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Abstract

For a positive real number z let the Fibonacci distance ||z||r be the dis-
tance from z to the closest Fibonacci number. Here, we show that for integers
a > b>c > 1, we have the inequality

max{||abl|F, ||ac||F, ||bec||r} > exp(0.034+/log a).
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1. Introduction

Let (F,)n>0 be the Fibonacci sequence given by Fy = 0, F; = 1 and F, 4o =

Foi1 + F, for all n > 0. For a positive real number z we put

|z]|p = min{|z — F,| : n > 0}.
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In [4], it was shown that there are no positive integers a > b > ¢ such that
ab+1 = Fy, ac+1 = F,, and bc + 1 = F,, for some positive integers ¢, m,n.
Note that if such a triple would exist, then max{||ab||F, ||ac||F, ||bc||F} < 1. This
suggests investigating the more general problem of the triples of positive integers
a > b > ¢ in which all three distances ||ab||F, ||ac|F and ||bc||F are small. We have
the following result.

Theorem 1.1. If a > b > ¢ > 1 are integers then
max{||ab] . lac| r, |[bel| } > exp(0.034/log a).
We have the following numerical corollary.
Corollary 1.2. Ifa > b > c > 1 are positive integers such that
max{||abl|r, lac|| 7, [bc] r} < 2,

then a < exp(415.62). In fact, the solution with mazimal a of the above inequality
is the following:
(a,b,c) = (235,11,1).

2. The proof of Theorem 1.1

2.1. Preliminary results

We put (a, 8) = ((1 4 v/5)/2, (1 —+/5)/2) and recall the Binet formula
Ozk _ ﬂk
V5

We write (Ly)k>0 for the Lucas companion of the Fibonacci sequence (Fj)r>0 given
by Lo =2, L1 =1 and L,42 = Ly+1 + Ly, for all n > 0. Its Binet formula is
Li, = o + B* for all k > 0. Furthermore, the inequalities

F, = valid for all k> 0. (2.1)

a2 < B < aF? and o< Ly < of hold for all k>1.
(2.2)
M = max{]|abl|, [lac||r, [[bc| F}. (2.3)
Lemma 2.1. We have M > 1.
Proof. Assume that M = 0. Then

We put

6<ab=F,, 3<ac=F,, 2<bc=F,

for some positive integers n > m > ¢ > 3. If n > 12, then, by Carmichael’s
Primitive Divisor Theorem (see [2]), there exists a prime p | F,, which does not
divide Fy for any 1 < k < n. In particular, p cannot divide F,,,Fy, = F},c¢?, which
is impossible. Thus, n < 12. A case by case analysis shows that there is no
solution. O
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We put
ab+u=F,, ac+v=DF,,, be +w = Fy, (2.4)

where |u| = ||ab||F, |v] = ||ac||F and |w| = ||bc||F. In the above, ¢, m, n are positive
integers and since F; = Fy, we may assume that min{¢, m,n} > 2. Furthermore,

max{|u|, |v], |w|} = M.
We treat first the case when a < 4M.
Lemma 2.2. If a < 4M, then
max{{,m,n} < 5log(3M).
Proof. If a < 4M, then

Q"< F,=ab+u<4M(A4M — 1)+ M < 16 M3,

SO
2log(4M
<o 208UM) oy L og(an)
log o
=2+ 2.1log(4/3) + 2.11og(3M)
< 2.7+ 21log(3M) < 5log(3M).
A similar argument works for ¢ and m. O

From now on, we assume that a > 4M.
Lemma 2.3. Assume that a > 4M. Then
(1) n > max{l,m};
(ii) a > /Fy;
(iii) n > 3.
Proof. (i) Note that
F,=ab+u>ab—M >ac+ M > ac+v=F,,

where the middle inequality ab — M > ac + M holds because it is equivalent to
a(b—c¢) > 2M, which holds because a > 4M and b > ¢, so b—c¢ > 1. Hence, n > m.
In the same way,

F,=ab+u>ab— M >bc+ M > bc+w = F,.

The middle inequality is ab — M > bc + M, which is equivalent to b(a — ¢) > 2M.
If a — ¢ > 2M, then indeed b(a — ¢) > 2M because b > 1. If a — ¢ < 2M, it
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follows that b > ¢ > a —2M > 2M (because a > 4M), and a — ¢ > 1, so again the
inequality b(a — ¢) > 2M holds. This implies (i).
(i) Here, by the previous argument, we have

a?>ab+M>ab+u=F,.

This implies (ii).
(iii) is a consequence of (i) and of the fact that min{¢,m} > 2. O

Lemma 2.4. When a > 4M, it is not possible to have u = v = 0.

Proof. If w=wv =0, then, since n > m by (i) of Lemma 2.3, we have
a < ged(ab, ac) = ged(Fy, Frn) = Faed(nm) = Frja < a1

where d > 1 is some divisor of n and where in the above we used the second
inequality in (2.2). Hence, by (ii) of Lemma 2.3 and inequality (2.2), we get

an/Q—l S /Fn <a S an/d—l S an/2—17
a contradiction. O

The following lemma follows immediately by the Pigeon—Hole Principle and is
well-known (see Lemma 1 in [3], for example).

Lemma 2.5. Let X > 3 be a real number. Let a and b be nonnegative integers with
max{a, b} < X. Then there exist integers \,v not both zero with max{|\|, |v|} <
VX such that |a) + bv| < 3vVX.

2.2. Some biquadratic numbers

We write

= (an - ul,n) (an - uQ,n) . (25)

In the above,

wi = YO CDWBEHACD" oy (2.6)

" 2

In the same way,
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where Y ‘
5v+ (—1)74/5v2 + 4(—1)™ .
Vjm = (=1 5 (=1) , Jjeq1,2}. (2.8)
Observe that us, = (—1)""'u;), and vam = (—1)™"oy} . Furthermore, both
Ui, Uz, are roots of the polynomlal

fun(X) = (X% = (-1)")? = 5u*X? = X* — (5u® +2(—1)") X% + 1.
Similarly, both vy ,,, and vs ,,, are roots of the polynomial
fom(X) = (X2 = (=1)™)? =502 X% = X* — (50% +2(-1)™)X? + 1.

