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Abstract

We discuss divisibility properties of some differences of Motzkin numbers
M,,. The main tool is the application of various congruences of high prime
power moduli for binomial coefficients and Catalan numbers combined with
some recurrence relevant to these combinatorial quantities and the use of
infinite disjoint covering systems.

We find proofs of the fact that, for different settings of a and b, more and
more p-ary digits of M,,n+1,,, and Mapn 4 agree as n grows.
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1. Introduction

The differences of certain combinatorial quantities, e.g., Motzkin numbers, exhibit

interesting divisibility properties. Motzkin numbers are defined as the number of
certain random walks or equivalently (cf. [2]) as

" /n
M, = > 1.1
" ,;:0 (2k>C’;€,n_O, (1.1)

where C, is the kth Catalan number

1 /2%
- k> 0.
Ci k+1(k> 20

We need some basic notation. Let n and k be positive integers, p be a prime,
d,(k) and v, (k) denote the sum of digits in the base p representation of k and the
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highest power of p dividing k, respectively. The latter one is often referred to as
the p-adic order of k. For the rational n/k we set v,(n/k) = vp(n) — vp(k).

We rely on the p-adic order of the differences of Catalan numbers Cypn+14p —
Coaprtb (cf. Theorems 3.8 and 3.9) with a prime p, (a,p) =1, and n > ng for some
integer ng > 0.

As n grows, eventually more and more binary digits of Mgony, and Myon+14p
agree, starting with the least significant bit, for every fixed a > 1 and b > 0, as
stated by Theorem 2.3. We also determine lower bounds on the rate of growth in the
number of matching digits in Corollary 2.4, Theorems 2.1 and 2.5. Conjecture 5.1
suggests finer details for p = 2. Conjectures 5.3 and 5.5 propose the exact value of
Vo(Maan+14p—Maonip) if p=2,a=1,and b = 0,1,2, as well as v, (Mypn+1 —Mgpn)
if p=3and (a,3) =1, or p > 5 prime and a = 1, in addition to half of the odd
a values if p = 2 and n is odd. We present Conjectures 5.1-5.3 that concern upper
and lower bounds on vo(Mon+1y, — Mgonyp) and its exact value, respectively,
with special interest in the cases with a = 1, b = 0,1,2,3, and more generally,
b=29-1,29 and 29+ 1,q > 1. Further extensions and improvements are given in
Theorems 5.6 and 5.7 (cf. [8]). All results involving the exact orders of differences
or lower bounds on them can be easily rephrased in terms of super congruences for
the underlying quantities.

Section 2 collects some of the main results (cf. Theorems 2.1 and 2.5) while
Section 3 is devoted to known results and their direct consequences regarding con-
gruential and p-adic properties of the binomial coefficients and Catalan numbers.
We provide the proofs of Theorems 2.1 and 2.5 in Sections 4 and 5, respectively.
We also prove Theorems 2.2-2.3 and state four conjectures (cf. Conjectures 5.1-5.3
and 5.5) related to Motzkin numbers in Section 5, including lower bounds on the
order of differences for all primes.

2. Main results

In this section we list our main results regarding the differences of certain Motzkin
numbers. Except for Theorem 2.3, they all determine lower bounds on the rate of
growth in the number of matching p-ary digits in the differences.

Theorem 2.1. Forp=2,n>2,a>1 odd, and b =10 or 1, we have
Vo (Myan+1 1y — Maanip) =n — 1,if n is even

and
vo(Myon+1yy — Myan +b) > n,if n is odd.

Theorem 2.2 provides us with a lower bound on vo(Myan+14y — Mganip) On a
recursive fashion in b and potentially, it can give the exact order if a = 1.

