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Abstract

The Problem B-1 in the first issue of the Fibonacci Quarterly is the start-
ing point of an extensive exploration of conditions for factorizations of several
types of sums involving Fibonacci and Lucas numbers.
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1. Introduction

Recall the Problem B-1 proposed by I. D. Ruggles of San Jose State College on the
page 73 in the initial issue of the journal Fibonacci Quarterly in February 1963.

Problem B-1. Show that the sum of twenty consecutive Fibonacci numbers is
divisible by Fig.

In the third issue of this first volume on pages 76 and 77 there is a solution
using induction by Marjorie R. Bicknell also of San Jose State College.

With a little help from computers one can easily solve the above problem (using
Maple V or Mathematica) and discover many other similar results. It is the purpose
of this paper to present some of these discoveries. The proofs of all our claims could
be done by induction. We shall leave them as the challenge to the readers.

There are many nice summation formulas for Fibonacci and Lucas numbers in
the literature (see, for example, [1], [2], [3], [4] and [5]). We hope that the readers
will find the ones that follow also interesting.
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2. Sums of 47 + 4 consecutive Fibonacci numbers

In the special case (for i = 4) the following theorem provides another solution of
the Problem B-1. It shows that the sums 2?253 Fj+; have the Fibonacci number
Fy; 49 as a common factor.

Theorem 2.1. For integers i > 0 and k > 0, the following identities hold:

4i+3
> Frrj = Poiva Lipoirs = Fipairs — Fiyr = Faoi Liyoigs + Ligs =
j=0
Loiv1 Frq2ipa + Frypo = Lo Fiq2i15 — 3 Fey3 = For1 Ligroiva — Liyo.
The other identities in Theorem 1 have some importance in computations be-
cause they show that in order to get the big sum we need to know initial terms and

two terms in the middle. The second representation is not suitable as the number
Fit4iy5 is rather large.

3. The alternating sums

It is somewhat surprising that the (opposites of the) alternating sums of 4i + 4
consecutive Fibonacci numbers also have Fy; o as a common factor. Hence, the
alternating sums of twenty consecutive Fibonacci numbers are all divisible by F}g.

Theorem 3.1. For integers i > 0 and k > 0, the following identities hold:

4143
= (=1) Fayj = Faiya Liyoi = Frpaiva — Froa = La; Fiyaiya — 3 Fj
7=0

= F21'+1 Lk+2i+1 - kal = F2i71 Lk+2i+3 -2 Lk+1 = L2i71 Fk+2i+3 + 4Fk+1~

4. Sums of 47 + 2 consecutive Fibonacci numbers

Similar results hold also for the (alternating) sums of 44 4+ 2 consecutive Fibonacci
numbers. The common factor is the Lucas number Lo; ;. Hence, all (alternating)
sums of twenty-two consecutive Fibonacci numbers are divisible by L.

Theorem 4.1. For integers i > 0 and k > 0, the following identities hold:

4i+1
E Fryj = Lojt1 Frqoi42 = Frqaiyz — Fry1 = Loj1 Frqoi44 + L3
=0
= Loj12 Fryoi41 — Ly = Fas3 Liyoi — 3 F 1 = Foi5 Lgyoi 1 — 7T Fp 3.
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4i+1
— > (1) Fiyj = Laiys Frgaio1 = Fiyai — Fea = Fai1 Ligair1 — 3 Fx
7=0

= Lo; Frq0i — Lix—1 = Loj—2 Fiy2i12 —2Lpy1 = Foy_o Lyyoiyo +4 Frqa.

5. Sums with 47+ 1 and 47 + 3 terms

One can ask about the formulas for the (alternating) sums of 4i+ 1 and 44+ 3
consecutive Fibonacci numbers. The answer provides the following theorem. These
sums do not have common factors. However, they are sums of two familiar type of
products (hke F2i Fk+2i+3 and F2i+1 Fk:+2i)~

Theorem 5.1. For integers i > 0 and k > 0, the following identities hold:

4i
Z Fitj = Foi Fit2i+3 + Foip1 Fiqoi =
j=0
Foi Liyo; + Lojy1 Frqoi = Fryaivo — Frp1 = Lojyo Frqoi — 2 Fy
= Fyi 1 Ligyoivs — 2 Fpy3 = Lojp1 Fryoit1 — Fro1.

4i
Z (—1) Frvj = Foi1 Frqoi1 + Foiyo Frqoio =
=0

Loiv1 Frt2i — Foi Lgt2i = Frtai—1 + F—2 = Loj—1 Fiyo; + 2 F.

4i+2
E Fiyj = Foiyo Feyoira — Foiv1 Frr2ip1 = Frpaiva — Frr =
i=0

Loiy1 Fry2iys + Fr = Loir2 Fry2i12 — Fryo = Foipo Lgyoiio — Fro1.

4142

> (=1) Fiyj = Faip1 Frsnivr + Fairo Frgoio =
=0

Lojis Fyyoit1 — 2 Foivo Litoi = Frqaiv1 + Fy—o = Foy Liyoi41 + 2 F,.
6. Sums of consecutive Lucas numbers

The above results suggests to consider many other sums especially when they are
products or when they have very simple values.
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The first that come to mind are the same sums of consecutive Lucas numbers.
A completely analogous study could be done in this case. Here we only give a
sample of two such identities.