Put K = Q(v/5,u1,n,v1,m). Then the degree d = [K : Q] of K over Q is a divisor
of 32. Further, K contains o, u1,, U2n, Vim, U2,m,m and all their conjugates. It
follows easily that all conjugates ugi)l for s =1,...,d satisfy

g 1 .
ugr)z:§(i\/5ui 5U2+4(_1)n)> 1=1,2, s=1,....d,

s

therefore the inequality

| < = (\f|u\+\/5u2 1) < (fM+ VBMZEA) <3M (29)

holds for i = 1,2 and s = 1,...,d. Similarly the inequality
0{°) | < 3M (2.10)
holds for j =1,2 and s=1,...,d.

2.3. The first upper bound on n
The key step of the proof is writing

a | ged(ad, ac) = ged(F,, — u, F,,, — v),

and passing in the above relation at the level of principal ideals in Og. Using
relations (2.5) and (2.7), we can write in Ok:

aOk | ged (@™ —uq p) (@™ —ua ) Ok, (@™ — v1,,) (@™ — v2.m) Ok)
H ged (@ —u; ) Ok, (@™ = v).m) Ok) . (2.11)

1<i<2
15522

Passing to the norms in K, we get
a® = Ng g (aOk) < H Ng g (ged (" = uin) Ok, (@™ = vjm) Ok)) . (2.12)

1<i<2
15522
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For i,j € {1,2} put
Linjm = ged (0" — uyn) Ok, (@™ — vjm) Ok) . (2.13)
In order to bound the norm of I; ,, ;. in K, we use the following lemma.

Lemma 2.6. When a > 4M, there exist coprime integers A, v satisfying
max{|Al, |¥|} < /n such that InA +mv| < 3v/n and

QMM N v e L n jm.- (2.14)

i,n’jm

Proof. The existence of a pair of integers A, v not both zero such that the inequal-
ities max{|A|, |v|} < v/n and |nX + mv| < 3y/n hold follows from Lemma 2.6 for
(a,b,X) = (n,m,X). The condition X > 3 is fulfilled for our case by (iii) of
Lemma 2.3. The fact that A and v can be chosen to be in fact coprime follows by
replacing the pair (\,v) by (A/ged(A,v),v/ged(\, v)). Finally, observing that

n — m —
a" =u;, (mod Iy jm) and o™ =vj, (mod L, im),

exponentiating the first of the above congruences to power A, the second to power
v, and multiplying the resulting congruences, we get containment (2.14). O

In what follows, in this section we make the following assumption:
Assumption 2.7. Assume that that pair (A, v) from the conclusion of Lemma 2.6
satisfies

oMM ) WY £ forall i, j € {1,2). (2.15)

The main result of this section is the following.

Lemma 2.8. Under the Assumption 2.7, when a > 4M, we have
a < 24(3M)BV™, (2.16)
Proof. By congruence (2.14), we have

Ii,n,j,m | (a"’\+m” — u)‘ ’U’./ )0]](7

,m-g,m

and taking norms in K we get

NK/Q(Ii)nmj)m) | NK/Q ((anA+mu - uz n ] m)OK) = NK/Q(an)\eru - ui:n’l];,m)

Since the number appearing on the right above is not zero by Assumption 2.7, we
get
Nie/oLimjom) < Nigsg (™™ —ud,v5,)

therefore

d
Ne/o(Tinsm) < [L[(@) = i) )"
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Inequalities (2.9) and (2.10) together with the inequalities for A and v from the
statement of Lemma 2.6 and the fact that o(®) € {a, 8} imply that

(o)X — ()N w57 | < |7+ (BM)?VT < 2(3M)2V7,

for s =1,...,d, where for the last inequality we used (3M)? > 32 > a3. Hence,
Nijg(Timjm) < 2%(3M)*WV™,

Thus, by inequality (2.12), we get

a® < H Nijo(Lin,jm) < 24d(3M)8d\/ﬁ7

1<i<2
1<5<2
giving
a < 24(3M)3V™,
which is what we wanted to prove. O

Lemma 2.8 has the following consequence.

Lemma 2.9. Under the Assumption 2.7, when a > 4M , we have
n < (41log(3M))2. (2.17)

Proof. Combining the inequality (2.16) of Lemma 2.8 for a with (ii) of Lemma 2.3
and inequality (2.2), we get

a™? 1 < \/FTL <a< 24(3M)8\/ﬁ.

It gives

4log2  [8log(3M
L ) 8BM)\ o < 5.8+ 16.7108(3M)Vn,
2 log o log o

or

< (l()g(l?)?’]\j)\/ﬁ + 33.4) log(3M)+/n < (411og M)\/n,

because n > 3. So
n < (41log(3M))?,

which is what we wanted to prove. O
From now on, we assume that
n > (411og(3M))%. (2.18)

Lemma 2.2 tells us that if this the case, then also the inequality a > 4M holds. In
particular, for such values of n Assumption 2.7 cannot hold. This is the case we
study next.
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2.4. General remarks when Assumption 2.7 does not hold

From now on, we study the cases when Assumption 2.7 does not hold. In this case,
there exist 4o, jo € {1,2} such that

QT = oY (2.19)
In particular
(@)™ = (ujy )N (0], )" (2.20)

Observe that if u = 0, then
win = (=)' (=", i€ {1,2},

therefore u;1074 = 1. Similarly, if v = 0, then v;»lmm = 1. If u # 0, then write

5U2 + 4(_1)” = du,nyi,na

where d,, ,, is a positive square free integer and y,, ,, is some positive integer. Ob-
serve that d, , is coprime to 5 so 5d, , is square free. Observe further that 5u?
and dy Yy, ,, have the same parity and

1 (5u? 4+ duny2, ,
'U/?’n = 5 <2’y7 + (_1)1 \V Sdu,nuyu,n> € Q( V 5du,n> = Ku,n

for i = 1,2. Moreover, u%n is an algebraic integer and a unit in the quadratic field
Ku,n the inverse of which is u3 ,,. Similarly, if v # 0, we write

51}2 + 4(71)m = dv,myg,ma

where d,, ,,, is some positive square free integer and ¥, ,, is some positive integer.
As in the case of u?,,, we have
)

03 1 € Q(/5dym) = Ky m

is a unit in the quadratic field K, ,,,. We continue with the following result.

Lemma 2.10. In case when uv # 0, and inequality (2.18) holds, it is not possible
that Q(v/5), Q(\/5du.r) and Q(\/5dy m) are three distinct quadratic fields.

