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1. Introduction

Let X be a non-negative integer-valued random variable, p, = P(X = n). Put
S, = Z? Xj, n > 1, where X; are i.i.d. random variables which have the same
distribution as X. In what follows we assume that Sy = 0. Let u, = ;- P(S, =
n) be the renewal probability at the instant n. Put f(2) = Yoo pr2”®. If g(2) is
an analytical function in some neighbourhood of zero, we denote the coefficient at
2™ in Taylor series for g(z) by Cp(g(z)).

In 1963 Garsia and Lamperti [1] proved that under the condition

P(X >n)~ L(n)n™%, (1.1)
where L(z) is a slowly-varying function, the asymptotic formula

sinmo

L~ Y(n)n>1, (1.2)

Up ~
T
is valid, provided 1/2 < a < 1. The relation a,, ~ b, here and below indicates that
lim a,/b, = 1.

n—0o0

In 1968 Williamson [3] extended Garsia-Lamperti’s result to the case that X
belongs to the domain of attraction of a non-degenerate d - dimensional stable law
with characteristic exponent ¢, d/2 < o < min(d;2).

To prove (1.2) Garsia and Lamperti used the purely analytical method based
on analysis of behavior of the generating function f(z) on the unit circle. On the
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contrary, Williamson’s approach is probabilistic with the local limit theorem by
Rvacheva [4] as the starting point.

As to case 0 < a < 1/2, formula (1.2), generally speaking, is not true if we
restrict our selves to condition (1.1). Corresponding counter-example is given in
[3]. The point is that in the case 0 < a < 1/2 the existence of lacunas in the
sequence p,, influences on the behavior of u,,. Therefore, additional constraints are
necessary to provide the validity of (1.2). One such constraint was suggested by
De Bruijn and Erdos [2] before [1] appeared, namely,

Pn—1Pn+1 > pi, (13)

i.e. the sequence Inp, is convex. Williamson [3]| noticed that (1.2) remains true if
the sequence p,, does not increase beginning with some number n. This condition
is weaker than (1.3).

In the present work we use the condition

I(n)

DPn ™~ nlta

, 0<a<l, (1.4)

where the function [(x) is slowly varying. Notice that condition (1.1) with L(n) =
a~ti(n) follows from (1.4) (see Lemma 2.1 below). Condition (1.4) is discussed
in our previous paper [5], namely, it is shown therein that if above-mentioned
Williamson’s condition is fulfilled, then (1.4) hold.

Theorem 1.1. If condition (1.4) holds, then

P(X =n) N a?e(a)
P2(X >n) I(n)ni-o’

up ~ c(@) (1.5)

where ¢(a) = sinwa/ma.

The extreme case p, ~ n~'l(n) is studied in [5]. It turns out that under this
condition u, ~ P(X =n)/P%?(X >n). Since c(a) — 1 as o — 0, it implies that
representation
P(X =n)

P%(X >n)’
which is given in Theorem 1.1 is stable as & — 0. However, we can not say this
about the relation u, ~ o?c(a)/l(n)n=*.

In proving Theorem 1.1 we apply the same approach as in [5]. However, to
realize it was found more difficult in this case.

Up ~ c()

Remark. In [6] the renewal theorem is proved under condition that (1.1) holds and

pn < cP(X >n)n~!

using Williamson’s method. The proof is based on the following statement:
Assume that F(0) = 0 and (2.1) holds. Then for all n > 1,z large enough and
x>z

P{S, >z, M, <z} < {cz/z}m/z,
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where M, = max{Xy, Xs,..., X} and S,, = > X; (see Lemma 2 in [6]).
1

The author of [6] asserts that this lemma is an immediate consequence of the
inequality

P(S, > x) <Y P(X; > y,) + (eAf fay' )",

i=1

n
where S,, = ) X;, X, are independent random variables, y > maxuy;, A =
j=1 1

> {X§; X; >0}, 0<t <1 (see Corollary 1.5 in [7]).
j=1
If X; are i.i.d. equal to X by distribution, then

enE{X" X > 0})r/y

P(S, >x) <nP(X >y)+ ( v

If X <y, then
E{X") X >0} <y".

