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Abstract
In this paper we introduce the hyperbolic k-Pell functions and new classes
of quaternions associated with this type of functions are presented. In addi-
tion, the Binet formulas, generating functions and some properties of these
functions and quaternions sequences are studied.
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1. Introduction and background

Fibonacci sequence is one of the sequences of positive integers that has been studied
over several years. Such sequence is associated with the well-known golden ratio
and there exist several relations of this sequence with different scientific areas with
many applications. Both Fibonacci and Lucas sequences are examples of sequences
which have been studied by many scientists. One can get more detailed information
on these sequences from the research works [2, 13| among others.

The Pell numbers are defined by P,+1 = 2P, + P,_1, n > 1, with initial
conditions given by Py = 0, P; = 1. This sequence is associated with the silver
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ratio & = 1 4+ /2 which has been investigated by several authors and some of its
basic properties have been stated in several papers (see, for example, the study
of Horadam in [14] and Koshy in [15]). One generalization of the Pell sequence is
the k-Pell sequence for any positive real number k. The k-Pell sequence { Py}, is
recursively defined by

Poo=0, Po1 =1, Ppopny1 =2P; n + kP 1, n > 1. (1.1)
The Binet-style formulae for this sequences is given by

Py, = )= ()" (1.2)

L —T2

where r1 = 1 ++v1+k and 79 = 1 — /1 + k are the roots of the characteristic
equation
r?—2r—k=0 (1.3)

associated with the above recurrence relation (1.1). Note that r; +ro =2, rire =
—k and r; —ry = 2v/1 + k. For more details about this sequence see, for example,
[7, 8, 9]

The subject of quaternions sequences has been a focus of great research. Now we
find in the literature so many different types of sequences of quaternions: Fibonacci
quaternions, Lucas quaternions, k-Fibonacci and k-Lucas Generalized quaternions,
Pell quaternions, Pell-Lucas quaternions, Modified Pell quaternions, Jacobsthal
quaternions, etc., and their generalizations. One can see several recent research
papers on this subject from, for example, [1, 3, 4, 5, 6, 16, 17, 22].

It is well-known that a quaternion is defined by

q = qo + q1i1 + q2i2 + q3i3,

where qo, g1, g2, g3 € R and ¢y, i2 and ¢3 are complex operators such that

i1 =3 = i3 = iyigiz = —1,
1102 = —ig%1 = 13, (1.4)
1213 = —1372 = 11,
13%1 = —1i1t3 = 192.

The conjugate of g is the quaternion
q" = qo — q191 — Gai2 — G313

and the norm of ¢ is

lall = Vag* = \/Q3 +ai + a3 + a3

The quaternion was formally introduced by Hamilton in 1843 and some back-
ground about this type of hypercomplex numbers can be found for example in
[10].
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In [21], the authors introduced the Pell quaternions as
Rn == Pn + Pn—&-lil + Pn+2i2 + Pn+3i37

where R, is the nth Pell quaternion and i1, 2, i3 satisfy the rules (1.4). Following
this idea, now we introduced the k-Pell quaternions as follows:

Definition 1.1. For any positive real number k, the nth k-Pell quaternion is
defined as

Rin = Pip + Piny1i1 + Prnyota + P opysis,
where i1, ia, i3 satisfy the rules (1.4).

The classical hyperbolic functions are defined by

e +e "
coshr = ———
2
and
xT —X
. et —e
sinhx =
2

Stakhov and Rozin in [19] defined the symmetrical hyperbolic functions and,
in particular, they gave all details of symmetrical hyperbolic Fibonacci and sym-
metrical hyperbolic Lucas functions. Also in [20] the authors have introduced the
hyperbolic Fibonacci functions and the hyperbolic Lucas functions. Several re-
search papers on this subject can be found in the literature, see, for example, the
works [23, 11, 12, 18|, among others.

In the light of all these concepts and information stated before, in this paper
we introduce the hyperbolic k-Pell functions and new classes of quaternions asso-
ciated with this type of functions are presented. In addition, the Binet formulas,
generating functions and some properties of these quaternions are studied.

2. The hyperbolic k-Pell functions

In this section we introduce the hyperbolic k-Pell functions and some properties of
these type of functions are studied.
The hyperbolic Pell functions are defined by

5T g
P =

and 5o s
xr + —T
P =i

where § = 1 4 /2 is the silver ratio. For more information about this type of
functions, see the works [11, 12].