Proof. Assume that the three quadratic fields Q(\/g), Ky,» and K, ,,, were distinct.
Then d,, , and d, ., are distinct square free integers larger than 1 which are coprime
to 5. By Galois theory, there is an automorphism of Q(v/5, \/5dy.n, \/5dy.m), let’s

call it o, such that o(v/5) = —/5, 0(\/dun) = —+/dun and od(y/dym) = —/dy.m.
Observe that o leaves both y/5d,, ,, and \/5d, , invariant, therefore o(u?,) = ufn

R
and cr(v;{m) = vim for i,7 € {1,2}, while o(«) = 8. Applying o to the equation
(2.20), we get

(ﬂ4))\m+un _ (u4 ))\(,U4 )z/. (221)

i0,n Jo,m
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Multiplying relations (2.20) and (2.21), we get

1= (uzzo,7z)4)\(v_';2'o,’rrL)4y or (u?0,7z)4)\ = (szo,m)izlu'
Thus, uf, is in Q(/5dy,n) N Q(y/5dy,m) = Q. Since uZ , is in fact a positive
unit ditinct from 1 in K, ,,, we get that A = 0, and then also v = 0, which is not
allowed. O

We now put
U = Q(V5, ] 1, v 1n)-

If w =0, then u‘in =1, so that U has degree 2 or 4 over Q. The same holds when
v = 0. Finally, when uv # 0, then u‘in € Q(y/5dy, ) and v‘im € Q(\/5dy,m), so

U € Q(V5, /5w, v/5dy.m)-

Lemma 2.9 implies that the field appearing in the right hand side of the above
containment cannot have degree 8 over Q. Hence, U must have degree 2 or 4 over
Q in case uv # 0 as well.

We shall refer to the case when [U : Q] = 4 as the rank two case, and to the
case when [U: Q] = 2 as the rank one case.

2.5. The rank two case

We start with the following result.

Lemma 2.11. Assume that inequality (2.18) holds. Then in the rank two case, we
have uv # 0.

Proof. Assume, for example, that © = 0. Then, since we are in the rank two case,
it follows that d, ,, > 1. Now equation (2.20) implies that

(@)™ = (uf )NV )" = (Vg m)”-
This shows that (v} ,,)" € Q(v5) N Q(y/5dym) = Q. Since v2 , is in fact a unit
of infinite order in K, ,,, we get that v = 0, which implies that also nA +mv =0,

therefore nA = 0. Thus, A = v = 0, which is not allowed. The same contradiction
is obtained when v = 0. O

Lemma 2.12. Assume that inequality (2.18) holds. Then in the rank two case, we
have dy p = dy m > 1.

Proof. If this were not so, then we would either have d,, = 1 and dym > 1
or dy, > 1 and dy,, = 1. Assume say that d,, = 1 and d,,, > 1. Then
uj o, € Q(V/5). Relation (2.20) now shows that

(@)™ (i P = ()"
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The above relation shows that (v}, )" € Q(v5) N Q(\/5dy.m) = Q. This implies
easily that » = 0. Now relation (2.20) shows that (a*)"* = (uf ,)™*. Since X
and v = 0 are coprime, we get that A = 1, and so o*” = u} . This shows that
o™ = tu;, . In particular,

a” = |y | < 3M

(see inequality (2.9)), so that

log(3M
n < log(8M) < 3log(3M),
log

which contradicts inequality (2.18). O

Lemma 2.13. Assume that inequality (2.18) holds. Then we cannot be in the rank
two case.

Proof. Assume that we are in the rank two case. By Lemma 2.12, we have d,, ,, =
dy,m > 1. Put D =d, . We then have the following relations

5u’ — Dyi,n 4(—1)"
50* — Dy, = 4(=1)"

By a result of Nagell (see Theorem 3 in [5]), we have n = m (mod 2). Further, put
e=(—1)""! and let (X,Y) = (a,b) be the minimal solution in positive integers of
the Diophantine equation

5X? - DY? = 4e. (2.22)

Then all other positive integer solutions (X,Y") of the above equation (2.22) are of
the form

V5X + VDY (ﬁﬁ@b)k
2 B 2

for some odd positive integer k. In particular, putting ¢ = (v/5a 4+ v Db)/2, we
then have

=¢"  and = (M

\/5‘u| + \/Eyu,n \/5"0| + \/Eyv,m
2 2

for some odd positive integers k,, and k,. We now see invoking (2.6) that

Ui n = 51gn(u) <\/5|u + (_1)l;1gn(u) \/Eyu,n> _ sign(u)Cm’“'k“,

where 7; , = 1 if sign(u) = (=1)% and n;, = —1 if sign(u) = (—=1)**'. Similarly,

Vj,m = sign ()¢
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where 7;, € {£1}. Going back to relation (2.19), we get
Q"M — sign (u)Msign (v)? Mo uAFut g ke
Since a and ¢ are multiplicatively independent, we get that
nA+mv =0, sign(u))‘sign(v)" =1, Nig,uMky, + Njg,0Vky = 0.

From the left relation above we get that A\ and v have opposite signs. From the
right relation above, we get that \/v = —Njo,vMio,ukv/ku, and since A and v are
coprime, we get that they are both odd and that n;, . = 71j,,.,. Finally, since A
and v are both odd, from the middle relation above we get that sign(u) = sign(v).
Put e = ged(ky, ky). Writing &k, = el,, k, = el,, and putting § = sign(u) and
1N = Niy,u, We get that

Uign = 0(C") = (8¢C7) " and  wjem = 8(C7)" = (5C7%)".
Writing (; = 6("¢, we get that
Uig,n = Cfu and Vjo,m = Cfu
Further, ¢, /¢, = k,/k, = —v/X = n/m, so that if we put k = ged(m,n), then
n = {,k and m = £, k. Since u; pu2, = € = V1 mV2m, it follows that if ¢; and j;
are such that {ig, i1} = {jo,j1} = {1,2}, then
Ui =G =G and v = =G

where (2 = ECfl. Thus,

" =iy = (M) =
Q" — gy = (M) = G
Q"™ = vj.m = (M) = (15
Q™ =i, m = (M) = (.