4i+3 4i41
E Liyj =5F512F 043, E Liyj = Loiy1Lgy2iqo.
=0 i=0

7. Sums of consecutive products

Let us now consider sums of consecutive products of consecutive Fibonacci num-
bers. For an even number of summands the Fibonacci number Fy; 1o is a common
factor. Let A = (—1).

21

Loit1Lokioit1—A
D Py Py = -2z,
Jj=0
2i+1
E Frtj Fetjr1 = FaiyoFopi2i0.
=0
The same for the Lucas numbers gives the following identities:

2i
Z Lyt Ly 1 = Lojr1 Logtoi41 + A,
j=0
2i+1
Z Liyj Ligjt1 =5 FoipoForioi40.
j=0
We shall get similar identities in the two cases when Fibonacci and Lucas num-
bers both appear in each summand on the left hand side.

21 21
E FreijLgtja | +A= E Liyj Ferjr1 | — A= Laiy1 Foryoiga,
=0 =0
2i+1 2i+1
g FroyjLitj1 = g Liyj Frtjt1 = Foirolopioito.
=0 =0

8. Sums of squares of consecutive numbers

Our next step is to consider sums of squares of consecutive Fibonacci and Lucas
numbers. Note that once again the summation of even and odd number of terms
each lead to a separate formula. In fact, we consider a more general situation when



On factors of sums of consecutive Fibonacci and Lucas numbers 23

multiples of a fixed number are used as indices of the terms in the sum. Only the
parity of this number determines the form of the formula for the sum.

Theorem 8.1. For all integers i, k > 0 and v > 1, we have
2%
F2 _ FyipnLoktavi 24
E k42vj = 5 Fay 5
7=0

2i+1

F2 _ FaaanLoktoeitn _ 44
E k+2vj 5 Fo, 57
=0

21

2 _ Foyeig1y Loktavi
Z Lk‘+2UJ - F2u + 2 A’
Jj=0

2141

2 _ Fayirn Loktove@itn
E Lk+2vj - + 4A’
=0

Fay

Theorem 8.2. For all integers i, k > 0 and v > 0, we have

2%

E : F2 _ Leiryeviy Lakg2icoty 24
k+(2v+1)j — 5 Layq1 5

j=0

2i+1
Z F2 o Foit1)@o+1) For42i+1)(20+1)

k+(2v+1)j .
7=0

Loyt

2%

2 _ Leirnevrn Lokt2i2v+1)
Z Lk+(2U+1)j - Loyi1 +24,
7=0

2:+1

1.2 _ 5 Fatit)2v+1) Fort2i+1)(20+1)
Z (
j=0

k+(2v+1)j — Loyt :

In particular, for v =0 and ¢ =9, we conclude that the sums of squares of
twenty consecutive Fibonacci numbers are divisible by Fyp and the same sums of
Lucas numbers by 5 Fyg.

9. More sums of products

Here are some additional sums that are products or very close to the products.

2
g Fj Fyyj = Fai 2 Fyoiy3 + Frys = Foy Fryoita,
Jj=1
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2141

> Fj Fryj = Foi Fiyairs + Frrn = Foipa Frpairn.
i=1

2i
Z LjLiyj=Litaitr + Li—o = Foip1 Liqoit1 + Foiqpo Liqoi—o,
=0
2i+1

E L Liyj = Litaits — Li—1 = 5 Fojio Fpiq1.
i=0

2i
> L Feyj = Faipa Lig2io1 + Froy = Fay Liyaigr + 2 Fy =

=0
Foiv1 Liyoi—o + Lot Fryoi—o = Foy Liyoi—1 + Lo Fiqoi,
2i+1 241
Z LjFyiy= Z Fj Lgyj = Fo; Lgy2ir3+ L1 =
=0 =1

Loit1 Fryoiyo + Fr = Foiyo Liyoiqa.

21

Z Fy Lyt = Foiqyo Liyoi1 — Li—1 = Lojp1 Fryoi — Fr =
j=1

Foiv1 Liyo; — Ly = Lo Fiop2i11 — 2 Fpy1 = Foi L 241,

10. Sums of products of three numbers

In this final section we shall consider two sums of three consecutive Fibonacci and
Lucas numbers when once again the common factor appears.

Theorem 10.1. Let u be either 4i + 1 or 4i 4+ 3. For all integers ¢ > 0 and k > 0,
we have

u

_ P_Q-AS _ AR
E Fitj Fit2j Frysj = Fu {Z — Qa8 T] )
J=1

u
> Litj Lisay Liva; = 5 Fupa {pr - 484 %} :
j=1
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with

P = F3p120i410 + Fsut12i46 + Fakraivo, R=Fri12i112 +4 Frqaita,
S = Lrt12i+12 + 2 Lt dita, Q = L3k420i+10 + L3kt12i+6 + Laktaito,

ifu=4i+1 and

P = F3p490i+20 + F3pt12i412 + F3rtait4, R=Fii12i412 + 4 Frqaita,
S = Lit12i+12 + 2 Ly ait4, Q = L3k420i+20 + Lag+12i+12 + Lagtaiva,
if u = 4i +3.
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