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Abstract
The problem studied in this paper is related to the Harmonicity of sections
from a Riemannian manifold (M, g) into its tangent bundle of order two T2 M
equipped with the Diagonal metric g©. First we introduce a connection on
['(T?M) and we investigate the geometry and the harmonicity of sections as
maps from (M, g) to (T*M, g°).
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1. Introduction

Consider a smooth map ¢ : (M™, g) — (N, h) between two Riemannian manifolds,
then the energy functional is defined by

=5 | laofan, (1)

(or over any compact subset K C M).
A map is called harmonic if it is a critical point of the energy functional E (or
E(K) for all compact subsets K C M). For any smooth variation {¢},.; of ¢ with

¢o=¢ and V = L
t

, we have
=0

d
%E(Cbt)

. —/h(T (), V) dv,, (1.2)

M

t=0

*The authors would like to thank the referee for his useful remarks.
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where

T(¢) = trace,Vdo (1.3)
is the tension field of ¢. Then we have

Theorem 1.1. A smooth map ¢ : (M™, g) — (N", h) is harmonic if and only if
7(¢) = 0. (1.4)

If (%) 1<i<m and (y®)1<a<n denote local coordinates on M and N respectively,
then equation (1.4) takes the form

o 097 097
BY §gi O

o) = (804905, 550 ) —0. 12a < (15)

where A¢p® = \/» 2 ( lglg® gﬁj) is the Laplace operator on (M™, g) and Nl"‘éﬂY

are the Christoffel symbols on N. One can refer to [1, 4, 6, 7, 8, 9] for background
on harmonic maps.

2. Some results on horizontal and vertical lifts

Let (M, g) be an n-dimensional Riemannian manifold and (T'M, 7, M) be its tan-
gent bundle. A local chart ‘
(U,2")i=1..n

on M induces a local chart (7' (U),z",97); j=1,..n on TM. Denote by Fk the
Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on T'M, the vertical distribution V and
the horizontal distribution H, defined by:

V(x’u) = Ker(dﬂ(x,u))

_{ ‘(acu)v aiGR}

7 a a 1
H(x,u) = {(1 %‘(x,u) a’ ’LL F”a T |(:c,u)§ a € R},

where (x,u) € TM, such that T(, ) TM = H(zu) © Viz,u)-
Let X = X 6‘; be a local vector field on M. The vertical and the horizontal lifts
of X are defined by

9
XV =X'"— 2.1
By (2.1)
5 9 d
i _ i _ ] k
X7 =X — =X {axi ”a —1 (2.2)

a)H_J (i)v—iand(é; 9

ozt — bz

For consequences, we have (
a local frame on T'M.
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Remark 2.1.

: i 0
Lifw=w'5=

defined by

+w! 8%3- € T(z,u)T'M, then its horizontal and vertical parts are

.0 0
wh:wzaxl _wUJFZ@ 7 € Hizu)

0
—{w +w u]F”}(9 = € Ve w)

u —'U/Ziyz

- 0
H % k
u _u{ami_yj z]a k}

Proposition 2.2 (see [10]). Let F € T)(M) be a tensor of type (1,p) (respectively,
G € T)(M) a tensor of type (0,p)), then there exist a tensor v(F) € T, (TM)
(respectively, ¥(G) € T)_(T'M)), localy defined by

9]
YF) = Fyyp,. hp y™ e ®dz" @ @ da" (2.3)

NG) = Ghynyonyyrda" @ - @ dal (2.4)
where F' = Ffllp% Rdz" ®---®dzt and G = Gil,,,ipdxil ® - ®dx'r.

Definition 2.3. The Sasaki metric ¢g° on the tangent bundle TM of M is given
by

1. g5(XH YH)

2. ¢*(XH,YV)

3. ¢*(XV,YV)=g(X,Y)on
for all vector fields X, Y € T'(TM).

g(X,Y)orm
0

In the general case, Sasaki metrics is considered in [2, 5, 7, 10].