Theorem 2.2. For a > 1 odd and n > ng with some ng = ng(a,b) > 1, we get
that for b > 2 even

VQ(Ma2”+1+b - Ma2"+b) =
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= min{l/g (Ma2"+1+b—1 — Ma2”+b71)7
Vo (Magn+1 b9 — Magnip—2)} — v2(b+2)

if the two expressions under the minimum operation are not equal. However, it
they are, then it is at least

Vo (Mg g1 — Mazn gy 1) + 1= (b +2).
On the other hand, if b > 3 is odd then we have
vo(Magn+14y — Maznyp) = vo(Magn+14p-1 — Maznyp-1) (2.1)
if vo(Magn+1 149 — Magnyb—2) + v2(b — 1) > va(Magn+1441 — Maznip-1), and

Vo(Mgon+14p — Maznyp) = va(Maon+14p—9 — Maanyp—2)
+ 1%9] (b — 1)

if va(Mggn+14p—9 — Maanyp—2) + v2(b — 1) < vo(Myon+11p—1 — Maonip—1), and
otherwise, it is at least vo(Myan+14p_1 — Maonp—1). Note however the stipulation
that in all equalities above, if the right hand side value is at least n — 2va(b + 2)
then the equality turns into the inequality vo(Maon+1 1y — Maanyp) > n—2v5(b+2).

Theorem 2.2 guarantees that as n grows, eventually more and more binary
digits of Mgonyp and Myon+1y, agree, starting with the least significant bit for
every fixed ¢ > 1 and b > 0.

Theorem 2.3. For every a > 1, b > 0, and K > 0 integers, there exists an
ng = no(a, b, K) so that vo(Myon+1,p — Maanyp) > K for all n > ng.

For the asymptotic growth of the Motzkin numbers we have M, ~ ¢3"/n
with some integer ¢ > 0. Unfortunately, neither this fact nor Theorem 2.3 helps
in assessing the rate of growth of matching digits, i.e., vo(Myon+1y — Maanip).
However, Theorem 2.2 and Z;<b+2 (i) = v2((b+2)!1) = (b+2) — da2(b + 2), with
the summation running through even values of ¢ only, imply the following, although
rather coarse, lower bound.

Corollary 2.4. For a > 1 odd, b > 0, and n > ng with some ng = ng(a,b) > 1,
we have

3/2

VQ(Ma2n+1+b - Ma2"+b) Z n — (b + 2) + dg(b + 2)

Theorem 2.5 gives a lower bound on v5(Mzn+1,, — M3nip) with b =0 or 1, and
Vp(Mpni1 4y — Mpnyp) for p>5and 0 < b <p—3.

Theorem 2.5. For p > 3 prime and n > ng with some integer ng = ng(p) > 0,
we have

l/p(Mpn+1 — Mpn) Z n. (2.2)
Assuming that n > ng, for p =3, we have

V3(M3n+1+1 — M3n+1) Z n— 17
and for p > 5, we have
l/p(Mpn+1+b — Mpn+b) >n

with 0 < b <p—3.
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3. Preparation

We note that there are many places in the literature where relevant divisibility and
congruential properties of the binomial coefficients are discussed. Excellent surveys
can be found in [5] and [11]. The following three theorems comprise the most basic
facts regarding divisibility and congruence properties of the binomial coefficients.
We assume that 0 < k < n.

Theorem 3.1 (Kummer, 1852). The power of a prime p that divides the binomial
coefficient (Z) is given by the number of carries when we add k and n — k in base

p.
Theorem 3.2 (Legendre, 1830). We have

n _ n—dp(n) k—dp (k) n—k—dp(n=k) _ dp(k)+dp(n—k)—dy(n)
V;D((k)) = Tp—1 T T p-1 p—1 = p—1 .
In particular, v2((})) = da(k) + da(n — k) — da(n) represents the carry count in the
addition of k and n — k in base 2.

From now on M and N will denote integers such that 0 < M < N.

Theorem 3.3 (Lucas, 1877). Let N = (ng, ...,n1,n9)p = ng +mp+---+ nap®
and M = mg +mip+ - + mgp® with 0 < ng,m; < p —1 for each i, be the base p
representations of N and M, respectively.

(30 = () () = ) o

Lucas’ theorem has some remarkable extensions.

