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Abstract

Some inequalities for power series with nonnegative coefficients via a new
reverse of Jensen inequality are given. Applications for some fundamental
functions defined by power series are also provided.
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1. Introduction

On utilizing some reverses of Jensen discrete inequality for convex functions, we
obtained in [5] the following result for functions defined by power series with non-
negative coefficients:

Theorem 1.1. Let f(z) = ZZO:O anz™ be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R >0 or R=o00. Ifp > 1,
0<a< R andz >0 with az?,azP~! < R, then

flazP) f (axP™1) f (ax)
f () fle)  fa)

0< (1.1)

L[t

f(a)
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Moreover, if 0 <z <1, then

and
flaa?) 1))’ _ [flaar) 1 (aa") f (an)
) [f(a)}gp[f(a) 7@ f(a)] 43
1 (flea?) Trea]?) 1
S2p<f<a> ‘[ﬂa)]) =P

Corollary 1.2. Let f(z) = > " janz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If p > 1,
%—&—%:1 and u,v > 0 with vP < uf < R, then

Flun)]” _ f@P) 1 [f(w)]”
[f(M)] < Fln <3Pt [f(uq)] (14
and )
0 < [f @71 ] = f (wo) < w2 (u). (1.5)

Utilising a different approach in [6] we obtained the following results as well:

Theorem 1.3. Let f(z) = Y07 janz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If p > 1,
0<a<Rand 0 <z <1, then

floa?) ([ flaz)\"  flax)\ flaz) _ 1
By (f(a)) <M”<1 f(a)> fl <1t 10
and B
flazP) (flax)\? _ 1 L- (ff((aog) 1
0= f(a) ( f o) ) = 4 1— ff((aaz)) = 4MP7 (1.7)
where
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Corollary 1.4. Let f(z) = > " jan2" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If p > 1,
%—&—%:1 and u,v > 0 with vP < uf < R, then

f(wP) . f (uv) P B f(uv)\ f(uwv) 1
o< i~ (Fom) <2 (- 7o) Fem <o 049
and
o (sy =D
VS ) (f(uq)> S1 T gy S M (1.9)

For some similar exponential and logarithmic inequalities see [5] and [6] where
further applications for some fundamental functions were provided .

For other recent results for power series with nonnegative coefficients, see [2, 8,
12, 13]. For more results on power series inequalities, see [2] and [8]-[11].

The most important power series with nonnegative coefficients that can be used
to illustrate the above results are:

exp(x) =3 2" €€ =) " e D(0,1), (1.10)
n=0 " n=0
In ! —ilz" z€ D(0,1) coshz—iiz% zeC
l—z_nzln ’ T _n:0(2n)! ’ ’
: - 1 2n+1
smhz:zmz , z€C.
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:
o0
1

1 1+z
—1 = 2n—1 D(0,1 1.11
s (1) S gy 2 DO, (1.11)

L = I'(n+13)
sin 1(2):§m

22" 2 e D(0,1),

1
tanh ™! (2) = 221 2 e D(0,1),
;271—1
. > F'n+a)T(n+B8)T(v) ,
2F1(05557772) _7;) TL'F(CY F(B)F<n+'}/> z 04»67'Y>0
z€ D(0,1),

where I' is Gamma function.

Motivated by the above results and utilizing a reverse of Jensen’s inequality,
we provide in this paper other inequalities for power series with nonnegative coef-
ficients. Applications for some fundamental functions are given as well.
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2. A reverse of Jensen’s inequality

The following result holds:

Theorem 2.1. Let f: I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m,M] C I, I is the interior of I. If
z; € m, M| and w; >0 (i=1,...,n) with W,, := > 1, w; =1, then we have the
inequalities

z.f xz (Z wz$z> (21)

H'M:

< QmaX{M_Z?—l wixi, Zil_lwia:i—m}
M—-—m M—m
x{f(m)‘gf(M)_f<m+M>]

Proof. We recall the following result obtained by the author in [4] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

n _min {p;} liZf(:vi)—f (inﬂ (2.2)

i€{1,...,n}

1 & 1 &
<5 ;pif($i) -f (Pn iz_;p,»xz)
<n max {p;} [;Zf(xz)_f (;Z%)] 7
=1 i=1

i€{l,...,n}

where f: C' — R is a convex function defined on the convex subset C of the linear
space X, {@i};cqy, . C C are vectors and {p;},c(; _,, are nonnegative numbers

with P, := Z?:l p; > 0.
For n = 2 we deduce from (2.2) that

2min {t,1 — t} [W —f <x;y>} (2.3)
<tf(@)+(A-0)f(y) - fltz+(1-t)y)

