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Abstract
The problem studied in this paper is related to the Harmonicity of sections

from a Riemannian manifold (M, g) into its tangent bundle of order two T 2M
equipped with the Diagonal metric gD. First we introduce a connection on
Γ(T 2M) and we investigate the geometry and the harmonicity of sections as
maps from (M, g) to (T 2M, gD).
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1. Introduction

Consider a smooth map φ : (Mm, g)→ (Nn, h) between two Riemannian manifolds,
then the energy functional is defined by

E(φ) =
1
2

∫
M

|dφ|2dvg (1.1)

(or over any compact subset K ⊂M).
A map is called harmonic if it is a critical point of the energy functional E (or

E(K) for all compact subsets K ⊂M). For any smooth variation {φ}t∈I of φ with

φ0 = φ and V = dφt
dt

∣∣∣
t=0

, we have

d

dt
E (φt)

∣∣∣∣
t=0

= −
∫
M

h (τ (φ) , V ) dvg, (1.2)

∗The authors would like to thank the referee for his useful remarks.
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where
τ(φ) = traceg∇dφ (1.3)

is the tension field of φ. Then we have

Theorem 1.1. A smooth map φ : (Mm, g)→ (Nn, h) is harmonic if and only if

τ(φ) = 0. (1.4)

If (xi)1≤i≤m and (yα)1≤α≤n denote local coordinates on M and N respectively,
then equation (1.4) takes the form

τ(φ)α =
(

∆φα + gijNΓαβγ
∂φβ

∂xi
∂φγ

∂xj

)
= 0, 1 ≤ α ≤ n, (1.5)

where ∆φα = 1√
|g|

∂
∂xi

(√
|g|gij ∂φ

α

∂xj

)
is the Laplace operator on (Mm, g) and NΓαβγ

are the Christoffel symbols on N . One can refer to [1, 4, 6, 7, 8, 9] for background
on harmonic maps.

2. Some results on horizontal and vertical lifts

Let (M, g) be an n-dimensional Riemannian manifold and (TM, π,M) be its tan-
gent bundle. A local chart

(U, xi)i=1...n

on M induces a local chart (π−1(U), xi, yj)i,j=1,...,n on TM . Denote by Γkij the
Christoffel symbols of g and by ∇ the Levi-Civita connection of g.
We have two complementary distributions on TM , the vertical distribution V and
the horizontal distribution H, defined by:

V(x,u) = Ker(dπ(x,u))

= {ai ∂
∂yi
|(x,u); ai ∈ R}

H(x,u) = {ai ∂
∂xi
|(x,u) − aiujΓkij

∂

∂yk
|(x,u); ai ∈ R},

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).
Let X = Xi ∂

∂xi be a local vector field on M . The vertical and the horizontal lifts
of X are defined by

XV = Xi ∂

∂yi
(2.1)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓkij

∂

∂yk
} (2.2)

For consequences, we have ( ∂
∂xi )

H = δ
δxi , ( ∂

∂xi )
V = ∂

∂yi and ( δ
δxi ,

∂
∂yj )i,j=1,...,n

a local frame on TM .
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Remark 2.1.

1. if w = wi ∂
∂xi + wj ∂

∂yj ∈ T(x,u)TM , then its horizontal and vertical parts are
defined by

wh = wi
∂

∂xi
− wiujΓkij

∂

∂yk
∈ H(x,u)

wv = {wk + wiujΓkij}
∂

∂yk
∈ V(x,u)

2. if u = ui ∂
∂xi ∈ TxM then its vertical and horizontal lifts are defined by

uV = ui
∂

∂yi

uH = ui{ ∂

∂xi
− yjΓkij

∂

∂yk
}.

Proposition 2.2 (see [10]). Let F ∈ T1
p(M) be a tensor of type (1,p) (respectively,

G ∈ T0
p(M) a tensor of type (0,p)), then there exist a tensor γ(F ) ∈ T1

p−1(TM)
(respectively, γ(G) ∈ T0

p−1(TM)), localy defined by

γ(F ) = F kh1h2...hpy
h1

∂

∂yk
⊗ dxh2 ⊗ · · · ⊗ dxhp (2.3)

γ(G) = Gh1h2...hpy
h1dxh2 ⊗ · · · ⊗ dxhp (2.4)

where F = F ji1...ip
∂
∂xj ⊗ dx

i1 ⊗ · · · ⊗ dxip and G = Gi1...ipdx
i1 ⊗ · · · ⊗ dxip .