Theorem 3.4 (Anton, 1869, Stickelberger, 1890, Hensel, 1902). Let N = (ng, ...,
n1,M0)p :no+n1p—|—~-~+ndpd,M:m0—|—m1p—|—~-~+mdpd and R=N— M =
ro+rip+- - -+rgp® with 0 < ng,m;, r; < p—1 for each i, be the base p representations
of N, M, and R = N — M, respectively. Then with q = Vp((]\]\/;)),

1 /N ng! nq! ng!
-1 = = d p.
(=1) p4 (M) (mo!ro!) (ml!rl!) (md!rd!) modp

Davis and Webb (1990) and Granville (1995) have independently generalized
Lucas’ theorem and its extension Theorem 3.4. For a given integer n and prime
p, we define (n!), = n!/(p"/?1|n/p]!) to be the product of positive integers not
exceeding n and not divisible by p, and which is closely related to the p-adic Morita
gamma function.

Theorem 3.5 (Granville, 1995 in [5]). Let N = (ng,...,n1,n0)p = no + mp +
vt ngpt, M =mg+mip+---+mgp? and R=N — M =rq+rip+ -+ rqp?
with 0 < n;,m;,r; < p—1 for each i, be the base p representations of N, M, and
R =N —M, respectively. Let N;j =n;+njpap+---+ nj_s_k_lpk*l for each j >0,
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i.e., the least positive residue of | N/p’ | mod p* with some integer k > 1; also make
the corresponding definitions for M; and R;. Let €; be the number of carries when
adding M and R on and beyond the jth digit. Then with ¢ = ¢y = up((l\]\/;)),

i ar) = o ((M(Gvg%')) ((M%V(g%')) (wﬁ%)md 4

where £1 is —1 except if p=2 and k > 3.

We also use the following generalization of the Jacobstahl-Kazandzidis [1] con-
gruences.

Theorem 3.6 (Corollary 11.6.22 [1]). Let M and N such that 0 < M < N and p
prime. We have

oN (1 — Bes PANM(N — M)) (a) mod p*NM(N — M)(y). if p> 5,
(p ) =Y +45NM(N — M) (N) mod p!NM(N — M)(Y), ifp=3,
(~1)MN=ADP(N, M) () mod p*NM(N — M)(y,), if p=2,

where P(N, M) = 14+6NM(N—M)~4NM(N —M)(N?—NM+M?)+2(NM (N —

M))2.

Remark 3.7. It is well known that v,(B,) > —1 by the von Staudt—Clausen theo-
rem. If the prime p divides the numerator of B,_3, i.e., v,(Bp—3) > 1, or equiva-
lently (2;) = 2 mod p?, then it is sometimes called a Wolstenholme prime [1]. The

only known Wolstenholme primes up to 10? are p = 16843 and 2124679.

Based on the above theorems, we state some of the main tools regarding the
differences of Catalan numbers (cf. [7] for details and proofs). For the p-adic orders
we obtain the following theorem.

Theorem 3.8. For any prime p > 2 and (a,p) = 1, we have

Vp(Capn+l — Capn) =n-+ I/p(<2;)>, n 2 1.

We can introduce an extra additive term b > 1 into Theorem 3.8.

Theorem 3.9. For p=2, a odd, and n > ng = 2 we have

2a
V2(Caant141 — Caany1) = n+ 11 (( a )) -1,

and in general, for b > 1 and n > ng = |logy 2b| + 1

va(Cusninss = Conan) =t (3] ) 4 12(000)
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=n+ds(a) + da(b) — [logy(b+2)] —ve(b+1) +1

where g(b) = 2(2bb) (b+1)71(H2b7H571/(2(b + 1))) = 2Cb(H2b7Hb71/(2(b + 1)))
with H,, = Z?Zl 1/j being the nth harmonic number.
For any prime p > 3, (a,p) =1, and b > 1 we have that

o Caprirsn = Carsn) =+ (27) ) + 1ylat0)

with n > ng = max{v,(g(b)) + 2r — v,(Cp) + 1,7 + 1} = max{v,(2(Hap — Hp —
1/(2(b+1)))) +2r + 1,7 + 1} and r = [log, 2b].
In general, for any prime p > 2, (a,p) =1,b > 1, and n > |log, 2b], we have

Vp(Capnti4p — Caprgp) > 1+ up<< )) + up<< )) — [log, 2b] — v, (b +1).

Note. Clearly, v,(g(b)) > 0 for 1 < b < (p —1)/2. We note that in general,
for b > 1 we have v,(g(b)) > Z,(( )) |log, 2b] — v,(b + 1) if p > 2 while

v2(g(b)) = da(b) — [loga(b+2)] — va(b+1) + 1 = da(b+ 1) — [logy(b+2)] if p = 2.