< 2max {t,1 — t}{ ()+f() f(x;y)]

.....

for any x,y € C and t € [0,1].
If we use the second inequality in (2.3) for the convex function f: I — R where

m, M € R, m < M with [m, M| C I, we have for t = % that

(M =370 wizy) f (TZ\L/}"_‘ (mZ?:l wiz; —m) f (M) (2.4)
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_f (m (M =370 wiay) + M (307, wiwi — m))

M—m
< o (M T T s )
" {f(m);f(M) _f(m+M)] '

By the convexity of f we have that

Zwl (x;) (Z wle> (2.5)

:Zwif {m xﬁ[tM(%m)}

L <Z”:w {m(M—xji/)[—l—M(xi—m)])
£ “m

<3 M) F ) + i = m) [ (M)

~ M—-—m
(M =37 wixy) + M (300 wix; —m)
/ T
M =30 wizg) f(m) + (O, wizy —m) f (M)
M—m
m (M =" wizy) + M (O wiz; —m)
(" o).

Utilizing the inequality (2.5) and (2.4) we deduce the desired inequality in (2.1). O

For some related integral versions, see [4].

Remark 2.2. Since, obviously,

n n
M =3 iy wilti iy Wiy —m <1
M-m = M-m -

then we obtain from the first inequality in (2.1) the simpler, however coarser in-
equality, namely

os Sovster o (Sven) <L (],

provided that z; € [m, M] and w; >0 (i =1,...,n) with W, :==>"  w; = 1.
This inequality was obtained in 2008 by S. Simi¢ in [14].
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Example 2.3. a) If we write the inequality (2.1) for the convex function f:

[m, M] C [0,00) — [0,00), f(t) =1tP, p > 1, then we have
(2.7)

n n p
0< szxf - (Z w1x1>
i=1
— 3wy Yo wizi —m ) [mP + MP m+ M\"
<92 = = o
- max{ M-m ’ M—-m 2 2
P P P
<9 mP + M (m+ M 7
- 2 2

for any z; € [m,M] and w; >0 (i =1,...,n) with W, :==>"  w; = 1.

b) If we apply the inequality (2.1) for the convex function f: [m, M] C [0,00) —

[0,00), f(t) = —1Int, then we have
n n
0<In (Z wixi> - Zw, Inz; (2.8)
i=1 i=1
M =" wirg Yo wiz; —m m+M
< 2max i=1 e In 2
M—-—m M—-—m vmM
m+M 2
<In 2
B vmM
for any z; € [m,M] and w; >0 (i=1,...,n) with W, :== Y jw; =1.
This inequality is equivalent to
M-X" | wiz; YT wie;—m
D Wik megh e TR S
1< == — (2.9)
Wy mM
i
i=1
< (m+ M)?
- 4AmM
?:1 w; = 1.

1,...,n) with W,, :=>"

for any z; € [m,M] and w; >0 (i =
We can state the following result connected to Hélder’s inequality:

Proposition 2.4. Ifz; >0, y, >0 forie {1,...,n}, p > 1,% + % =1 and such
(2.10)

-1 —

7

that .
0<k< ql <K forie{l,...,n},

then we have
(2.11)

27y _ <Z:‘L—1 33iyi)p
; D1 vy
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Z?: TiYi Z?: TiYi
K- Sonr Soar ke rr (kKN
K-k =~ K-k 2 2

D D p
<2[k + K _(k‘FK)]'
- 2 2

Proof. The inequalities (2.11) follow from (2.7) by choosing

< 2max

q
Yi .
1 and w; = gt € {1,...,n}.