Now, these equalities can naturally be introduced for the case of k-Pell sequence.
Based on an analogy between Binet’s formula (1.2) and the classical hyperbolic
functions we define the hyperbolic k-Pell functions as follows:
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Definition 2.1. For any positive real number k£ and any real number x, the hy-
perbolic k-Pell functions are defined as

(ri)* —(r)~"

SPk(I): 'f‘1+k7(7'1)_1

7 (2.1)

and
(r1)® +(r1) ="
r + k‘(?"l)71

since 71 +k(r1) "t = 2v/1 + k, for n > 2, where r; = 1++/1 + k is the positive root
of the characteristic equation (1.3) associated with the above recurrence relation

(1.1).

Note that for the particular case of k = 1 we obtain the hyperbolic Pell func-
tions. Next we present the main properties of these functions in a similar way in
which similar properties of the Pell hyperbolic functions are usually presented.

cPy(z) = , (2.2)

Theorem 2.2 (Pythagorean theorem). Let sPy(z) and cPx(x) be two functions of
hyperbolic k-Pell functions. For x € R and k any positive real number,

1

(Pu())? = (sPu(@)? = 115

Proof. From the definition of the hyperbolic k-Pell functions (2.1) and (2.2), we

have
x /]nl —T 2 ,’,‘1 T _ r —x 2
(ePla))* — (spia))t = (VD) () 1)

)T 20r) ()T () - (7“1)2:+ 2(r)" ()" = ()~
(7“1 —|—]€(T1)_1>
4 _ 4
(7"14-]6(7"1)71)2 (2\/1+k)2

and the result follows. O

Theorem 2.3 (Sum and Difference). Let sPy(x) and cPy(x) be the hyperbolic
k-Pell functions. For x,y € R and k any positive real number,

1. cPy(z+y) =
2. cPu(z—y) =
3. sPy(x+y) =

( ) =

4. sPy(x —y
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Proof. From the definition of the hyperbolic k-Pell functions (2.1) and (2.2), we
have

r 4+ k(r) =t r1+k(r)”
(r1)” = (ri) =\ (((r1)? = (r1) 7Y
+(T1+k(hl) 1>(Ti+k(7‘1) )
_ 20r)" Y +2(r)7"
(r1+k (r1)” 1)

B z+y + —zT-y
1+ k' 7”'1 r + k 7”‘1 -1
+

PP + sPu(a)sbuty) = (P ) (L) 1)

= chk (x+y)
as required. The proofs of the other equalities are similar. O

By setting x = y in these sums equations, we have the following corollary.

Corollary 2.4 (Double argument). Let sPy(x) and cPy(z) be the hyperbolic k-Pell
functions. For x € R and k any positive real number,

1. Py(22) = VTHF ((Pu(@))” + (sPk(@))°)
2. sPy(22) = V1 + k (2sPy(z)cPy(z)) .

From Pythagorean theorem and the equalities of double argument we have the
following results:

Corollary 2.5 (Half argument). Let sPy(x) and cPy(x) be the hyperbolic k-Pell
functions. For x € R and k any positive real number,

1. (cPy(z))* = Nﬁ (cPk(Q:I:) + \/11—Tk) ;

2. (sPu(2))’ = 5= (cPk(2x) - ﬂlTk)

Proof. For the proof of the first identity we use the double argument for the hy-
perbolic cosine of k-Pell function and the equation of Pythagorean theorem. Hence
we have:

cPy(2z) = (CPk( )? +(5Pk(33))2)

S
VIFE ((eP@)?) +VI+E ((sPe()?)
—

1+k
E((eP(e)?) + VTR (P - 1 )

1+k
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1+ k
14+k°

= 2V/1+ k (cPy(x))* —

and the identity required easily follows.

About the second identity we use first the Pythagorean theorem and after we
finish the proof with the use of the previous statement in this Corollary. Hence we
have:

1
Pi(2))? = (cPu(a))? — ——
(sPi(x))” = (cPr(x)) T F
1 1 1
oItk (c k(22) \/1+k> 1+k
L po22) 4 — !
= ——c x - ,
Witk 21+k) 1+k
and the result follows. O

3. The hyperbolic k-Pell quaternions sequences

This section aims to set out the definition of the hyperbolic k-Pell quaternions
sequences and some elementary results involving it.