Proposition 2.4 (see [6]). A vector fields X : (M, g) — (TM, g°) is harmonic iff
> Xk =0, ZRZUXJ = 0.
i=1

where XF (resp XF %) are the components of the first (resp second) covariant differ-
ential of the vector field X.

From Proposition 2.4 we deduce
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Proposition 2.5. If X : (M, g) — (TM, g®) is a harmonic vector field, then

trace,V2X = 0, trace, R(X, V. X)* = 0.

Let M be an n-dimensional manifold. The tangent bundle of order 2 is the
natural bundle of 2-jets of differentiable curves, defined by:

T2M = {jg’y ;v :Rg— M, is a smooth curve at 0 € R}
mo: T?°M — M
joy — ~(0)

A local chart (U, z%);—1.., on M induces a local chart (75 (U), %, 4, 2")i=1..n
on T2 M by the following formulae

' ="(0)

y'=57'(0)
2 .

2= gz7'(0)

Proposition 2.6. Let M, be an n-dimensional manifold, then TM is sub-bundle
of T>M, and the map

i:TM —T*M
jof=4air (2.5)

is an injective homomorphism of a natural bundles (not of vector bundles), where

ﬁ:/fi(s)ds—tfi(0)+fi(0) i=1...n.
0

Proof. Locally if (U, %) is a chart on M and (U,z%,y%) and (U, %, %, 2%) are the
induced chart on TM and T?M respectivelly, then we have i : (z¢, y?) — (2%,0,9%),
it follows that ¢ is an injective homomorphism. Remains to show that 7 is well
defined.

Let (U, ) and (V,4)) are a charts on M, for any vector ji f € TM, if we denote

Ft) = o7 \( / oo F(s)ds — tp o £(0) + g o £(0))

Fity = / o f(s)ds — t o £(0) + o £(0))

then we obtain

po f(0) =¢po f(0)
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= o f(0)
4igo =0

S
L o N0 = L0 n(0)

= o D)

which proves that j2 f= jgf.

Theorem 2.7. Let (M,g) be a Riemannian manifold and ¥V be the Levi-Civita
connection. If TM @& TM denotes the Whitney sum, then

S:T°M —TM &TM
767 = (7(0), (V4(0)%)(0)) (2.6)
s a diffeomorphism of natural bundles.

In the induced coordinate, we have
S:(aty',2) (@Y 2 YY) (2.7)

In the more general case, the difeomorphism S is considered in [3].

Remark 2.8. The diffeomorphism S determines a vector bundle structure on T2M,
for which S be an isomorphism of vector bundles, and i : TM — T2?M is an
injective homomorphism of vector bundles.

Definition 2.9. Let (M,g) be a Riemannian manifold and 7%M be its tangent
bundle of order 2 endowed with the vectorial structure induced by the diffeomor-
phism S. For any section o € I'(T?M), we define two vector fields on M by:

X, =PioSoco

Y, =P0S00 (2.8)

where P, and P, denotes the first and the second projection from TM & T M on
TM.

Remark 2.10. We can easily verify that for all sections o, € T'(T?M) and a € R,
we have

ono’-‘rw =aX, + X5
Yao+w - aYo’ + Yw

From the Remarks 2.8 and 2.10 we can define a connection on I'(T?M).
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Definition 2.11. Let (M, g) be a Riemannian manifold and 72M be its tangent
bundle of order 2 endowed with the vectorial structure induced by the diffeomor-
phism S. We define a connection on I'(T?M) by:

V :T(TM) x T(T>M) — I(T*M)
(Z,0) > Vzo=5"((VzX,,VYs,)) (2.9)
where V is the Levi-Civita connection on M.
From formula 2.7 and Definition 2.9 , it follows

Proposition 2.12. If (U,z%) is a chart on M and (¢*,5") are the components of
section o € T(T?*M) then