We note that as a byproduct, we proved some generalization of the observation
from [10] that for any n > 2 the remainders Con+m-1_1 mod 2™ are equal for each
m >0 (see [9], [12], and [13],t00) in [7]:

Theorem 3.10. For any prime p > 2, (a,p) = 1,b > 0, we have that Cgpmyp mod
p" is constant for m > n + v,(b+ 1) + max{0, [log, 2b]},n > 1.

We also note that
VQ(Ck)Zdz(k)—VQ(k—Fl)ng(k—Fl)—l (31)
holds, i.e., vo(Con+1) = 12(Con) = 1. It follows that Cf is odd if and only if

k =29 — 1 for some integer g > 0.

4. The proof of Theorem 2.1

In this section we present

The proof of Theorem 2.1. We prove the case with b = 0 and then we note that
the case with b = 1 is practically identical. Thus, we assume that b = 0.

First we deal with the case with a = 1. We use the identity (1.1)
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rely on identity (3.1) and select an infinite incongruent disjoint covering system
(IIDCS). The difference of the appropriate Motzkin numbers can be rewritten as

2n ! 2n+1 on 2" 2n+1

k=1 k=1 mod 2

after removing the superfluous term with k£ = 0 in the first sum. We break the first
summation in (4.1) into parts according to the IIDCS {29 (mod 2971)},>¢, which
allows us to write every positive integer uniquely in the form of 27 + 29t1K for
some ¢ and K > 0.

on— 1

2 () ()
-2 (Gew)en (G

q=0 k=2a429+1K
2n—g—1_1
0O<K<E—F——=

Y Z (Gaw)en-()o)

k=20+29+1 K
0<K<2n—d—2_1

—

(4.2)

[

+ (an — Can1).

We introduce the following quantities

Mm) = 3 (2;;>Ck

k=7 mod m
1<k<2m

and focus on cases when m is a power of two.
The second summation in (4.1) is Mj(n,2). Its 2-adic order is at least n ac-
cording to

Theorem 4.1. For integers n > q > 1, we have
vo(Mhy(n, 271y =n4+1—¢q

If ¢ = 0 then vo(M{(n,2)) = n if n is odd, otherwise the 2-adic order is at least
n+ 1.

We can gain more insight into the 2-adic structure of the terms of the sum
(4.2) by checking how the 2-adic orders of the terms ( )C’k and (2(%))0% with
k =27+ 291K behave in M4, (n — 1,29%1) and M, (n,29%2), respectively.

If 1 < ¢ <n—1 then both 2-adic orders are equal to n — ¢ + do(K). Indeed,
the range for K is 0 < K <2792 _1ifg<n—-2and K =0if¢g=n—1in
both cases, and more importantly, the difference A, x = (3 n;kl))C'gk @Z)Ck =
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2n+1

nt1 n A
(;(Qk)) (Cop — Cg) + ((2(%)) — (Qk))Ck has 2-adic order n + d2(K) by Theorems 3.1,
3.8, and 3.6. Note that vo(Ay k) is determined by the 2-adic order of the first

term in the last sum, and it is given by combining 1/2((3(2;1))) =n—1-¢q and

v9(Cor — Ck) = g+ do(1+2K) = g+ do(K) + 1. Therefore, v5(> " Ag.x) = n for
each ¢ > 1 and it is due to the term with K = 0.
Ifq=0,ie., k=1+4+2K, then Ag x = Mj(n,4) — M{(n—1,2) and v2(Ap k) >

fnﬂ )02+4K) :n_1+d2(3+4K)—1:n+d2(K) and

n — 1 since VQ((4( +2K)

271
V2 ((2(1 4+ 2K)>Cl+2K) =n—1+dz(2+2K)—1 =n—24+dz(1+K) > n—1. (4.3)

The latter minimum value is taken exactly for n — 1 values of K since in the range
0 < K <272 _1 there are exactly n—1 terms with K =2"—1,7=0,1,...,n—2,
leading to do (K +1) = 1. Thus, the 2-adic order of the corresponding sum ) ;- Ao, x
ism —1if n is even and at least n if n is odd.