Consequently, in this case

X

z/y
P(S, > x) < (e”y> :

This inequality differs from the inequality stated in [6] by the presence of n in the
right-hand side. Thus, Lemma 2 of [6] does not follow from Corollary 1.5 of [7]),
and, therefore, the former can not be considered as being proved.

Let hy, = > n 'P(Sy = n).
k=0

Theorem 1.2. If condition (1.4) holds, then

«
2 (1.6)

Notice that h,, is the derivative of the measure v(A) := > hj with respect to
kecA
the counting measure. The measure v(A) is a particular case of so called harmonic

o0
renewal measure. Recall that that the measure v(-) = Y. n~1F,(-), where F}, is n-
1

th convolution of any distribution ' on R™ is said to be harmonic renewal measure
associated with F'. In our case the distribution F' is concentrated on the lattice
of non-negative integers.The harmonic renewal function is defined by the equality
H(z)=v([0,x)).

The next statement concerning the asymptotic behavior of H(n) as n — oo
follows from Theorem 1.2.

Corollary 1.3. If condition (1.4) holds, then
H(n) ~ alnn. (1.7)
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The asymptotic behavior of H(x) for x — oo is studied in [9, 10, 11, 12]. The
case that F attracts to a stable law is considered in [9], namely , it is proved therein
that under the condition 1 — F(x) ~ 2~ *L(x)

lim (H(z) —alnz+1InL(z)) = aC —1InT(1 — a),

r— 00

where C is the Euler constant, T'(-) is the gamma function. Of course, the last
assertion is sharper than (1.7). Formula (1.7) is presented by reason of simplicity
of proving.

2. Auxiliary results

Lemma 2.1. For any a >0

=ik [ )
];Lka—&-l N/ya+1dy' (2.1)

n

Proof. Put p(x) = I(x)/x*"L. Obviously,

It is easily seen that for every n <y <n+1

a+1
( n ) me W ) ]
n+1 n<y<n+1 [ ’/l) p(n) n<y<n+l l

—~|
<
~—
—~
o
w
~

In what follows we need Kamarata’s representation

o) =aen{ [ D) 221, 2

1

where lim e(u) =0, lim a(x)=a, 0 < a < co. Hence,
n—oo T—r00

Obviously,

lim  sup
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It follows from last two relations that

lim  sup

Combining (2.2), (2.3) and (2.5), we have

n+1
1
lim —— /pydyzl.
n
It is easily seen that
1 k+1 fp(y)dy 1 k+1

inf —
k>n k n
> p( ) 0 kz: p(k) k>n P

The conclusion of the Lemma follows from (2.6) and (2.7).

Lemma 2.2. For any a >0

[ 1) I(z)
dy ~ —=.
/ya+1 Y ar®

x

Proof. By using (2.4), we have

i) T lo(y)
/y"‘“dyw/ya“d‘y’

x T

where

ot —exp{ [ 22}

Integrating by parts, we conclude that

oo oo

ittt 2 e,
_ lz;i)(1 +o(1)) = “{2(1 +o(1)).

The desired result follows from (2.9) and (2.11).

/p(y)dyS = < sup ® /p(y)dy~

(2.5)

(2.6)

(2.8)

(2.10)

(2.11)
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Note that (2.8) can be deduced from the asymptotic formula

/ FOUt)dt ~ i(z) / F(t)dt

where o > 0, and f(¢)t", n > 0, is integrable (see [8], Theorem 2.6), but not
immediately. For this purpose one needs to make the change of variables y = xt

oo
in the integral [y~ *"'i(y)dy. On the other hand, the method which is used in

xr
proving Lemma 2.2 allows to obtain very easily the statement the above mentioned
Theorem 2.6 of [8].