First of all, we define the hyperbolic k-Pell sine and the hyperbolic k-Pell cosine
quaternions.

Definition 3.1. The hyperbolic k-Pell sine and the hyperbolic k-Pell cosine quater-
nions are defined, respectively, by the relations

SPk(:L')q = SPk(I') + Spk($ + 1)le + Spk($ + 2)i2 + st(x + 3)23 (31)
and
cPi(2)q = cPy(x) + cPr(x + 1)iy + cPr(x + 2)ia + cPy(z + 3)is, (3.2)

where z is any real number and sPy(x), cPy(z) are the hyperbolic k-Pell functions
stated in Definition 2.1.

The next result shows some correlations between these type of quaternions.

Theorem 3.2. For any x € R, we have

1. sPy(x+1)g = (7“1 - (7"1)_1) cPi(z)q + sPi(x — 1)g;

2. cPy(z +1)g ( )st( )a + cPr(z — 1)g;
3. sPy(zx+2)q = ( )st( )qg — sPi(x — 2)g;
4. cPy(x+2)g = ( )cPk( )qg — cPi(x — 2)g;
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Proof. For the first formula we use identities (2.1), (2.2), (3.1) and (3.2). Therefore
by the use of the identity (3.1), we have that

sPy(x +1)qg — sPy(z — 1)q
= (sPi(z+1) — sPp(x — 1)) + (sPr(x + 2) — sP(x)) i1
+ (sPp(x+3) — sPe(x 4+ 1)) iz + (sPr(z + 4) — sPip(x + 2)) i3.

Now using the identities (2.1) and (2.2),
sPy(x+1)qg — sPi(x — 1)q
= (7"1 — (rl)fl) cPy(x) + (7"1 - (7*1)71) cPp(z 4+ 1)iy

+ (7"1 — (7‘1)_1) cPy(x + 2)is + (r1 - (7‘1)_1> cPr(x + 3)is.

Finaly the use of the identity (3.2) gives the result required.

The second formula can be proved in a similar way. The third formula is proved
by the use of the identities (2.1) and (3.1) and similarly we can show the last identity
of this theorem using (2.2) and (3.2). O

In the next result it is presented the norm of these quaternions.

Theorem 3.3. For any r € R, we have

(r )2+1 (r )4+1 ri+k(r )_1 sPy(2z)+(r )_2‘1 14+(r )_6 -8
1. ||8Pk($)CI||2=( ! )( L )(( ! (rllJrk(r)l)—kl)2 ! ( L )) :

(r1)?+1) ((r)* 1) ((ra+k(r) ") ePr(22)+(r) 72 ((r1) °=1))+8
2. [[cPu(z)q|? = {2+ (1) ((n ) k(l)ll)z D72 () o -1))+s

Proof. We prove the first formula using the definition of the norm of a quaternion
and the identity (2.1). We have

|5 Pi(2)ql?

= (sPu(2))” + (sPi(z +1))* + (sPu(z +2))* + (sPi(z + 3))

_ 1 2 (7“1)8—1 o 7"1)_8—1 B

— (r1+k(7“1)71)2 (( ) ((r1)2—1> + (1) ( r1)2—1> 8)

and the result follows.
The proof of the second identity is similar by the use, once more, of the definition
of the norm of a quaternion and identity (2.2). O

Now we introduce a new sequences of quaternions, namely the hyperbolic k-Pell
quaternions sequences.



68 P. Catarino

For any positive real number k£ and n a non negative integer, the hyperbolic
k-Pell quaternions sequences can be divided into two types of sequences: the hyper-
bolic k-Pell sine quaternions denoted by {sPy(x+n)q}>2, and the hyperbolic k-Pell
cosine quaternions denoted by {cPx(z + n)q}S2,. Having regard to the identities
(3.1) and (3.2) we have

3

sPy(z+n)q = sPy(x+n)g+ Z sPy(x +n+ s)qis (3.3)
s=1
and
3
cPy(x 4+ n)qg = cPp(xz +n)g+ Z cPr(x +n+ s)qis (3.4)
s=1

for the nth term of the hyperbolic k-Pell sine and cosine quaternions sequences
respectively. Such sequences are defined recurrently by

sPy(x +n+4)q = ((H)Q + (7”1)72) sPyp(z +n+2)q — sPy(z +n)g (3.5)
with initial conditions given by sPy(x)q and sPy(x + 1)g, and
cPy(x+n+4)g= ((7"1)2 + (7‘1)_2) cPy(x +n+2)qg — cPy(x +n)g (3.6)

with initial conditions given by c¢Py(x)q and c¢Py(x + 1)g, respectively.