The proof is now complete for the case a = 1. The proof with an arbitrary
a > 1 odd is very similar except it requires a more detailed analysis of the
terms in (4.4) than we had in (4.1). In any case, the first term with ¢ = 0 in
the right hand side of (4.2) and (4.5), i.e., Ao,k = Mj(n,4) — M{(n — 1,2) and
Ao k0 = M; ,(n,4) — My ,(n—1,2) (cf. notation below), respectively, determines
the 2-adic order.

We use the binary representation of a = > ;2 a;2" = >, 2" with 0 € S =
{i|a; = 1} since a is odd.

We rewrite the difference

a27171 a2™
a2ntl a2" a2ntl
M on+1—Mgon = — . (44
o=t = 32 (G Yo (S Jor) ¢, 2 (T v 69

k=1 k=1 mod 2

We break the first summation in (4.4) into parts according to the covering system
used in (4.2)

$ (e (5)e) -

k=1
Llog?fn | Z (<a2n+1) C (aQn) c >
- 2k — k|-
q=0 k=20 429 +1 K 2(2k) 2k

v —q—1
0§K§a2” ‘; —1

Now we introduce

2n+1
M;,a(na m) = Z (a 2% >Ck

k=r mod m
1<k<a2m
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and note that the second term in (4.4) is My ,(n,2). Its 2-adic order is at least n.
In fact, for a general term in the sum Mj ,(n,2), we get that

2n+1
y2<(“2k )Ck) >m+1-1)+(d(2+2K)—1) =n—1+do(1+K) > n (4.6)
with 0 <k =1+ 2K < a2" ie., 0 < K <a2" ! — 1. We want equalities in (4.6)

in order to determine vo(Mj ,(n,2)). While in the case of a = 1 it trivially follows
a2nt?!

that 15 ((“%,, )) = n, now we have to deal with the possibility that 2k > 2"*1. By
Theorem 3.1, the first inequality turns into equality exactly if

K :]+ Z 2i+n71
i€S’CS\{0}

with 0 < j < 277! —1, while the second one becomes an equality when do(K +1) =
S/ +do(j+1) =1, ie, 8 =0 and j = 2" — 1 and thus, K = 2" — 1 with
r=0,1,...,n — 1. Therefore, this case turns out to be identical to that of a = 1
and hence, v2(Mj ,(n,2)) > n with equality if and only if n is odd. (By the way,
this argument is also used at the end of the proof of Theorem 4.1 below. Note
that Theorem 4.1 remains valid even after introducing the parameter a, i.e., if we
replace M3, (n,29%1) with Mj, ,(n,2971), cf. Theorem 4.2.)

Now we turn to the analysis of (4.5). We have three cases: either 1 < ¢ <n-1,
or g >n, or ¢ =0. We consider the difference with k = 27 4+ 2971 K

= () ()
a2n 1 a2m 1 a2m
(e o () (D)o oo

If 1 < g < n—1 then it has 2-adic order n + do(K) by Theorems 3.1, 3.8,
and 3.6. Note that v2(Ag k,q) is determined by the 2-adic order of the first

term in the last sum and it is given by combining 1/2((“22(;2)1)) =n—1-¢q and

va(Cor, — Ck) = ¢+ da(1+2K) = q + do(K) + 1. Therefore, 15}, Agk,a) =1
for each ¢ > 1 and it is due to the term with K = 0.

If ¢ > n then both terms of the last sum in (4.7) have a 2-adic order of at least
n + 1 by Theorems 3.1, 3.8, and 3.6. For example, for the first term we see that
ve(Cop — C) =q+da(14+2K) >n+1+do(K) >n+1.

If g=0,ie., k=1+2K, then v5(A k,q) =n — 1 since ug((4(‘112:;())6'2+4[{) =
n—14+d2(34+4K)—1=n+dy(K) and

a2"
2 ((2(1 N 2K)>Cl+2K) > n—1+dy(24+2K)—1 = n—2+dy(1+K) > n—1. (4.8)
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In a similar fashion to (4.6), the latter minimum value is taken exactly for n — 1
values of K since in the range 0 < K < a2"~2 —1 there are exactly n—1 terms with
K =2"-1,r=0,1,...,n-2, leading to d>(K+1) = 150 that v2((1'{2x))) = n—1.
Thus, the 2-adic order of the corresponding sum ), Ao ko is n — 1 if n is even
and at least n if n is odd.