Corollary 2.3. Under condition (1.4)
l(n)

P(X>n)~ . 2.12
(X2 n)~ 20 (212)
Proof. Evidently,
5 I(k)k—a—1
k) kg (k) - 1(k)
k20 ko py S = o ket ipy
- > Pk ="
k=n
Hence, by (2.7)
n)
X>TL ZpkNZka+1Nana’
k>n k>n
which was to be proved. O
Lemma 2.4. For any a < 1
k)
Z(—a) - (n) “n' e (2.13)
k=1
Proof. Let lo(x) be defined by (2.10). Since lo(x) ~ I(x),
Z (2.14)
k=1
Indeed,
> k%o (k)
1—5<k:2(8) <l+e
> kmel(k)

k=n(e)
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if n(g) is such that for z > n(e)

1— lo(l‘)

e < l(a:)

<l+4e.

It is easily seen that

s, 3 ket

k=n(e)
Therefore for sufficiently large n
> k%lo(k)
12 < =00 <14 2.
> k()
k=n(e)

Since € can be made as small as we wish, hence the validity of (2.14) follows. By
applying the Abel transform, we get

n k
Z —lo Zk:‘ +Zz0 —lp(k+1)) 57 (2.15)
k=1 7j=1

It is easily seen that

k+1
(
lo(k) —o(k+1)=1p(k)[ 1 —exp ——du
(1ew{ [ 55})
Hence
k41
llo(k) —o(k+1)| < lo(k)‘ / #du = o(lo(k)lfl). (2.16)
k
Further,

(2.17)

k=1
It follows from (2.16) and (2.17)
k n
Z(Zo( —lo(k +1)) ;g = (Z lo;?). (2.18)

Combining (2.15)—(2.17), we conclude that

i: lo(k)k™ ~ i‘)(n) nl-e. (2.19)
k=1

—

From (2.14) and (2.19) the result follows. O
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Corollary 2.5. Under conditions of Theorem 1.1

- l(’ﬂ) nlfa
kZﬂP (X > k) ~ia .

(2.20)

Proof. According to Corollary 2.3 for any € > 0 there exists n(e) such that for

n > n(e)
I(n)

an®

<1l+4e.

l-e<P(X > n)/
Hence,

1- E > 1 E -
e < P(X > k)/a o <l+e¢
n(e)<k<n n(e)<k<n

On the other hand, since

lim Z @:oo

n—oo
n(e)<k<n

for every € > 0,

n(e)<k<n

Therefore, for sufficiently large n

n n )

1-2 P(X > k —— <14 2e.

e<« Z (X > Z o + 2

k=1 k=1

Hence, since ¢ is arbitrary, it follows that

n n l k
> PX>k)~at %

k=1 k=1
To complete the proof it remains to apply Lemma 2.4.

Lemma 2.6. Under conditions of Theorem 1.1

1= f)~ -2 ().

where

S GeY i Y pwzeYraczh
k=1 n

(2.21)
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Proof. First of all,
- _1-7()
1—z
It is easily seen that
P(X > k) ~P(X > k).

Now, using Corollary 2.5 and the Abelian theorem (see, e.g. [13], Ch. XIII, section
5, Th. 5), we have

1_f(2) P(2—OZ) a—
11—z Na(l—oz)(liz) 'L -2)

=a Tl —a)(1 - z)alz(l i Z) =(1- z)("lL<1iz),

which is equivalent to the assertion of the Lemma. O

Lemma 2.7. Under conditions of Theorem 1.1

n a

D uk T(a+1)L(n)’

k=0

(2.22)
where L(x) is defined in Lemma 2.6.

.

Applying Lemma 2.6 and the Tauberian theorem (see ref. in the proof of Lemma
2.6), we obtain the desired result. O

Proof. Obviously,

The next assertion is borrowed from [5].