4. Generating functions and Binet formulas of these
quaternions sequences

Next we shall give the generating functions for the hyperbolic k-Pell quaternions
sequences and also we give the Binet-style formulae for these quaternions sequences.

Next, we shall give the generating function for the hyperbolic k-Pell quater-
nions sequences. We shall write this quaternion sequence as a power series, where
each term of the sequence correspond to coefficients of the series. Let us consider
the sequences {sPy(xz 4+ n)q}22, and {cPy(z 4+ n)q}22, of hyperbolic k-Pell sine
quaternions and hyperbolic k-Pell cosine quaternions, respectively. We define the
respective generating functions as

gs(z,t) = Z sPi(x + n)gt" (4.1)
n=0
and -
ge(z,t) = Z cPy(xz + n)gt" (4.2)
n=0

A new expression of the generating function of these kind of quaternions is given
in the following result.
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Theorem 4.1. The generating functions for the hyperbolic k-Pell quaternions se-
quences are

sPi(z)q + sPy(z + 1)qt — sPy(x — 2)qt? — sP(z — 1)qt3
L= () + () ) 2 414

gs(x,t) = (4.3)

and
cPy(z)q + cPi(z + 1)gt — cPi(z — 2)qt* — cPi(z — 1)qt3
1= ()7 + ()7 ) 2 00

ge(x,t) = (4.4)

Proof. Using (4.1) we have
gs(x,t) = 8Py (x)q + sPy(x + 1)qt + sPy(x + 2)qt* + -+ + sPy(x +n)qt" + - - -
Multiplying both sides of previous identity by — ((7’1)2 + (7’1)72) t? and t*, and

consider (1 — ((r1)2 + (r1)72) 2 + t4) gs(z,t), we obtain the result required take

into account the third identity of Theorem 3.2.
A similar way can be used for the proof of (4.4) by taking into account the last

identity of Theorem 3.2 when we use (1 - ((7’1)2 + (r1)72) 2 + t4) ge(,t). O
The following result gives us the Binet-style formula for the hyperbolic k-Pell
quaternions sequences

Theorem 4.2 (The Binet-style formulae). For the hyperbolic k-Pell sine and the

hyperbolic k-Pell cosine quaternions, the binet formulae are given, respectively, by

A (Tl)m+n o B (Tl)—m—n
71+ k('f’l)fl

sPy(z+n)g = (4.5)

and
A (Tl)ZE-‘rTL + B (Tl)—m—n

r1 4 k(r)~!
where A = 141141 —|—(7“1)2 i2+(T1)3 i3 and B = 1+(T‘1)_1 11 +(T1)_2 i2+(T1)_3 13.

cPy(x +n)g =

: (4.6)

Proof. For the first formula we use identity (3.1) and equation (2.1). Therefore

sPy(xz +n)q
= sPy(x +n) + sPi(x +n+ 1)iy + sPy(x +n + 2)ia + sPy(z + n + 3)is
1

= T 0 (L 00+ ()7

1 —z—n -1 . -2 . -3 .
- (r 14 (r 11+ (r 19 + (7 1 ),
e 0T () T ) e )
as required.

The second Binet’s formula can be similarly proved with the use of identity
(3.2) and equation (2.2). O
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5. More identities involving these sequences

In this section we state some identities related with these type of quaternions
sequences. Such identities can be show by the use of Binet’s formula of each
sequence.

Theorem 5.1 (Catalan’s Identity). For n and r, nonnegative integer numbers,
such that r < n, and for k a positive real number, the Catalan identities

SPy(z 4+ n+71)gsPe(z +n —1)q — (sPy(z + n)q)*
for the hyperbolic k-Pell sine quaternions and
cPy(z + n +1)qcPu(z +n — r)q — (cPi(z 4+ n)q)*

for the hyperbolic k-Pell cosine quaternions are given by

ﬁ (AB (1 - (r1)2’“) + BA (1 - (rl)”’”)) (5.1)
and
(sl mafee ). e

respectively, where A and B are the quaternions defined in Theorem 4.2.