.0
X, =0"'—

Uaxz
Y_—k ijl—\k 0
o= (0" +o'o ij)w

From Theorem 2.7 and Remark 2.10 we have

Proposition 2.13. Let (M, g) be a Riemannian manifold and T>M be its tangent
bundle of order 2, then

J:T(TM) — T (T?M)
Z =8"42,0) (2.10)
is an injective homomorphism of vector bundles.
Locally if (U, x%) is a chart on M and (U, z¢, y%) and (U, x%, 3%, 2%) are the induced
chart on TM and T?M respectivelly, then we have
I (@' y') e (@ g —y 'y ) (2.11)
Definition 2.14. Let (M, g) be a Riemannian manifold and X € T'(TM) be a
vector field on M. For A = 0,1,2, the M\-lift of X to T2M is defined by
X0 =51 (x" xH)
X' =51(xY,0)
X% =5;10,x") (2.12)
In the more general case, the A-lift is considered in [3].

Theorem 2.15 (see [3]). Let (M,g) be a Riemannian manifold and R its tensor
curvature, then for all vector fields X, Y € T(TM) and p € T>*M we have

1 (X0, = [X,Y]) = (R(X,Y)u)' — (R(X,Y)w)?
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2. [X9 Y] = (VxY)!
3. [XLYI]=0.
where (u,w) = S(p) and i,j =1,2.

Definition 2.16. Let (M, g) be a Riemannian manifold. For any section o €
[(T?M) we define the vertical lift of o to T>M by

oV =S Y XY, YY) e D(T(T? M)). (2.13)

Remark 2.17. From Definition 2.9 and the formulae (2.5), (2.10), (2.12) and (2.13),
for all 0 € T(T?M) and Z € I'(T M), we obtain

e oV = X14Y2

(V20) = (V2 Xo)' + (V2 Y,)?
o« Z' = J(2)V

o 7% = i(Z)V

3. Metric diagonal and harmonicity

Using Definition 2.3 and formula (2.12), we have

Theorem 3.1. Let (M, g) be a Riemannian manifold and TM its tangent bundle
equipped with the Sasakian metric g°, then

9" =519
is the only metric that satisfies the following formulae
g (X YT) =6 - g(X,Y) oo (3.1)
for all vector fields X, Y €e I'(TM) and i,5 =0,...,2, where g is the metric defined
by
G YT = (XY
bed YV) g, YV)
FXY, YY) = g (XY, YY),
gP is called the diagonal lift of g to T2M.

Theorem 3.2. Let (M,g) be a Riemannian manifold and V be the Levi-Civita
connection of the tangent bundle of order two T?>M equipped with the diagonal
metric g©. Then
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1. (VxoY?), = (VxY)° = J(R(X,Y)u)' = J(R(X,Y)w)?,
2. (VxoY), = (VxY)' + L(R(u,Y)X)°,

3. (Vxo¥?), = (VxY)? + 5 (R(w,Y)X)°,

4o (VxiY0), = 3(Ra(u, X)Y)),

5. (Vx2Y), = 5(Ro(w, X)Y))",

6. (VxiY7),=0

for all vector fields X,Y € T(TM) and p € T(T?M), where i,7 = 1,2 and (u,w) =
S(p)-

The proof of theorem 3.2 follows directly from Theorem 3.1 and the Kozul
formula.

Lemma 3.3. Let (M,g) be a Riemannian manifold and (T M, g°) be the tangent
bundle equipped with the Sasaki metric. If X, Y € T'(T'M) are a vector fields and
(x,u) € TM such that X, = u, then we have

do X (V2) = Y )+ (Vy X) (-

Proof. Let (U,x%) be a local chart on M in z € M and (7—1(U),z%,y7) be the

induced chart on TM, if X, = Xi(x)% - and Y, = Yi(x)% «, then

9 .

oxX*k 0
O (x)afyk\(z,xz),

thus the horizontal part is given by

, 0 , . 0
h % % k
(X (¥ = ¥i(@) gl e = V@)X @D @) 5l
_vH
- }/(:v,XI)
and the vertical part is given by
v % 8Xk i j 0
(X (¥)" = Y (@) o (@) + Y @)X @ @) 5