Lemma 2.8. The identity

n—1
N, = Z(n —k)pn— ku,(f) (2.23)
k=0

holds, where u, = > P(Sx =n), u (2) Z Up— U
k=0

Lemma 2.9. Under condition of Theorem 1.1 there exists the sequence 6,, such
that lim 6, =1 and
n—oo

217040” [eY
e)) "

< - . 2.24
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Proof. Tt is easily seen that

uﬁf) <2 g UpUp—f < 2 /r2n<%x< U g U
n n
0<k<n/2 == 0<k<n/2

To complete the proof it is sufficient to apply Lemma 2.7. O

Lemma 2.10. Under conditions of Theorem 1.1

2

— (2 n
N 2.95
>~ F D) 229

where L(x) is defined in Lemma 2.6.

Proof. Tt is easily seen that

o =0 Tp)

According to Lemma 2.6

(= FG) 7~ 1= 2 ().

Applying the Tauberian theorem (see ref. in the proof of Lemma 2.6), we get the
desired result. O

Lemma 2.11. Under conditions of Theorem 1.1 for every fired 0 < a <b <1

b
S Rk 0 — k)0 ~ 12 () / W21 )y, (2.26)

na<k<nb

Proof. First of all, notice that

lo(n) [ e(w)
In = [ —=du. (2.27)
/

lo(/ﬂ) u
Consequently,
. lo(n) ‘
lim su — 1 =0. 2.28
n—oo fLagkIS)nb lo (k) ( )

This implies that

S RE T = k)~ 0% (n) Y KT (k)

na<k<nb na<k<nb
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Hence it follows that

S RET -k ~ 1P ) Y KT (n— k)T

na<k<nb na<k<nb
Further,
k 2a—1 k —a
k2a71 . —a _ pa—1 - I
D D Dl ) I (-
na<k<nb na<k<nb
b
Nno‘/uza Y1 — )" *du.
a
The result follows from last two relations. O

3. The proof of Theorem 1.1

Let us write down formula (2.23) in the form

T D DI SR D (R et

0<k<yn a<k<(l—mn (1—nm)n<k<n (3.1)
= Zl + 22 + 23’
where 0 < 1 < 1. For any ¢ > 0, sufficiently large n, and k < v/n
Iln—k)
n—k < (1 —_— 3.2
Pk < ( +E)(n_\/ﬁ)a+1 (3.2)
If n — /n <k <mn, then
z r 1
liEZ; = exp { / E(uu)du} =1+o(nn—1In(n—+n)) =1+ o(ﬁ)
k
Consequently,
max  lo(k) ~ lp(n). (3.3)

n—y/n<k<n

It follows from (3.2) and (3.3) that

V7]
E = O<l(n) uff)).
1 n«
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By Lemma 2.10
[Zﬁ] u® = o (3.4)
g (V)
k=1
Thus,
1
> =175 ) (35)
i
Let us turn to estimating ) ,. It is easily seen that
-~ (2) l() (Tl — k) _
ZQ Z Up (TL _ k)a - 24' (36)
VA<k<(1—m)n
Applying Abel’s transformation, we have
3~ lo(n — v/n) S P
_ « k
S D SN .

in—k-1) ln—k\ < e
2 ((n—k—l)“ (n—k)“> 2,

Vr<k<(1—n)n j=lvn]

By Lemma 2.10

2) _ (2) _ (2  _(L=m*n*
2= 2wl ) w Y pga gy 6

Vr<k<(1-n)n k<(1—=n)n k<v/n
Further,
lo(k) lo(k+1) 1 1 lo(k) —lo(k +1)
- =1lk)| — — + .
ke (k+ 1) k> (k4 1)~ (k+ 1)
Obviously,
1 1 o

On the other hand,

(1)~ 1a(8) =t (2D 1)

(3.9)

(3.10)

(3.11)
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It follows from (3.9)—(3.11) that

ke () T e (3.12)