Zq
Yi Zj:l Y,

The details are omitted. O

Zi =

Remark 2.5. Let p > 1, zlv + % = 1. Assume that

a;

q—1
bi

0<k< <K, forie{l,...,n}. (2.12)

/

If p, >0 for i € {1,...,n}, then for z; := p; Pa; and y; := p}/qbi we have

1 1 1
Ty pi/pai _ p/paz‘ _ pi/pai a4 e [k, K]

i ()T I

forie{l,...,n}.
If we write the inequality (2.11) for these choices, we get the weighted inequal-

ities
"l o piaibi '
0 S Zz:lplaz _ <Z7.—lplal 7‘) (213)

> i pib] >iq pib
Doieypiaibi YT piaib;
< 9 max K- Z?:llpibi‘l Z?:llpibf —k kP + KP _ kE+ K\?
B K-k = K-k 2 2

P D p
<2{k + K _(k+K>].
- 2 2

From this inequality we have:

(Zi_1pzazb1> < Zi:lplaz (2.14)

Z?:l pib] B Z?:l pib]
n a:b:\? P P p
< (Zzilplaz(l;z) Lo [k +K? <I<:+K> }
Zi:lpibi 2 2

Taking into the second inequality of (2.14) the power 1/p and utilizing the elemen-
tary inequality

(OH-B)UPSal/p+61/p,a,620andp> 1,
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then we get the following additive reverse of Holder inequality
n p s/ n 1/q n
<Z pmf) (Z pibg> < Zpiaibi (2.15)
i=1 i=1 i=1

W+ KP (k+K\P]YP &
o[RBT
i=1

bgil <K, forie{l,...,n}
i

provided

0<k<

and p; >0 forie {1,...,n}.

3. Power inequalities

We can state the following result for powers:

Theorem 3.1. Let f(z) = Y07 janz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If p > 1,
O<a<Rand 0 <z <1, then

flo”) (flom)\P 271 =1  { f(ox) f(an)

0@ (f(a)> S g {1 f(a)’f(a)} (3.1)
|

=T

Proof. Let m > 1and 0 < o < R, 0 < & < 1. If we write the inequality (2.7) for

a;o’ ; .
w; = m and z; == 2’ €(0,1], j€{0,...,m},
k=0
then we get
1 - 1 - ’
0< ajoda?l — | ——— ) a;ala? (3.2)
Do ara ;0 ! Do ana® ;0 ’
or—1_q 1 m o 1 e o
<——max{ 1l - =—— ) ;0’0 = > a;a’z’
7 ST avat 2 S w2
or=1_ 1
ST

Since all series whose partial sums involved in the inequality (3.2) are convergent,
then by letting m — oo in (3.2) we deduce (2.15). O
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Corollary 3.2. Let f(z) = > " ,an2" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If p > 1,
%—&—%:1 and u,v > 0 with vP < uf < R, then

o< -t 2 oS )

and
p—1 _ 1/p
0 @@ - f ) < (Pt ) s, e

Proof. The inequality (3.3) follows by taking into (3.1) a = u? and x = —2=. The
details are omitted.
Taking the power 1/p and using the inequality (a + b)l/p <a'/P+bV/P p>1

we get from
P p p—1 _
Fr) _ (fa))" 2
f () vl
the desired inequality (3.4). O

Example 3.3. a) If we write the inequality (3.1) for the function - =77 /2",
z € D(0,1), then we have

0< L-@ _(1—a>p§2p—1_1max{a(1—m) 1—a} (3.5)

1—ax 2r—1 l—az '1—ax

for any a,x € (0,1) and p > 1.
b) If we write the inequality (3.1)) for the function expz =3 /12", 2z € C,
then we have

0 <expla(zP —1)] —exp [pa(z — 1)] (3.6)
op—1 _

< 2{)7_11 max {1 —exp [a (z — 1)] ,exp [a (z — 1)]}

for any o,p > 0 and z € (0,1).

4. Logarithmic inequalities

If we write the inequality (2.1) for the convex function f: [m, M] C (0,00) — R,
f(t) =tlnt, then we have

0< sz‘ffi Inxz; — (Z wm) In (Z wixi> (4.1)
i=1 i=1 i=1
- Z?:l W; Ty Z::l W; Ty — m}

<2 M
ma
- x M—m ’ M—-—m
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y [mlnm—&—MlnM_ (m—l—M)ln(m—i—M)}
2 2 2

for any z; € [m,M] and w; >0 (i =1,...,n) with W, := >  w; = 1.
This is equivalent to

- » 4.2
- > 1wi$i)(z?:1w”i) (4.2)
1=
l MM ] max{ M=oy wini Tl wirsom )
<

for any z; € [m,M] and w; >0 (i =1,...,n) with W, :==>"  w; = 1.
If we take M =1 and let m — 0+ in the inequality (4.1), we have

0< iwixi Inx; — (i wimi> In <i wixi> (4.3)
i=1 i=1

i=1
< max {1 — Zwﬂi’ szxz} In2,
i=1 i=1
for any z; € (0,1 and w; >0 (i =1,...,n) with W, := Y"1 w; = 1.