If b = 1 then we observe that the 2-adic orders of (az;j 1) and (a;,:) are equal.
By switching from a2” and a2"*! to a2™ + 1 and a2"*! 4 1, respectively, the proof

is almost identical to that of the case with b = 0. Note that the only term that

. . n+1 n . .
requires some extra work is the second term ((a22(2k;rl) — (“22;1))Ck in the revised

version of (4.7). In fact, its 2-adic order is at least n (more precisely, after making
b1 more specific below, it is vy (Qk(“;,:))), as it follows by Theorem 3.6:

a2"tt 41 a2 +1\

( 4k )_< 2k )‘
a2ttt 4l a2nt! a2™ + 1 a2
_a2”+1—|—1—4k( 4k >_a2"+1—2k<2k>

antl 41 2" 2" +1 2"
a—i—(a >(1+b12n+1)a—|—<a )

a2ntl 1 — 4k \ 2k a2 +1—2k \ 2k
a2t 41 a2™ + 1 nal a2™
= — + bo2
a2ntl +1 -4k a2 41 -2k 2k

_ 2k a2\ _ 42" a2 —1
T (a2rt + 1 —dk) (a2 +1—-2k)\ 2k ) 2k — 1
=0 (mod2")
where b;,7 = 1 and 2 are some numbers with v5(b;) > 0. O

Apparently, cases with b > 2 call for more refined methods. It also appears that
proving Conjecture 5.5 for p = 2 might require congruences modulo 2"+ for both

aontl A a2™ . . .
(22(2k}))<02k — C) in (4.7) and (2(1f2K))Cl+2K in (4.8). In fact, it helped proving
Theorem 5.6 (cf. Section 5 below).

Now we prove Theorem 4.1.

The proof of Theorem 4.1. For the 2-adic orders of the terms of MJ,(n,29+!) with
1 < g <n, we get that

gn+1
1/2(( 2k >Ck) =n—vs(k) +12(Ck) =n—q+da(14+29+ 27" K) — 1
and the lower bound is met exactly if K = 0.

If ¢ = 0 then we have vo(M{(n,2)) > n by (4.3). In fact, as it was explained
above in the proof of Theorem 2.1 but now using n + 1 rather than n and 0 < k =



On divisibility properties of some differences of Motzkin numbers 131

1+2K <2" ie., 0< K <2" ! —1in the summation resulting in Mj(n,?2), the
minimum 2-adic value n is taken by n terms with K =2" —1,r =0,1,...,n — 1.
Therefore, for the 2-adic order of the sum, we get n exactly if n is odd. O

We also have the following
Theorem 4.2. For integers n > q > 1, we have
Vg(Méq’a(n, 20 =n +1—q.
If ¢ = 0 then vo(M] ,(n,2)) = n if n is odd, otherwise the 2-adic order is at least
n+1.

We omit the proof but mention that the case with ¢ = 0 has already been
proven in the proof of Theorem 2.1 by using (4.6) while the case with 1 < ¢ <n
can be taken care of similarly to the proof of Theorem 4.1.

5. More proofs, facts, and conjectures for Motzkin
numbers
Here we present the proofs of Theorems 2.2, 2.3, and 2.5, and four conjectures on

the order of the difference of certain Motzkin numbers including cases with any
prime p > 3.

Proof of Theorem 2.2. We use a recurrence for the Motzkin numbers:

3(m — 1) My_s + (2m + 1) My,
M, = S = DMz + @m A DMy (5.1)
m 4+ 2

with m = a2"*! 4 b and a2" + b. We take the difference and simplify it. It turns
out that the common denominator on the right hand side is odd when b is odd and
has 2-adic order 2v5(b + 2) when b is even. In the numerator only the two terms
3(b—=1)(0+2) (Maan+1 12— Maon1b—2) and (2b+1)(0+2) (Maan+1 161 —Mazn1b-1),
and possibly two additive terms with 2-adic order at least n matter (due to the
possibility that either v2(2"3Mon+14p_1) = n or v5(2"9M on+144_o) = n or both).
The details are straightforward. O