Since ¢, and £, are coprime, it follows that

Lipnom = ged (((@9) = ¢f) O, ((04) = ¢f*) Ok ) = (@ = (1)Ok. (2.23)
Similarly,

Ly nnom = ged (((@9)" = ¢f*) Og, ((09) = ) Ok ) = (a* — ()0 (2:24)
As for I 4, ,m, we have

(ak)éu = Cf“ (mod Iy n,j, ,m) and (ak)el’ = (5“ (mod L njy,m)-
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Exponentiating the first congruence above to ¢, and the second to £,, and com-

paring the resulting congruences, we get
Louly _ Uyl
1 =G (mod Liy,n,j1,m)

so that
Ligmgim | ((F" =€) Ok, (2.25)

and the principal ideal on the right above is not zero. Similarly,
Liyngoum | (G35 — €)Ok. (2.26)
Hence, divisibility relation (2.11) together with relations (2.23)—(2.26) now implies
al (@ —¢)(a" = Q)G — )G o).
Taking norms in K, we get that
a? < |Ngjg(a® — C)lINi /o (@ — C2)l| Nija (T — )l Nigso (G5 —e)l. (2.27)

Since o) :
w;, = (¢ )Z”

i(),TL

and ¢, > 1, it follows, by (2.9), that
7] < 3M.

Similarly, |C§s)\ < 3M. Furthermore,

5 3
(s VBEVE
2
Since
— [wi for some i€ {1,2},

we get that

1 M

by, <el, < w < 2.11log(3M).
log

Similarly, ¢, < 2.1log(3M). It now follows that

(@) — ¢ <a¥+3M <6Ma*  forall s=1,....d.
Similarly,

(@) — ()| < a¥+3M <6Ma*  forall s=1,....d
Finally,

()20 — el < () )P + 1= [ufl) P + 1 < 23012 108G,

20,1
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for all s =1,...,d and a similar inequality holds with {; replaced by (. We thus
get that

[Nk (e = G)| < (6M)%a, [Nijg (€2t — )| < 29(3Dy4-2d10x(3M)
for i = 1,2, which together with (2.27) gives
al < (6M)2da2dk22d(3M)8.4d log(3M)
or

a < 16(3M)2+8-4108(3M) o 2k (2.28)

Observe that k =n/l, = m/l,, and n > m (by (i) of Lemma 2.3) and ¢, > ¢, are
odd and coprime. Thus, £, > 3. If £, = 3, then £, =1, so m = n/3. If this is the
case, then

a<ac=F,—-v<F,+M<F,+a/2
(because a > 4M), therefore a < 2F,, = 2F, 3. With (i) of Lemma 2.3 and
inequality (2.2), we get

a"?t < \/F, <a < 2F, ;3 <2237,

therefore
6log 2

loga’

n < n <4,
a contradiction. Thus, we conclude that it is not possible that ¢, = 3. Thus,
¢, > 5. Hence, k < n/5. Inequality (2.28) together with (ii) of Lemma 2.3 and
(2.2) give

an/2—1 < \/?‘n< a< 16(3M)2+8.410g(3M)a2n/5.

Then
n log 16 2 + 8.41log(3M)
— <1 log(3M
10 <t log o < log o og(3M)
< 7.84+2.1(2+ 8.4log(3M))log(3M)
< 7.8 +22(log(3M))?,
o
n < 78 + 220(log(3M))? < 300(log(3M))?,
which contradicts inequality (2.18). O

In particular, if inequality (2.18) holds, then we are in the rank one case.
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2.6. The rank one case

Lemma 2.14. Assume that (2.18) holds. We have u = +F; and v = £F; for
some nonnegative integers t, s which are either zero or satisfy n =t (mod 2) and
m=s (mod 2).

Proof. Since we are in the rank one case, it follows that uf{hn € Q(W5). So, if
u # 0, it follows that dy, = 1, so that 5u® 4+ 4(—1)" = y2 . In particular,
vz, —bu? = 4(—1)". It is well-known that if (X, Y") are positive integers such that
Y2 — 5X2 = 4(—1)* for some integer k, then X = F} for some nonnegative integer
t =k (mod 2) (and the value of Y is Ly). In particular, |u| = F; for some integer
t which is congruent to n modulo 2. The statement about v can be proved in the
same way. [

We now have
ab = Fn —u= Fn — sign(u)Ft = F(n—tl)/2L(n+t1)/2a

where t; = ey nt and €y, € {£1} depends on the sign of u as well as on the
residue classes of n and ¢t modulo 4. Similarly, we have

ac = Fm — UV = Fm — sign(v)Fs = F(m—sl)/2L(m+sl)/27

and s1 = €y, 58 for some €, s € {£1}. Observe also that either t =0, or ¢ > 1

and
at_Q S Ft S M7

so that

log M
t<o+ I(Z)gg <2+ 2.1log M < 2.1log(3M). (2.29)
(0%

The same inequality holds with ¢ replaced by [t1], s, |s1]- Note also that
n4t; >n—t> (41log(3M))* — 2.11og(3M) > 0.
Lemma 2.15. One of the following holds:
(i) n—t; =m — s1;
(i) n+t1 =m+ sy;
(iii)) s =0, m = (n—11)/2 and b = L(;44,)/2¢.
Proof. As a warm up, we start with the case when ¢t = 0. Then

a< gcd(ab, CLC) = ng(Fn, F(mfsl)/QL(ersl)/Z)
< ng(Fru F(m—sl)/Q) ng(Fna L(m+51)/2)
< Fgcd(n,(m—sl)/2)Lgcd(n,(m+51)/2)'
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In the above argument, we used the fact that gcd(F),, Fy) = Fyea(p,q) and that
ged(Fp, Lg) < Lgeq(p,q) for positive integers p and ¢. Put

ged(n, (m —t1)/2) = n/dy and ged(n, (m+t1)/2) = n/ds.
If dy =1, then n | (m — t1)/2, therefore n —t; > m —t; > 2n, or
n < —t; <t<21llog(3M),

contradicting inequality (2.18). A similar inequality holds if do = 1. So, from now
on, we assume that min{d;,ds} > 2. If min{d;,ds} > 10, we then have

an/271 < F,<a< F’ﬂ/dlL’ﬂ/dg < O‘n/d1+n/d2 < an/5,

giving n/2 — 1 < n/5, so n < 3, a contradiction.
So, we may assume that min{dy,ds2} < 9. Assume that max{d;,d2} < 9. Write
n/dy = (m —s1)/ds and n/ds = (m+ s1)/ds. If d3 > dy + 1, we then get

d3n> +n> +n
m—s=—>n+—>m-+ —
L dy di’
S0

n < —disy <dis <9 x2.1log(3M) < 20log(3M),

contradicting inequality (2.18). Thus, max{d;,ds} > 10. If min{dy,d>} > 3, we
then get that

an/271 < /Fn <a § Fn/dan/dQ § an/d1+n/d2 S a’l’b/3+’n/10,
giving n < 15, which is impossible. Thus, min{d;,ds} = 2 giving
either n/2 = ged(n, (m — $1)/2), or n/s = ged(n, (m + s1)/2).