Definition 2.3. The Sasaki metric gs on the tangent bundle TM of M is given
by

1. gs(XH , Y H) = g(X,Y ) ◦ π

2. gs(XH , Y V ) = 0

3. gs(XV , Y V ) = g(X,Y ) ◦ π

for all vector fields X,Y ∈ Γ(TM).

In the general case, Sasaki metrics is considered in [2, 5, 7, 10].

Proposition 2.4 (see [6]). A vector fields X : (M, g)→ (TM, gs) is harmonic iff∑
i=1

Xk
ii = 0,

∑
i=1

RkiljX
j
i = 0.

where Xk
i (resp Xk

ij) are the components of the first (resp second) covariant differ-
ential of the vector field X.

From Proposition 2.4 we deduce
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Proposition 2.5. If X : (M, g)→ (TM, gs) is a harmonic vector field, then

traceg∇2X = 0, tracegR(X,∇∗X)∗ = 0.

Let M be an n-dimensional manifold. The tangent bundle of order 2 is the
natural bundle of 2-jets of differentiable curves, defined by:

T 2M = {j20γ ; γ : R0 →M, is a smooth curve at 0 ∈ R}
π2 : T 2M →M

j20γ 7→ γ(0)

A local chart (U, xi)i=1...n on M induces a local chart (π−1
2 (U), xi, yi, zi)i=1...n

on T 2M by the following formulae

xi = γi(0).

yi = d
dtγ

i(0).

zi = d2

dt2 γ
i(0).

Proposition 2.6. Let M, be an n-dimensional manifold, then TM is sub-bundle
of T 2M , and the map

i : TM → T 2M

j10f = j20 f̃ (2.5)

is an injective homomorphism of a natural bundles (not of vector bundles), where

f̃ i =
∫ t

0

f i(s)ds− tf i(0) + f i(0) i = 1 . . . n.

Proof. Locally if (U, xi) is a chart on M and (U, xi, yi) and (U, xi, yi, zi) are the
induced chart on TM and T 2M respectivelly, then we have i : (xi, yi) 7→ (xi, 0, yi),
it follows that i is an injective homomorphism. Remains to show that i is well
defined.
Let (U,ϕ) and (V, ψ) are a charts on M, for any vector j10f ∈ TM , if we denote

f̃(t) = ϕ−1(
∫ t

0

ϕ ◦ f(s)ds− tϕ ◦ f(0) + ϕ ◦ f(0))

f̂(t) = ψ−1(
∫ t

0

ψ ◦ f(s)ds− tψ ◦ f(0) + ψ ◦ f(0))

then we obtain

ϕ ◦ f̃(0) = ϕ ◦ f(0)
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= ϕ ◦ f̂(0)
d

dt
(ϕ ◦ f̃)(0) = 0

=
d

dt
(ϕ ◦ f̂)(0)

d2

dt2
(ϕ ◦ f̃)(0) =

d

dt
(ϕ ◦ f)(0)

=
d2

dt2
(ϕ ◦ f̂)(0)

which proves that j20 f̃ = j20 f̂ .

Theorem 2.7. Let (M, g) be a Riemannian manifold and ∇ be the Levi-Civita
connection. If TM ⊕ TM denotes the Whitney sum, then

S : T 2M → TM ⊕ TM
j20γ 7→ (γ̇(0), (∇γ̇(0)γ̇)(0)) (2.6)

is a diffeomorphism of natural bundles.

In the induced coordinate, we have

S : (xi, yi, zi) 7→ (xi, yi, zi + yjykΓijk) (2.7)

In the more general case, the difeomorphism S is considered in [3].
Remark 2.8. The diffeomorphism S determines a vector bundle structure on T 2M ,
for which S be an isomorphism of vector bundles, and i : TM → T 2M is an
injective homomorphism of vector bundles.