Proof. Using the Binet formula of sPj(x + n)q stated in Theorem 4.2 and the fact
that r; + k& (7‘1)_1 =7y — 19 = 24/1 + k, we obtain that

sPy(x +n + 1)gsPu(x +n — r)q — (sPu(z + n)q)”
_ —AB(r)*” —BA(r)"* + AB+ BA
(7‘1 +k(r1)_1)2
AB (1= (m)*) + BA(1- (1))
(2VI+E)

and the result follows.
With a similar reasoning we prove the other Catalan Identity for the hyperbolic
k-Pell cosine quaternions. O

In particular case of = 1 in Catalan’s Identity, we obtain the Cassini’s Identity
for both quaternions sequences which is presented in the following Corollary.

Corollary 5.2 (Cassini’s Identity). For any natural number n and for k a positive
real number, the Cassini Identities

sPy(z +n+ 1)gsPy(z +n — 1)q — (sPy(x 4+ n)q)*
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for the hyperbolic k-Pell sine quaternions and
cPy(z +n+ 1)qcPy(z +n — 1)q — (cPy(z + n)q)?

for the hyperbolic k-Pell cosine quaternions are given by

ﬁ (4B (1= ) +BA(1- () %))
and
ﬁ (fAB (1 - (1"1)2) —BA (1 - (1"1)_2)) ,

respectively, where A and B are the quaternions defined in Theorem 4.2.

Once more the next identity is easily proved by the use of the Binet formula of
each sequence. In fact we have:

Theorem 5.3 (d’Ocagne’s Identity). For n a nonnegative integer number and m
any natural number, if m > n, the d’Ocagne Identities

sPy(x 4+ m)gsPy(z +n+1)qg — sPy(x + m + 1)gsP(xz + n)
for the hyperbolic k-Pell sine quaternions and

cPy(x +m)gePy(x +n+ 1)g — cPy(x + m + 1)gcPi(z + n)
for the hyperbolic k-Pell cosine quaternions are given by

<r1 - (7“1)*1) (AB (r)™ " — BA (Tl)f(mfn))
414 k)

and
(= 07") (4B ()" + BA ()~

4(1+ k)
respectively, where A and B are the quaternions defined in Theorem 4.2.

Finally, note that the all three identities for the hyperbolic k-Pell cosine quater-
nions sequences are symmetrical of the identities of the the hyperbolic k-Pell sine
quaternions sequences.

Conclusions

In this paper, we have introduced the hyperbolic k-Pell functions and new classes
of quaternions associated with this type of functions are presented, namely, the
sequences of hyperbolic k-Pell sine and cosine quaternions defined by a recurrence
relation. Some properties involving these sequences, Binet formulas, generating
functions and some identities were studied. In the future, we intend to continue
the study of these sequences and it is our aim to study the generating matrices and
some combinatorial identities.



72

P. Catarino

Acknowledgements. The author would like to thank the referees for their per-
tinent comments and valuable suggestions, which significantly improve the final
version of the manuscript.

References

(1

2]

3]
4]

(5]

(6]

(7]

18]

191

[10]

[11]

[12]

[13]

AxkyiciT M., KosaL H.H. AND TosuN M., Fibonacci generalized quaternions, Adv.
Appl. Clifford Algebr., Vol. 24 (3) (2014), 631-641.
https://doi.org/10.1007/s00006-014-0458-0

Bircict G., Two generalizations of Lucas sequence, Appl. Math. Comput., Vol. 245
(2014), 526-538.
https://doi.org/10.1016/j.amc.2014.07.111

Bircrcr G., TokeRser U., UNAL Z., k-Fibonacci and k-Lucas Generalized Quater-
nions, Konuralp Journal of Mathematics, Vol. 5 (2) (2017), 102-113.