This is equivalent to

'= -~ < gmax{1=30i, wirs, DIy wiwi} (4.4)
(Z?zl wzxz)(zz;l wiwi)

for any z; € (0,1] and w; >0 (i=1,...,n) with W,, :=>"  w; = 1.

Theorem 4.1. Let f(z) = > .7 a,z" be a power series with nonnegative co-
efficients and convergent on the open disk D (0,R) with R > 0 or R = oco. If
0<a<R,p>0andze(0,1), then

pastf(0a?) | flaa) [ f(oa?)

ST @ M T ! <f<a>) (4.5)
f(aa?) f(aa?)

ORI }1“2'

Proof. If 0 < & < R and m > 1, then by (4.3) for z; = (zP)’ , we have

Smax{l—

m

< Zk Olakak Zajoz] (z?)’ In (27’ (4.6)
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. 1 , .

Py E a;a () 3 1In2
m k J )
k=0 AKX =

for p> 0 and z € (0,1). This is equivalent to:

pln ()
0< S oakak Zya]a] (zP) (4.7)

m
— a; Il a;
kZ s kZ 50
Zk 0 AkC _0 axQ
m m

1 . ; 1 . .
<max{l— = Y a;dd (2P, = > a;a? (zP) 1In2,
ZZLO aka’“ ; J ( ) Z;cnzo akozk' ; J ( )

for p> 0 and z € (0,1).
Since 0 < « < R, z € (0,1) and p > 0 then 0 < ax? < R and the series

7 (2P) i (z7)?
E apa® E jaja’ (z 7 and E a;a’ (zP)
7=0

are convergent. Therefore by letting m — oo in (4.7) we deduce (4.5). O

Example 4.2. a) If we write the inequality (4.5) for the function - =Y 2",
z € D(0,1), then we have for o,z € (0,1) and p > 0 that

P _ _ _
cpoa?d—a)) o l-o m(l ) (4.8)

(1 — azp)? (1— azP) 1— axP

_ P _
< max a( :C), 1 -« In2
1—axP "1— axP

es} 1

b) If we write the inequality (4.5) for the function expz = >~ 52", z € C,
then we have

0 < [pazPInz —a(zP — 1)]exp [a (P — 1)] (4.9)
< max {1 —exp[a(aP —1)],exp[a (2P —1)]} In2

for x € (0,1) and a,p > 0.
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5. Exponential inequalities

If we consider the exponential function f: R — (0,00), f(¢) = exp (¢), then from
(2.1) we have the inequalities

n n
0< Zwi exp (z;) — exp <Z wixi> (5.1)
i=1 i=1
< 9 max { M= wiry Y wit; — m}

M—-m ' M-m
y [exp(m) + exp (M) exp Km+M>”

2 2

ifx; € m,M]and w; >0 (i=1,...,n) with W,, :=>"  w; = L.
If we take in (5.1) M = 0 and let m — —oo, then we get

0< Zwi exp (z;) — exp (Z wixi> <1 (5.2)

i=1 i=1
for z; <Oand w; >0 (i=1,...,n) with W,, := 3" |, w; = L.

Theorem 5.1. Let f(z) = > 0 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =o00. If x <0
with exp () < R and 0 < oo < R, then

flaesp(e) _[azf (@)
0= " p{ 7 (@) }Sl'

Proof. If 0 < a < R and m > 1, then by (5.2) for z; = jx, we have

(5.3)

m

0< ==—— Z ajo I Jexp (x)]) — exp Z]aj <1 (5.4)
Zg =0 457 T J O a;o =0
for x € (—00,0).
Since all series whose partial sums involved in the inequality (5.4) are conver-
gent, then by letting m — oo in (5.4) we deduce (5.3). O

Example 5.2. a) If we write the inequality (5.3) for the function 1 =Y 2",
z € D(0,1), then we have for x <0 and 0 < a < 1, that

l1-«a ox
< —F— — ) <1 5.5
0= 1 —aexp(z) eXp(l—oz) - (5:5)

b) If we write the inequality (5.3) for the function expz = Y -, %z”, z € C,
then we have
0 <exp(afexp(z) —1]) —exp (ax) <1 (5.6)

for any a > 0 and = < 0.
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