with constant ¢ € {2, 3}, there exist an additive function A;: R — R and a constant
C1 € R such that

flz) =A1(x)+C1 (z €Ry). (3.3)

Proof. Case 1. Let ¢ = 2. By equation (2.8) the function f satisfies the equation

f(%)Jrf(in) f )+f( T )) (2,92 €Ry).  (3.4)

Take the substitution in equation (3.4)

z(u+v—1) e z(u+v—1)

H
y 1—vw v

thus we have that the function f satisfies the equation (3.1) where the set D C R?
is defined by (3.2). By Proposition 3.1 we have that the function f is in the form
of (3.3).

Case 2. Let ¢ = 3. By equation (2.8) the function f satisfies the equation

/ (W) (<y ngiy;m)
= f(zx+y+z) (z,y,2 € Ry).

Take the substitution in equation (3.5)

(3.5)

wa(u+v—1)4+2z(u+v—1) woa?(u+v—1)
1—w A v

Yy

whence we have that the function f satisfy the equation (3.1) where the set D
is defined by (3.2). The rest of the proof of this case is analogous to the case
c=3. O
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4. Results and open problems

Theorem 4.1. If ¢: Ry — Ry is a strictly superadditive bijection, the binary
operation o is defined by

zoy:=p(e (z)+¢ ' (y) (z,yeRy), (4.1)

fi Ry — R is a function such that that exist an additive function A;: Ry — R
and a constant C' € R with

f@) = A@)+C (weRy), (4.2)
g,h: Ry — R are functions such that

f(lz+y—(zoy)]) +g(xoy)=h(z)+h(y) (r,yecRy), (4.3)

then there exist an additive function As: R — R and constant Cy with

g(x) = —A1(x) + A2 (¢~ H(z)) +2C2 — C4 (r € Ry),
h(@) = —Ar () + As (o~ (2)) + Cs (@R,  (44)

Proof. During the proof, o will denote the usual function composition (for example
(go)(z) == g(p(x))). Since p(x +y) > w(x) + ¢(y) thus from equation (4.3) we
have that

Flo(z +y) = (o) + oY) +g(e(z +y))

= h(p(@) + hp(@) (r.y € Ry). -
From equations (4.2) and (4.5) we have that
((Arop) +(go @) +C1))(z +y) (4.6)
=((Arop)+ (how))(z) + ((Arop)+ (how))(y) (z,y€Ry). '
Define de functions F,G: Ry — R by
F(z): = ((A1op) + (gop) +C1)(x) (z e Ry), (4.7)
G(z): = ((Arop) + (hop))(z) (z € Ry). (4.8)
From equation (4.6) we have that
Flr+y)=G@)+Gy) (v,yeRy). (4.9)

From equation (4.9) by Rimén’s Extension Theorem we have that there exist an
additive function As: R — R and a constant Cy € R such that

F(z) =As(z) 4+ 2C, (xr € Ry), (4.10)
G(l‘) :AQ(ZE) + Cy (IE € R+) (411)
From equations (4.8), and (4.11) we obtain equation (4.4). O
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Theorem 4.2. Let p: Ry — Ry be a strictly subadditive bijection. Preserving the
notation of Theorem 4.1 the functions g, h is in the form

g(x) = Ay (z) + Az (™' (2)) +2C; — Cy (x € Ry), (4.12)
h(z) = Ay (z) + A2 (p~(z)) + C2 (r € Ry). (4.13)
Proof. The proof is analogous to the proof of Theorem 4.1. O

Theorem 4.3. If the functions f,g: Ry — R satisfy the functional equation (1.5)
where the operation o is defined by (1.6) where ¢ € {2,3}, then there exist an
additive functions Ay, As: R — R and a constant C € R such that

flz)=A1(x)+C (x €Ry), (4.14)
9(x) = Ay (z) + Ay(z¢) + C (x €ERL). (4.15)

Proof. The proof is evident by Theorem 2.1, Corollary 2.4, Corollary 2.5, Theo-
rem 3.2, and Theorem 4.1. O

Theorem 4.1, Theorem 4.2, and Theorem 4.3 suggest the following open prob-
lems.

Problem A. Does Theorem 4.3 hold for all ¢ € Ry \ {0,1}7
Our conjecture is that it remains true.

Problem B. Find the general solution of equation (1.7) with unknown functions
fyg,h: Ry — R and binary operation o is defined by (1.6) where ¢ € Ry \ {0, 1}.

Problem C. In particular, the authors of the present article would like to know
the solution of Problem B in the case of ¢ = —1, in more details, find the general
solution of functional equation

Plotn= ) oS ) =h@) bl (e Re)

with unknown functions f,g,h: Ry — R.
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