Thus, either n/2 = (m — s1)/2ds, or n/2 = (m + s1)/2d4 for some divisors d3 or dy
of (m — s1)/2 and (m + s1)/2, respectively. If we are in the first case and ds > 1,
then
m—sy=dsn>2n>m-+n
giving n < —s; < s < 2.1log(3M), a contradiction. The same inequality is ob-
tained if n/2 = (m + s1)/2d4 for some divisor dy > 1 of (m + s1)/2. The last case
isn/2=(m—s1)/2 (or n=m —$1), or n/2 = (m+s1)/2 (or n = m + s1), which
is (ii) for the particular case when t = 0.
Assume next that st # 0. In this case,

a < ged(ab, ac) = ng(F(n_tl)/zL(n+t1)/2; F(m—sl)/ZL(m+81)/2)
< ged(Fn—t,)/2, Fm—s1)/2) 8d(Fn—t,)/2: L(m+s1)/2)
X ged(Lingt,)/25 Fim—s1)/2) 8¢A(L(ntt,)/25 Limts1)/2)
< Faed((n—t1)/2,(m—s1)/2) Lged((n—t1) /2,(m+51)/2)
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X Lged((n+t1)/2,(m—s1)/2) Lged((n+t1)/2,(m+51)/2) (2.30)
Write

n—t1

gcd(n_tl m— 8

(n—tl m—i—sl) n—t1
ged

<n+t1 m— S,

t
acd n—l— 1

n+t m+ s n+t1
cd , =
2 2 2dy

for some positive integers dy, da, d3, dy. Assume that min{dy, ds, d3,ds} > 10. Then

a™?t < \/F, < a < Fliyy 2y Lin—t1)/2d0 L(ntt2) /25 Lm0 /24

<a(’l’b tl)/2d1+(’ﬂ tl)/2d2+(n+t1)/2d3+(7’b+t1)/2d4+2 (n+t)/5+2
giving
10 t 4.2
n < 3 (3+ 5) <10+ ?log(?)M) < 12log(3M),

contradicting inequality (2.18). Suppose min{dy,ds,ds,ds} < 9. Assume that
there exist ¢ # j such that both d; <9 and d; < 9. Just to fix ideas, we assume
that « =1, j = 3. Put

n—1ty m — Sq n 4+t m — 81

— d = . 2.31
2d, 2d5 ’ o 2d3 2d7 ( )
Assume say that ds > d; + 1. Then
d5(n7t1) Tlftl Tlftl
—s =M > —t
m— S & >n—1t; + a4 >m—t + d

)
n<t+di(t1 —s1) <t+9(s+1t) <20max{s,t} < 42log(3M),

contradicting inequality (2.18). A similar contradiction is obtained if one supposes
that d7 > ds + 1. Thus, we may assume that ds < d; < 9 and d7 < d3 < 9.
Equations (2.31) give

d5n — dlm = d5t1 — d151;
d7n - d3m = —d7t1 — d381.
One checks that the above system has a unique solution (m,n), and the same is

true for the other values of ¢ # j in {1,2, 3,4}, not ouly for (¢,5) = (1,3). We solve
the system by Cramer’s rule getting

ds —dy|
dr —ds| ™"

d5t1 - d181 —dl
—d7t1 — d381 —d3 )
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Thus, using Hadamard’s inequality,

d5t1 — d1$1 —dl
—d7t1 — d381 —dg

<4/ d% + d% X \/(d5t1 — d181)2 + (d7t1 + d351)2

< 9V2 x 9 x 2 x V2max{s,t} < 7001log(3M),

nsl

which contradicts inequality (2.18). So, we may assume that there exists at most
one i € {1,2,3,4} such that d; <9. If d; > 2, then

a1l < \/F, <a< Font)y2d: Lin—t1)/2ds L(ntt1) 2ds Lnstr) /2ds
< a(n—tl)/2d1+(n—t1)/2d2+(n+t1)/2d3+(n+t1)/2d4+2

< (/443 () /2042
which gives

2
% <3+ gt, therefore n < 30+ 4t < 30 + 8.4log(3M) < 40log(3M),

which contradicts inequality (2.18). Thus, it remains to consider the case d; = 1.
Say i = 1. We then get (n —t1)/2| (m — s1)/2. If (m — s1)/2 is a proper multiple
of (n —t1)/2, we then get that

(m—51)/2>2x(n—11)/2=n—1t1 >m/2+n/2 — i1,
giving
n <2t —s; <2t+s <6.3log(3M),

which contradicts inequality (2.18). Thus, it remains the consider n —t; = m — s1.
This was when d; = 1 and ¢ = 1. For¢ = 2, 3,4, we get that n—t1 = m+s1, n+t; =
m — 81, n+t; = m + s, respectively. Let us see that not all four possibilities
occur.

Suppose say that n —t; = m + s;. Then, as we have seen,

ged((n —1)/2,(m = 51)/2) = ged((n — 1) /2, (n —t1)/2 = s1) | 51 | 5,
ged((n+1)/2, (m + 51)/2) = ged((n + 1) /2, (n — t1)/2) [ 1 | ¢,
and
ged((n+t1)/2,(m —$1)/2) = ged((n +t1)/2, (n —t1)/2 — s1) | t1 + s1.