Combining (3.6)—(3.8) and (3.12), we obtain
k
(1 —n)**ly(n)n™ lo(n — k) (2)
>, 2o+ 1)L2(n) 2 (n— k)t Z i
Vn<k<L(1-n)n J=[vn]

_ (1 _ n)Qaana
T'(1 — a)L(2a + L)a(n)L(n)

lo(n — @) @ lo(n — k)
@ Z (n— k)e+t Zu ta Z j Z (n — k)ot1
VA<k<(1-n)n =0 VR<k<(1-m)n

(1 —n)**an®
T T(1 - )20+ Da( —a) e (3:13)

Here a(-) is a factor in Karamata’s representation (2.4) for I(x). In view of (3.4)

S

We now proceed to estimating ) .. By Lemma 2.10

Zs ~ (o) Z L_Q(k:)kzm(ff(_nk_)oé]?1 = c(w) 27, (3.15)

VA<k<(1-n)n

where ¢(a) = 1/T'(2a+ 1). Applying the Abel transformation, we have

_ lo(n — k)

2 2a, 2a 0

D~ L) —n)*n D =R+
VA<k<(1—n)n

k
- ) PR+ D(E+ 1) - k)k2%) Z a+1 (3.16)
VA< (1-n)n i2m

In the same way as (3.12) we deduce that
L72(k+1)(k +1)** — L72(k)k** ~ 2aL™2(k)k** 1.
Hence, denoting the second summand in (3.16) by > "¢, we obtain

k .
-2 2a—1 lo(n —
DT DI D DT

VA<k<(1-n)n j=[vm]
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k
~2alo(n) > LTRETT Y (n—j)Th (3.17)
Vr<k<(1—n)n Jj=[v/n]

It is not difficult to check that for /n <k < (1 —n)n

e Z n—3) " t=m-k)"*=n"*+o(n).

=l
Consequently,
284—271_“ S LTRE T ~200(n) Y LTA(R)EP T (n— k)T (3.18)
VR<k<(1-n)n fﬁké(l nn

We need the identity

> :( oo+ > >L‘2(k:)k:2a_1(n—k)_°‘

Vn<k<(1-n)n vn<k<en en<k<(l-m)n (3.19)
= 29 + 210 ’
It is easily seen that
—a. —«a -2 2a—1
29<(1—s) n > LR
vn<k<en
By using Lemma 2.4, we obtain that
2«
L—2 k k2a—1 ~ (En) .
2 LR~ s
vn<k<en
Therefore, for sufficiently large n
EQozna
1log)y o=~ 3.20
On the other hand, by Lemma 2.11
1-n
Zm ~ L*Q(n)na/ w1 — w) " %du. (3.21)

It follows from (3.18) — (3.21) that

1-n

(1—n)*n” 2a%n® / 2a—1
~ o ~%du. .22
ZS + al?(n) 2(1-a) “ “ (3:22)
0
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Combining (3.15), (3.16), (3.18) and (3.22) we obtain

(1 —n)>*an® 202nc
25 - F(l - a)F(Qa + 1)L(n) N F2(1 — Q)F(Qa + 1>l<n)1(77), (323)

1-n

where I(n) = [ w?**~!(1—a)~*du. Finally, it follows from (3.13), (3.14) and (3.23)
0

that

203n®
2™ P a)ra T DI ™" (3:24)

We now turn to estimating ), . Evidently,

(2) ok
23 < (1—71;])[132(1@@ Uk Z (n — k)pn—k-

(1=n)n<k<n

By Lemma 2.4

[nn] /.
S n—k)pak~ Y @ ~ M(nn)l—a.