Lemma 3.4. Let (M, g) be a Riemannian manifold and (T>M, gP) be the tangent
bundle equipped with the diagonal metric. If Z € T(TM) and o € T'(T?>M) , then
we have

dy0(Z;) = 20+ (Vzo)V. (3.2)

where p = o(x).
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Proof. Using Lemma 3.3, we obtain
dpo(Z) = dS™H(dX,(Z),dY,(Z))sp)
= dSil(Zhv Zh)S(p) + dsil((VZXﬂ)va (VZYG)U)S(p)
= Zg + (ﬁzd)g

Lemma 3.5. Let (M, g) be a Riemannian n-dimensional manifold and (T?M, g7)
be its tangent bundle of order two equipped with the diagonal metric and let o €
[(T?M). Then the energy density associated with o is

n

Lo 12
e(o) 5 +§||VJH .

where |[Vo|? = trace,g(VX,, VX,) + trace,g(VYy, VY,).

Proof. Let (eyq,...,ey,) be alocal orthonormal frame on M, then

e(0) = ;Zg%a(ei),da(ei))

Using formula 3.2 and Remark 2.17, we obtain

n
~

S ) 4 53 P (Vo) (o))
i=1

i=1

o3I NI

1 ~

Theorem 3.6. Let (M, g) be a Riemannian manifold and (T?M, gP) be its tangent
bundle of order two equipped with the diagonal metric. Then the tension field
associated with o € T(T?M) is

7(0) = (trace,V20)V + (trace,{ R(X,, Vi Xo) % +R(Y,, V. Y,)5})0.  (3.3)

Proof. Let x € M and {e;}}_; be a local orthonormal frame on M such that
Ve,e; =0, then

n

7(0)e = Y (Vao(en)do(€i))o(a)
1

%

Il

e9+(Ve, 0 ; Aeia
[v - )V(e (Y )V)L(x)

=1
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From Theorem 3.2, we obtain

T(U)Z = Z {ve?e? + Ve? (veiXU)l + ve? (VEiYU)2 + V(Vel.Xg)leg'J
=1

+ V(Veiya)*ze?}

o(x)

-

(VGiVQiXU)i'(m) + (Veiveiyo)?r(a:) + (Ra(Xo(2), veiXa)ei)O

i=1

+ (R (Yo(@). Ve Yo)er) |

Theorem 3.7. Let (M, g) be a Riemannian manifold and (T?M, g) be its tangent
bundle of order two equipped with the diagonal metric. A section o : M — T?M s
harmonic if and only the following conditions are verified

trace,(V2X,) = 0,
trace, (V2Y,) = 0,
trace,{ R(Xs, ViX,) * +R(Y,, V.Y, )%} = 0.

From Proposition 2.5 and Theorem 3.7 we obtain

Corollary 3.8. Let (M, g) be a Riemannian manifold and (T*M, gP) be its tangent
bundle of order two equipped with the diagonal metric. If o : M — T?M is a section
such that X, and Y, are harmonic vector fields, then o is harmonic.

Corollary 3.9. Let (M, g) be a Riemannian manifold and (T?M, gP) be its tangent
bundle of order two equipped with the diagonal metric. If o : M — T?M is a section
such that X, and Y, are parallel, then o is harmonic.

Theorem 3.10. Let (M, g) be a Riemannian compact manifold and (T?M, g") be
its tangent bundle of order two equipped with the diagonal metric. Then o : M —
T?M is a harmonic section if and only if o is parallel (i.e Vo = 0).

Proof. 1If o is parallel, from Corollary 3.9, we deduce that o is harmonic. Inversely.
Let oy be a compactly supported variation of o defined by o, = (1 + t)o. From

Lemma 3.5 we have )
n t+1 -~
elo) = 2+ T 902

If o is a critical point of the energy functional we have :

Hence @o =0.
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