Observe that s; +t; # 0, for if sy +¢; = 0, then since also n —t; = m + s1, or
n=m+(s1+t1) = m+0, we would get that n = m, a contradiction. Divisibilities
(2.30) show that

a < Fyed((n—t1)/2,(m—s1)/2) 8A(F(n—t,) /25 Lm+s1)/2) Lged((nt1)/2,(m—s1)/2)
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X Lgcd((n+t1)/2,(m+sl)/2) S Fs X 2 X Lt+s X Lta
where we used the fact that ged(Fy, Ly) | 2 for all positive integers k with k =
(n—11)/2 = (m+ s1)/2. Thus,

a0 < 2025T2HL < (3+8410g(3M)
Since also a > /F, > o™/?71, we get

g —1<3+8.4log(3M), therefore n < 25log(3M),

contradicting inequality (2.18). A similar argument applies when n+t; = m — s;.
Hence, we either have n — t; = m — s1, or m +t; = n + s1, which is (i).

Finally, let’s us discuss the case s = 0. We follow the previous program. We
have

a < ged(ab, ac) = ged(Fin—t,)/2L(ntt1)/2> Fm)

< ng(F(nih)/Q’ Fm) ng(L(”+t1)/2’ Fm)
< Fgcd((n_tl)/Q,m)Lgcd((n—&-h)/va)'

As in previous arguments, put
ged((n—t1)/2,m) = (n—t1)/2d;, and ged((n+t1)/2,m) = (n+t1)/2ds.
If min{dy,ds} > 5, we have

a’n/Qfl (nftl)/2d1+('n+t1)/2d2 < a(n+t)/57

<a< Fiot)y2d Lingtr)j2ds < @

so that

10 t 4.2
n< (1 + 5) <4+ ?log(?)M) < 6log(3M),
contradicting inequality (2.18). Assume now that both dy < 4 and dy < 4. Put ds
and d4 such that m/d3 = (Tl — tl)/2d1 and m/d4 = (n + tl)/2d2. If d3 > 2d; + 1,
we then have

d3 n — tl n — tl

= — —t1)>n—t > —t
oq, M) 2tk e > ms i

m

0
n < (2d; + 1)t; < (2d; + 1)t <9 x 2.11og(3M) < 201log(3M),

contradicting inequality (2.18). A similar contradiction is obtained if we assume
that dy > 2dy + 1. Thus, d3 < 2d; < 8 and dy4 < 2ds < 8. We then get

TL-’-tl o d2d3
n—t1 N d1d4,

so that
n(d1d4 — dgdg) = 7t1(d1d4 + d2d3).
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Therefore
n < t(d1dy + dads) < 64 x 2.11og(3M) < 400log(3M),

contradicting inequality (2.18). Assume min{d;,d2} < 4 and max{d;,d2} > 5. If
min{d;,ds} > 2, we then get

a2l < g < q(n—t)/2dak () /2dy < o (nH)(1/441/10)
giving
20 7 7
n< 1+ Q—Ot <7+ 3 X 2.11log(3M) < 121og(3M),

which contradicts inequality (2.18). So, the last possibility is min{d;,d2} = 1.
Hence, we either have ged((n — t1)/2,m) = (n — t1)/2, or ged((n + t1)/2,m) =
(n +t1)/2. In particular, m = §(n — t1)/2, or m = §(n + t1)/2 for some positive
integer d. If § > 3, we get

3(ntty) < 3(n—1t)

>m> ,
o=y 2

giving n < 3t < 10log(3M), a contradiction. If 6 = 2, we get that m = n — ¢
or m = n + t1, which is (i) because s = 0. Suppose now that 6 = 1. Then either
m=(n—t)/2, or m = (n+t1)/2. Assume that m = (n + ¢1)/2. Then

a < ged(ab, ac) = ged(Fin—t,) /2 Lintt,)/2) Fintt1)/2)
< ng(F(n—tl)/Qa F(n+t1)/2) ng(L(n+t1)/27 F(n+t1)/2) < 213,

so we get that
a™? 1t < 2F, < ottt therefore n <442t <10log(3M),
a contradiction. Finally, in case m = (n — t1)/2, we then have
ab = Fn—u)2Llinyeyjes ac= Fp = Fn_,))2,

therefore
ab = (G/C)L(n+t1)/27 SO b = L(n+t1)/207
which is (iii). O
We can now give a lower bound for b.

Lemma 2.16. Assume that inequality (2.18) holds. Then

b> an/2—14log(3M)- (232)
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Proof. If we are in case (iii) of Lemma 2.15, then

b > L( +1)/2 > an/Z—t/2—1 > an/2—1—1.0510g(3M) > an/2—310g(3M)
- n 1 = - - °

Assume next that n —t; = m — s; and st # 0. Then
ged((n —t1)/2,(m+s1)/2) = ged((n —t1)/2,(n —t1)/2+ 81) | 51 | s,

ged((n+1t1)/2,(m —$1)/2) = ged((n+t1)/2,(n —t1)/2) | t1 | ¢,

and
gcd((n+t1)/2, (m+ 81)/2) = gcd((n+t1)/2, (TL —tl)/2—|— 51) ‘ t1 — Sq.

Observe that t; — s; # 0 since if t; — sy =0, then n —m =t; — sy =0, son =m,
which is impossible. Now relation (2.30) shows that
a S F(n—tl)/QLsLtLt+s S a(n+t)/2+25+t+2
< an/2+2+3.5max{s,t} < an/2+1010g(3M). (233)

Since |u| < M < a, it follows that
a" 2 < F,=ab+u<ab+ |u] < ab+ M < 2ab < 2ba"/2+1010g(3M),
giving

—1 2—2-101 3M 2—4-101 3M 2—141 3M
b ol 0g(3M) « o/ 08(8M) -, n/2-1410g(3M)

which is the desired inequality. A similar argument applies when n +t; = m + $;
and st # 0.

Assume next that ¢t = 0. Then n = m — s; or n = m + s;. Assume say that
n =m — s1. Then

a < ged(Fro, Fim—sy)2Lim+s1)/2) < Faed(n,(m—s1)/2) Lged(n,(m+s1)/2
= n/ZLgcd(n,n/2+sl) < Fn/2L8a

SO
2+ 242.11 3M
(1<On/ s <On/ og( )7

which is an inequality better than (2.33). In turn, we get that inequality (2.32)
holds. A similar argument applies when ¢t = 0 and n = m+ s1, and also when s = 0
and either m =n — ¢; or m = n + t;. We give no further details here. O]

We now write
b < ged(ab, be) = ged(F, — u, Fy — w).