Proof of Theorem 2.3. We prove by induction on b for any fixed a > 1 odd since it
suffices to consider only such values of a. The cases with b = 0 and 1 are covered by
Theorem 2.1. Assume that the statement is true for all values 0,1,...,b—2,b— 1.
We set K’ = K + 2uv5(b+2) and ng = ng(a, b, K) = max{ng(a,b—2,K"),no(a,b —
1, K’)} and apply Theorem 2.2 which yields that vo(Mygn+1,p — Maonyp) > K/ —
2v5(b+2) = K for n > ng(a, b, K). O

Further numerical evidence suggests a refinement of Corollary 2.4 on the rate
of growth (cf. Figure 1 for illustration).
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Conjecture 5.1. For all integersa > 1 odd, b > 0 and n sufficiently large, there ex-
ist two constants c1(a, b) and cz2(a,b) so that n—cy(a,b) < vo(Mgan+1yp—Myanyp) <
n + ca(a,b). In particular, we have ¢1(1,b) < clogy b with some constant ¢ > 0,
c2(1,0) <1, and ¢1(1,29— 1) < q and c2(1,29) < —1 for ¢ > 2.

We also believe that following conjecture is true.

Conjecture 5.2. The sequences {vo(Mon+1p — Manip) brsn, with b = 27 and
b=27+1,q>1, become identical for some sufficiently large ng = no(q).

This means that, in this special case, equality (2.1) holds with a value which is
less than n in Theorem 2.2. By the way, this seems to happen in many cases when
we compare Mon+1yp, — Mongp with Mont1,411 — Maongpy1 with b even.

2 a 6 8 10 12

(a) p = 2,a = 1,b = 1 (which
agrees with a = 1,5,9, or 13,
and b = 0 for n > 1, cf. The-

(b) p=2,a =1,b = 4 (which
agrees with a = 1,b =5 for n >
3, cf. Conjecture 5.2)

orem 2.1, Conjectures 5.3 and
5.5)

(d) p=3,a=2,b=0, cf. Con-
jecture 5.5

(¢) p = 2,a = 3,b = 11, cf.
Conjecture 5.1

Figure 1: The function vp (M, n+14p — Mapnts),0 < n < 12 (with
y =n and n — log, b included for p = 2)

We have a “conditional proof” of Conjecture 5.2 under assumptions on ¢;(1,2%—
1) and c3(1,27). The inequalities of Conjecture 5.1 combined with equality (2.1)
would already prove Conjecture 5.2 for ¢ > 2. Indeed, in this case we have
V2(M2n+1+2q+1 — M2n+2q+1) = V2(M2n+1+2q — M2n+2q) since V2(M2n+1+24_1 —
Monyoa_1)+1227+1-1)>n—c1(1,29—=1)+g>n>n—1>n+cy(1,27) >
V2(M2n+1+2q — M2n+2q).

This argument would not work for ¢ = 1, i.e., for b = 2 and 3. However, by
assuming the “right” patterns for b = 1 and 2, we can prove the case with b = 3.
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Indeed, Conjecture 5.3 and equality (2.1) immediately imply the statement of Con-
jecture 5.2 for n odd and b = 3. If n is even and b = 3 then a slight fine tuning
in the proof of Theorem 2.2 will suffice since vo(Mant1,5) = 1 for n > 3 and
vo(Mant141) =0 for n > 1 (by Conjecture 5.3 and the facts that vo(Mig) = 1 and
va(Ms) = 0).

We add that Theorem 2.1 states a similar fact about identical sequences with
b=0and 1 for a odd and n even.

Conjecture 5.3. If n > 2, and b= 0 or 1 then

n—1, ifn is even,

ve(Manir o = Manyy) = {n if n is odd

Ifn >3, and b =2 then

if n is even,

n7
y2(M2n+1+b — M2"+b) = {n ) an is odd.

Remark 5.4. The case with b =0 or 1, and n > 2 even has already been proven as
part of Theorem 2.1 (with @ = 1). On the other hand, we obtained only a lower
bound if n is odd and otherwise, this case remains open. Therefore, the former case
can be left out from the conjecture and was included only for the sake of uniformity.