(1—mn<k<n AN ke
On the other hand, in view of (2.24)

l—a,«
max 'U,(z) 2 " ak
(I—-m)n<k<n k

I(a+1) (1-mmnek<n L(k) (—mnia<j<n

As a result we obtain that

_ l1-a .
>, =)@ max ;. (3.25)
where
— ] <1, 6=-—1"
V) = Fa T T ey —ay (O Stmswp b sl 0=

Notice that )
o 1 _ sinTa

Tla+1)I(1—-a) DaT(l-a) «
( see [14], formula 8.334, 3). Consequently,

¥(n) = %bn- (3.26)

It follows from (3.1), (3.5), (3.24) and (3.25) that

Up = p(n) + (277)1_“1/)(11) max uj, (3.27)

sn<j<n
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where
20a,n*"1I(n)

1—a)l(2a+1)i(n)’

Let us fix 0 < & < 1/2. Let n be such that (2n)!~® < e. Chose N so that 9(n) < 1
for n > N. Let ny be the value of k for which s H<1%}<( uy is attained. In particular,

a, ~ 1.

p(n) = T2

it may be that n; = n. In this case u, < ¢(n)/(1—¢). If N < ny < n, then

Up, < p(n1)+¢e max wu;
m < p(m) Sni<j<ni

and consequently

uy, < p(n) +ep(ni) +e°  max  uj. (3.28)

on1<j<ny

If 5, X Uy = Uy then u,, < ¢(n1)/(1 — ¢€). Substituting this bound in (3.28),
nixjsni

we have
&2
]_ _

If max w; is attained for N < j < ny, then, similarly, the following inequality
on1<j<ng

is deduced

un < p(n) +ep(ng) + Ew(n1)~

63

up < @(n) +ep(n1) + 52@(n2) + max —uj

1 — € 6na<j<ns
and so forth.
There exist two possibilities: either for some ny > N

max U; = Uy,
snp<j<n. ’ k

or for some k = kg the inequality ny < N is fulfilled. Consider the first case. First
of all, notice that nj, > 6*n. Using Karamata’s representation (2.4) for I(n), we

obtain . ana(n) { n l—a ng(u)
- () e )

nj

Evidently,

/ns(u)du

nj

< sup \5(u)|lnﬁ < —jyInd, v = sup |e(u)|.
n;<un n;g u>N

Consequently, there exists €y such that for ¢ < gq

el p(n;) < el p(n) exp {jfyan} <&ll?,
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As a result we get that for € < g

N et SR o(n)
J . J P
Un <;a plng) + T—(ni) < <;)a - 16)(,0(71) < om (329)

In the second case the recursion stops for k = ko = min{k : ny, < N}. As a result
we arrive at the bound
ko—1

w(n) c max ug. (3.30)

tn < 1751/2+ 1—¢ k>0

Since nj > 0*n, ko > logs % It implies that e < exp{—2~'lnelogsn} for
n > N2. Consequently, for sufficiently small &

eko = o(n=2) = o(p(n)). (3.31)
It follows from (3.30) and (3.31) that u,, < 2¢p(n) for n > N? if ¢ sufficiently small.
Returning to (3.27) we conclude that for sufficiently large n

0 < I(n)n'~%u, — anci(a)l(n) < 2en'~“I(n) 5;23%"90(@’

where c¢;(a) = 202 /T?(1 — a)['(2a + 1). It is easily seen that

limsupn'~1(n) max (k) <5 tey(a)I(n).

n— oo on

It follows from two latter relations that

lim 1(n)n'~%u, = c1(a)I(0). (3.32)

n—oo

It remains to calculate ¢;(a)I(0). Obviously,

1(0) = B(2a,1 — ) = w

I'l+ o)
Consequently,
2037 (2a) a asinTo
1(0) = = = . 3.33
l@0) = Fr = r@a+ DI +a) ~ (= a)T(a) - (3:33)
It follows from (3.32) and (3.33) that
lim I(n)n'~%u, = asmme
n—00 m
On the other hand, by (2.12)
P(X =n) a?

P2(X >n) I(n)nt—o’
Hence,
sinma P(X =n) asin o
ra P2(X >n) wl(n)nt—@
which was to be proved.