Write, as we did in Section 2.2,

a—t

Fp—w= % (o/ — ng) (0/ — w27g) , (2.34)
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where

5 —1)F/5w? + 4(-1)*
Vow + (=1) . wHAEDT e (2.35)
As for the numbers u;,, and v; ., (see inequalities (2.9) and (2.10)), we also have

Wk,e =

that wy ¢ and all its conjugates w,(:zz satisty
\w,(:% < 3M.

We put = Q(v/5,u1 ,,, w1 ), and use the argument from the beginning of Section
2.3, in particular an analog of inequality (2.11) to say that

bO | ged (0" — u1p) (" —ugp) O, (o/ —wiy) (o/ —way) O)
| H ged ((@" = uipn) O, (af —wi ) O). (2.36)
1<i<2
1<k<2

Put
Iine = ged ((a” —u; )0, (0/ — wk,g)O) , i,k € {1,2}.

Using Lemma 2.6, we construct coprime integers X,/ satisfying the inequalities
max{|N], [V'|} <+/n, [nN + /] < 3y/n and furthermore

)\/ e ! A/ !
N — i wiy € L ke

As in Section 2.3, we make the following assumption.
Assumption 2.17. Assume that the pair (N ,V') satisfies
N+ uf",an:e #0 forall ik e {1,2}.
Then the argument of Lemma 2.8 shows that
b < 24(3M)3V™,
Combined with Lemma 2.16, we get that

an/2—14 log(3M) < 94 (3M)8\/ﬁ,

therefore

02— 1410g(3M) < 2810 (810g(3M)

log o log

) Vi < 5.8+ 16.71og(3M)v/n,

SO

1.6 28log(3M)
n < <\/ﬁ + N + 16.710g(3M)) Vn.

Since n satisfies inequality (2.18), we have that \/n > 41log(3M), therefore

16 _, o 28log(3M)

Jn Jn <1.
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Hence, we get that
Vn < 3+ 16.7log(3M) < 20log(3M),

contradicting inequality (2.18). The conclusion is:
Lemma 2.18. If inequality (2.18) holds, then Assumption 2.17 cannot hold.
Thus, there exist i1, k1 € {1, 2} such that

anA’—&-Zu' N v’

- uil,’ﬂwkl,e'

Since we already know that uf, ,, € Q(v/5) (because we are in the rank one case),
it follows that wi’l’:z € Q(v/5). In particular, either w = 0, or w # 0 but 5w? +
4(-1)f = yi,z holds for some positive integer ¢. In particular, w = £F, for some
nonnegative integer r which is either 0 or is congruent to ¢ modulo 2. Thus

be=Fo—w=Fy_r)2Ll@ir)o

where r; = £r. Since |w| < M, we also have r < 2.1log(3M).
We now show that both m and ¢ are large.

Lemma 2.19. Assume that inequality (2.18) holds. Then
min{l,m} > n/2 — 17log(3M). (2.37)

Proof. Since b > o"/2~14108(BM) by Temma 2.16, and since n satisfies inequality
(2.18), it follows that b > 2M. Indeed, this last inequality is implied by

an/2—14 log(3M) > 2M,
or

log2M

2—141 M
n/2 - Mlog(3M) > 2=

which in turn is implied by
n/2 — 14log(3M) > 2.11log(3M),

which in turn is implied by n > 33log(3M), which holds when n satisfies inequality
(2.18). Hence,

a1 >Fr=bc+w>bc—M>b—M >b/2
> 9-1,n/2-1410g(3M) « n/2—2—14log(3M)

giving
¢—1>n/2—-2—14log(3M), or ¢>n/2—17log(3M).

The same argument works for m. O
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We now return to Lemma 2.15 and get the following result.

Lemma 2.20. If inequality (2.18) holds, then part (iii) of Lemma 2.15 cannot
hold.

Proof. Assume that (iii) of Lemma 2.15 holds. Then
be = Lint1)2¢" = Flu—ry) 2Lt j2-
Since n satisfies inequality (2.18), we have that
(n+t1)/2> (n—1)/2 > ((411log(3M))? — 2.110g(3M))/2 > 12,

therefore L(,,1¢,)/2 has a primitive prime factor p. Its order of appearance in the
Fibonacci sequence is n + t1. Since p | Fiy_r,)/2L(e4r,)/2, it follows that either
(¢ —r1)/2 is a multiple of n + ¢, or £ 4 r1 is a multiple of n + ¢;. But obviously

U+r)/2<(n+r)/2<n—t<n+t,

where the middle inequality holds because it is equivalent to n > 2r 4 ¢, which is
implied by (2.18) since then

n > (41log(3M))? > 6.3log(3M) > r + 2t.
Thus, the only possibility is that ¢ + r; is a multiple of n + ¢;. Since
2n+t))>2n—2t>n+r>L+r >0+,
it follows that the only possibility is that £ 4+ r; = n + ¢;. Hence,
Linttn) 26 = Fiumry2Ligsryz = Flemry 2 Lingn) 2

giving Fiy_,)/2 = c?. Since the largest square in the Fibonacci sequence is Fjo =
122 (see 1] for a more general result), we get that (¢ —r1)/2 < 12, so

(<2447 <2447 < 30log(3M). (2.38)

However, this last inequality contradicts the inequality (2.37) because n satisfies
inequality (2.18). This shows that indeed part (iii) of Lemma 2.15 cannot happen.
O

We now revisit the argument of Lemma 2.15 and prove in exactly the same way
the following result.

Lemma 2.21. Assume that inequality (2.18) holds. Then one of the following
holds:

(Z) n—t1 :e—Tl,'

(ZZ) 7’L+t1=€+7"1.
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Proof. We follow the proof of Lemma 2.15. The relevant inequality here is, instead
of (2.30),

b < ged(ab, be) = ged(Fn_i,)j2Lntt,) /25 Fle—r) 2 Lerr)/2)- (2.39)

In the proof of Lemma 2.15 we used the lower bound a > a"/2~!, whereas here we
use the lower bound b > "/2-141083M) giyen by Lemma 2.16. We only go through
a couple scenarios which have not been contemplated in the proof of Lemma 2.15.

One of them is when v = w = 0. Then
an/271410g(3M) <b= ng(Fna Fﬁ) - Fgcd(n,f)-

Clearly, ged(n,£) = n/dy for some divisor d; > 1 of n because ¢ < n. If dy > 3, we

get
an/271410g(3M) < Fn/d1 < an/dl < an/37

or n < 84log(3M), contradicting inequality (2.18). Hence, ged(n,f) = n/2, and
the only possibility is £ = n/2. But then

bc = F, 2, ab=F, = Fy 2Ly, 2, giving a = Lyc.