Borat C., IPEK A., On Pell quaternions and Pell-Lucas quaternions, Adv. Appl.
Clifford Algebr., Vol. 26 (1) (2016), 39-51.
https://doi.org/10.1007/s00006-015-0571-8

CATARINO P., The Modified Pell and the Modified k-Pell quaternions and octonions,
Adv. Appl. Clifford Algebr., Vol. 26 (2016), 577-590.
https://doi.org/10.1007/s00006-015-0611-4

CATARINO P.,; A note on h(z)-Fibonacci quaternion polynomials, Chaos Solitons
Fractals, Vol. 77 (2015), 1-5.
https://doi.org/10.1016/j.chaos.2015.04.017

CATARINO P., On some identities and generating functions for k-Pell numbers, Int.
J. Math. Anal. (Ruse), Vol. 7 (38) (2013), 1877-1884.
https://doi.org/10.12988/ijma.2013.35131

CATARINO P.; A note involving two-by-two matrices of the k-Pell and k-Pell-Lucas
sequences, Int. Math. Forum, Vol. 8 (32) (2013), 1561-1568.
https://doi.org/10.12988/imf.2013.38164

CATARINO P., Vasco P.; Some basic properties and a two-by-two matrix involving
the k-Pell Numbers, Int. J. Math. Anal. (Ruse), Vol. 7 (45) (2013), 2209-2215.
https://doi.org/10.12988/1jma.2013.37172

Conway J.H., SmiTH D.A., On Quaternions and Octonions: Their Geometry,
Arithmetic and Symmetry, A. K. Peters, Natick (2003).
https://doi.org/10.1107/s0108767303010870

Farcon F., Praza A., The k-Fibonacci hyperbolic functions, Chaos Solitons Frac-
tals, Vol. 38 (2) (2008), 409-420.
https://doi.org/10.1016/j.chaos.2006.11.019

GuncaN, A.N., AKkpuMaN, S., The ¢-Pell Hyperbolic Functions, Appl. Math. Inf.
Sci., Vol. 8 (1L) (2014), 185-191.
https://doi.org/10.12785/amis/081123

HocagarT V.E., Fibonacci and Lucas Numbers, A Publication of the Fibonacci Asso-
ciation, University of Santa Clara, Santa Clara, Houghton Mifflin Company, Boston
(1969).



On hyperbolic k-Pell quaternions sequences 73

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

HorapaM A.F., Pell identities, Fibonacci Quart., Vol. 9 (3) (1971), 245-252, 263.

Kosuy T., Pell and Pell-Lucas Numbers with Applications, Springer, New York
(2014).

Porarir E., KiziLates C., KesiMm S., On split k-Fibonacci and k-Lucas quater-
nions, Adv. Appl. Clifford Algebr., Vol. 26 (1) (2016), 353-362.
https://doi.org/10.1007/s00006-015-0591-4

RaMireEzZ J., Some combinatorial properties of the k-Fibonacci and the k-Lucas
quaternions, An. St. Univ. Ovidius Constanta, Vol. 23 (2) (2015), 201-212.
https://doi.org/10.1515/auom-2015-0037

StakHOV A.P., Gazale Formulas, a New Class of the Hyperbolic Fibonacci and
Lucas Functions, and the Improved Method of the ’Golden’ Cryptography, Academy
of Trinitarism, Vol. 77-6567 (2006), 1-32.

StakHOV A.P., RoziN I.S., Hyperbolic Fibonacci trigonometry, Rep. Ukr. Acad.
Sci., Vol. 208 (1993), 9-14, [In Russian].

StakHOV A.P., TKACHENKO B., On a new class of hyperbolic functions, Chaos
Solitons Fractals, Vol. 23 (2005), 379-389.
https://doi.org/10.1016/j.chaos.2004.04.022

SzYNAL-LIANA A., WrocH 1., The Pell Quaternions and the Pell Octonions, Adv.
Appl. Clifford Algebr., Vol. 26 (2016), 435-440.
https://doi.org/10.1007/s00006-015-0570-9

TaN E., YiLMAz S., SAHIN M., A note on bi-periodic Fibonacci and Lucas quater-
nions, Chaos Solitons Fractals, Vol. 85 (2016), 138-142.
https://doi.org/10.1016/j.chaos.2016.01.025

Tasi, D., Azman, H., The k-Lucas Hyperbolic Functions, Commun. Math. Appl.,
Vol. 5 (1) (2014), 11-21.