~ UTH
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4. The proof of Theorem 1.2

According to definition

hp = Cn(=Tn (1 = f(2)))-

Hence,
f'(z) )
nhy, =Cp| ——+= ).
<1 — /)
Consequently,
1 n
== (k+ 1)prr1tin_i. (4.1)
" =0

Applying Theorem 1.1, we have

Z (k + D)pr1un—k ~ e Z (k+1)"%(n—k)*"

T
en<k<(l—e)n en<k<(l—e)n
. 175 .
~ SERT / w1 —u)* tdu= LT (e, (4.2)
™ ™

g

On the other hand, applying Lemmas 2.4 and 2.7, we have

11—«
o €
llgsolip Z (k4 Dprgrtn—r < (1—a)<1 — 6) (4.3)
0<k<en
and
, 1/ ¢ \“
lim sup Z (k4 Dprr1tn—g < — ( ) . (4.4)
n—o00 1—¢
(1—e)n<k<n
It follows from (4.2)—(4.4) that
. - sin Ta
nl;rrgo Z(k + Dppp1tn—r = « 1(0). (4.5)
k=0
Obviously,
T
1(0)=B 1-— =T'(a)I'(1 — = . 4.6
(0) = Bla1 ) = T(@)F(1 — o) = " (4.6

Combining (4.1), (4.5), (4.6), we obtain that

«
hn’\’gv

which was to be proved.



Renewal theorems in the case of attraction to the stable law . .. 191

Acknowledgments. I thank the referee for helpful remarks.

References

(1]
2]
3l
[4]

(5]
(6]

17
8]
9]

[10]

1]

12]

113]

[14]

Garsia A., Lamperti J. A discrete renewal theorem with infinite mean. — Commentarii
Mathematici Helvetici. 1963, 37, 221-234.

De Bruijn N.G., Erdos P. On a recursion formula and some Tauberian theorems. —
J.Res.Nat.Bur. Stand., 1953, 50, 161-164.

Williamson J.A. Random walks and Riesz kernels. — Pac. J. Math., 1968, 25, No 2,
393-415.

Rvacheva E.L. On domains of attraction of multi - dimensional distributions. — Se-
lected Translations in Mathematical Statistics and Probability, 1962, 183-203. L’vov
Gos. Univ. Uch. Zap. 29, Ser. Meh.— Mat., 1954, 6, No 29, p.5-44.

Nagaev S.V. Renewal theorem in the absence of power moments. — Teor. Veroyatn.
i Primen., 2011, 56, No 1, 188-197.

Doney R.A. One-sided local large deviation and renewal theorems in the case of
infinite mean. Probab. Theory Related Fields. —Springer-Verlag, 1997, 107, 1997,
451-465.

Nagaev S.V. Large deviations of sums of independent random variables. — Ann. Prob.,
1979, 7, No 5, 745-789.

Seneta E. Regularly varying functions. — Lecture Notes in Mathematics 508, Springer
Verlag Berlin Heidelberg - New York, 1976.

Greenwood P., Omey 1., J.L. Teugels J. L. Harmonic renewal measures.— Z. Warsch.
Verw. Gebiete, 1982, 59, 391-409.

Grubel R.J. On harmonic renewal measures. — Probab. Theory Rel. Fields, 1986, 71,
393-403.

Grubel R.J. Harmonic renewal sequences and the first positive sum. — J. London
Math. Soc. 1988, 38, No 2, 179-192.

Stam A.J. Some theorems on harmonic renewal measures. — Stochastic processes and
their Appl., 1991, 39, 277285

Feller W. An Introduction to Probability Theory and Applications. — John Wiley
and Sons, New York, London, Sydney, Toronto, 1971, 2, 752p.

Gradshtein 1., Ryzhik I.M. Tables of integrals, sums and products.— Fiz.Mat.Giz.,
Moscow, 1962, 1100 p.