The case with a = 1 and b = 0 is further extended in

Conjecture 5.5. Forp=2, a=1 (mod 4), and n > 2, we have
vo(Myon+1 — Maon) = n, if n is odd.

For p=3, (a,3) =1, and n > ng = ng(a) with some integer ng(a) > 0, we have

2
I/3(Ma3n+1 — Magn) =n-+ I/3<( ;))

For p > 5 prime and n > ng = ng(p) with some integer ng(p) > 0, we have
Vp(Mp71+1 — Mpn) =nNn.

The panels (a) and (d) of Figure 1 demonstrate this conjecture in some cases
with 0 <n <12. If p=2, a > 1 any odd, and n > 2 even then the 2-adic order is
n — 1 as it has already been proven in Theorem 2.1.

The proof of Theorem 2.5. We give only a sketch of the proof.

We prove the case with b = 0 first and use the IIDCS

{ip? (mod p™*") i1 2. p-1:420
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which allows us to write every positive integer uniquely in the form of ip? + Kp?t!
with some integers K > 0, 7, and ¢. In a similar fashion to the proof of Theorem 2.1,
the difference of the appropriate Motzkin numbers can be rewritten as

p"/2 Pt o p=1 , p"'/2 prtl
M n+1 — M n = —
o= =3 ()= (o)) + 5 (2 (e )o)

k=1 =1 “k=i¢mod p
n—1p—1 n+1 n

- o) (3)0)

=2 > ok ‘ (5.2)
por e ( e g1 ((p(Qk) 2k
Pl 2

*Z( 5 ( o )ck) (5.3)
=1 k=i mod p

after removing the superfluous term with £ = 0 in the first sum. The first term
(5.2) can be rewritten as

n—1p—1 pn+1 p”
22 2 <<p<2k>)0pk - (%) Ck)

0<K<M
== P

25z (G () - @)e)

For the p-adic order of every term in the summation, we obtain that v, ( (5 (n;kl)) (Cp—
n+1

Ck)) > n—q+ g = n by Theorem 3.8, and l/p(((g(%)) — (g;;))ck) >n+2 by
Theorem 3.6 and Remark 3.7.
Clearly, the p-adic order of every term in (5.3) is at least n + 1.

Unfortunately, the above treatment cannot be easily extended to higher values
of b, however, recurrence (5.1) comes to the rescue. Indeed, if p =3 and b =1, or
p>5and 1 <b<p— 3 then we use (5.1) with m = p"*! + b and p™ + b, and by
easily adapting the proof of Theorem 2.2, we prove the statement step by step for
b =1, then for b = 2, ..., and finally for b = p — 3. In the initial case of b = 1,
the multiplying factor m — 1 of M,,_o in (5.1) is divisible by p™ in both settings
of m while the terms with M,,_; are covered by the case of b = 0. Starting with
b = 2, we can use the already proven statement with b — 1 and b — 2. This proof
cannot be directly extended beyond b = p — 3 since the common denominator in
the recurrence has p-adic order 2v,(b + 2), and this is the reason for the potential
drop in the 3-adic order when b = 1. O

Note that we have recently succeeded in proving the following extensions and
improvements to Conjecture 5.5 and Theorem 2.5 in [8], by applying congruential
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recurrences and refining the techniques used in this paper. The last part of the
first theorem confirms Conjecture 5.5 for p = 2 and @ = 1 given that n is odd. The
case with n even has been settled by Theorem 2.1.

Theorem 5.6. For p = 2, we have that

3.271 mod 2”*1, if n >4 and even,

M"Y — M(2") =
( ) @) {2” mod 2"+ if n >3 and odd.

For n > 2, we have

n n n—1, ifn is even,
R e = {n if n is odd

Theorem 5.7. For any prime p > 3 and integer n > 2, we have that v,(M (p"T1)—
M(p™)) = n. In particular, with the Legendre symbol (§), we have

5 p™ mod ", if (

(24 4 (~1)"232)p" mod p*1, if

M(pn+1)—M(p")E{ ) =0 or 1 mod p,

WIS Wz

)= —1mod p.
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