Hence,
F(m—sl)/QL(7rL+s1)/2 = ac= Ln/262'

Since n is large, L,/ has primitive divisors whose order of appearance in the
Fibonacci sequence is exactly n. We deduce that n divides either (m — s1)/2 or
m + s1. Since we have (m —s1)/2 < (m+9)/2 < (n+5)/2 < nand m + 51 <
m+ s < n+s < 2n whenever n satisfies inequality (2.18), we conclude that
the only possibility is that m + s; = n. Thus, we get the equations Ln/202 =
F(mfsl)/QL(m+sl)/2 = F(mfsl)/QLn/% SO F(m+51)/2 = 02, giving (m + 51)/2 < 12.
This gives
m<24—s <24+ s<24+21log(3M),

which contradicts inequality (2.37) of Lemma 2.19 when n satisfies inequality
(2.18).

This shows that we cannot have v and w be simultaneously zero.

Next we follow along the proof of Lemma 2.15 replacing (m, s, s1) by (¢,r,r1).
Everything works out until we arrive at the analogue of (iii) of Lemma 2.15, which
forusisw=1r=0,¢=(n—1t1)/2 and a = L(;4¢,)/2¢. But in this case

L(n+t1)/2c2 =ac= F(m—sl)/QL(m+S1)/2'

Using again the information that (n +t;)/2 is large and L(y4+,)/2 has primitive
prime divisors, we conclude that the only possible scenario is m + s1 = n + t1,
leading to Flp—s,)2 = c?, which gives that (m — s1)/2 is small, contradicting
inequality (2.37). We give no further details. O

We can now give a lower bound for c.
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Lemma 2.22. Assume that inequality (2.18) holds. Then
¢ > qn/?31o(3M) (2.40)

Proof. This is very similar to the proof of Lemma 2.16. Assume, for example, that
n—t; ={¢—ry and tr # 0. Then

ged((n—1t1)/2,(+171)/2) = ged((n —1)/2,(n —t1)/24+7r1) | 1 | 7,
ged((n+t1)/2, (€ —7r1)/2) = ged((n +1)/2, (n — t1)/2) | t1 | ¢,
and
ged((n+11)/2,(l+171)/2) =ged((n+t1)/2,(n —t1)/24+r1) | t1 — 71.

Observe that ¢t —ry # 0 since if t —r; =0, then n — ¢ =¢; —ry =0,son = /¢,
which is impossible. Now relation (2.39) implies that

b S F(n—tl)/2L’r'LtLt+'r S a(n+t)/2+2?”+t+2
< an/2+2+3.5max{r,t} < an/2+1010g(3M). (241)
Since |w| < M < b, it follows, by inequality (2.37), that
an/2—1710g(3]\/l)—2 < 0/—2 < FZ =be+w < be+ M < 2be < zcan/Q—&-lOlog(SM)’
giving
n/2—2—27log(3M) > an/2—4—27log(3M) > O/L/2—31 log(BM)7

c>2"ta

which is the desired inequality. A similar argument applies when n +t; = £+ ry
and tr # 0.

A similar proof works when either ¢ = 0 or r = 0 providing better lower bounds
for c¢. We give no further details here. O

We now revisit the argument of Lemma 2.15 and prove in exactly the same way
the following result.

Lemma 2.23. Assume that inequality (2.18) holds. Then one of the following
holds:

(i) m—s1=40—ry;
(ii) m+ sy =L+ 7.

Proof. This is entirely similar with the proof of Lemma 2.15, except that we use
the relation

¢ < ged(ac,be) = ged(Fn—s,)/2Lms1) /20 Fle—r)/2Liesr)/2)

and the lower bound (2.40) on ¢. We give no further details. O
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Finally, we prove the following result.
Lemma 2.24. Inequality (2.18) does not hold.

Proof. From Lemmas 2.15, 2.21 and 2.23, one gets easily that either n —t; = m —
s$1 = £—rqy or n+t; = m+s; = £+ry. Assume say that N = n—t1 = m—sy = £+ry.
Then

ab = FNLN+2251, ac = FNLN+251, be = FNLN+2T1.

If U and V denote any two of the numbers N, N + 2ry, N + 2s1, N + 2t1, then
U/2 < V < 2U because n satisfies inequality (2.18). Also, all the above four
numbers exceed 12. Using again the primitive divisor theorem, we conclude that
N + 2r; is one of the numbers {N, N + 2s;, N + 2t1}, so r1 € {0,s1,¢1}. But if
r1 = 81, then since also £—r; = m—s1, we get m = £, 50 ac = Fiy_s,)/2L(m+s,)/2 =
Fl—r)2Lt4r,)/2 = be, contradicting the fact that a > b > ¢ > 1. Thus, r = 0.
Similarly, we get s; = t; = 0, therefore n = m = £, which is not allowed. A similar
argument works when n+t; =m+s; =€+ ;. O

Proof of Theorem 1.1. We are now ready to finish the proof of Theorem 1.1. In-
deed,
20 <ab=F,+u< F,+ M.

So, either a < M, or a > M in which case a < 2a — M < F,, < o™ giving

loga

41log(3M))2.
10ga<n<( og(3M))

The above inequality implies that

log M > 4171/2+/log a > 0.0341/log a. (2.42)

In case a < M, we get log M > loga > 0.034+/loga because a > 3 so loga > 1.
Hence, inequality (2.42) always holds, showing that M > exp(0.034+/log a), which
is what we wanted to prove. O

3. The proof of Corollary 1.2

The condition a < exp(415.62) (coming directly from Theorem 1.1) implies n <
1730 via the inequalities a2 < F,, < a?. It is easy to see that n > 8 entails n > m,
moreover from n > 8 and m > 7 we conclude m > f. These make it possible to
apply a computer search for checking all the candidates (n,m, ¢). Obviously n > 5
must be fulfilled, therefore we can verify individually the cases 5 < n < 7. Totally
222 solutions to the system (2.4) have been found in (a,b,c,u,v,w,n,m,¥), the
largest a is occurring in

(a,b,c,u,v,w,n,m,¢) =(235,11,1,—1,-2,2,18, 13, 8).
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