Definition 2.9. Let (M, g) be a Riemannian manifold and T 2M be its tangent
bundle of order 2 endowed with the vectorial structure induced by the diffeomor-
phism S. For any section σ ∈ Γ(T 2M), we define two vector fields on M by:

Xσ = P1 ◦ S ◦ σ
Yσ = P2 ◦ S ◦ σ (2.8)

where P1 and P2 denotes the first and the second projection from TM ⊕ TM on
TM .

Remark 2.10. We can easily verify that for all sections σ,$ ∈ Γ(T 2M) and α ∈ R,
we have

Xασ+$ = αXσ +X$

Yασ+$ = αYσ + Y$

From the Remarks 2.8 and 2.10 we can define a connection on Γ(T 2M).
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Definition 2.11. Let (M, g) be a Riemannian manifold and T 2M be its tangent
bundle of order 2 endowed with the vectorial structure induced by the diffeomor-
phism S. We define a connection on Γ(T 2M) by:

∇̂ : Γ(TM)× Γ(T 2M)→ Γ(T 2M)

(Z, σ) 7→ ∇̂Zσ = S−1((∇ZXσ,∇ZYσ)) (2.9)

where ∇ is the Levi-Civita connection on M .

From formula 2.7 and Definition 2.9 , it follows

Proposition 2.12. If (U, xi) is a chart on M and (σi, σi) are the components of
section σ ∈ Γ(T 2M) then

Xσ = σi
∂

∂xi

Yσ = (σk + σiσjΓkij)
∂

∂xk

From Theorem 2.7 and Remark 2.10 we have

Proposition 2.13. Let (M, g) be a Riemannian manifold and T 2M be its tangent
bundle of order 2, then

J : Γ(TM)→ Γ(T 2M)

Z = S−1(Z, 0) (2.10)

is an injective homomorphism of vector bundles.

Locally if (U, xi) is a chart onM and (U, xi, yi) and (U, xi, yi, zi) are the induced
chart on TM and T 2M respectivelly, then we have

J : (xi, yi) 7→ (xi, yi,−yjykΓijk) (2.11)

Definition 2.14. Let (M, g) be a Riemannian manifold and X ∈ Γ(TM) be a
vector field on M . For λ = 0, 1, 2, the λ-lift of X to T 2M is defined by

X0 = S−1
∗ (XH , XH)

X1 = S−1
∗ (XV , 0)

X2 = S−1
∗ (0, XV ) (2.12)

In the more general case, the λ-lift is considered in [3].

Theorem 2.15 (see [3]). Let (M, g) be a Riemannian manifold and R its tensor
curvature, then for all vector fields X,Y ∈ Γ(TM) and p ∈ T 2M we have

1. [X0, Y 0]p = [X,Y ]0p − (R(X,Y )u)1 − (R(X,Y )w)2
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2. [X0, Y i] = (∇XY )i

3. [Xi, Y j ] = 0.

where (u,w) = S(p) and i, j = 1, 2.

Definition 2.16. Let (M, g) be a Riemannian manifold. For any section σ ∈
Γ(T 2M) we define the vertical lift of σ to T 2M by

σV = S−1
∗ (XV

σ , Y
V
σ ) ∈ Γ(T (T 2M)). (2.13)

Remark 2.17. From Definition 2.9 and the formulae (2.5), (2.10), (2.12) and (2.13),
for all σ ∈ Γ(T 2M) and Z ∈ Γ(TM), we obtain

• σV = X1
σ + Y 2

σ

• (∇̂Zσ)V = (∇ZXσ)1 + (∇ZYσ)2

• Z1 = J(Z)V

• Z2 = i(Z)V

3. Metric diagonal and harmonicity

Using Definition 2.3 and formula (2.12), we have

Theorem 3.1. Let (M, g) be a Riemannian manifold and TM its tangent bundle
equipped with the Sasakian metric gs, then

gD = S−1
∗ (g̃ ⊕ g̃)

is the only metric that satisfies the following formulae

gD(Xi, Y j) = δij · g(X,Y ) ◦ π2 (3.1)

for all vector fields X,Y ∈ Γ(TM) and i, j = 0, . . . , 2, where g̃ is the metric defined
by

g̃(XH , Y H) =
1
2
gs(XH , Y H)

g̃(XH , Y V ) = gs(XH , Y V )

g̃(XV , Y V ) = gs(XV , Y V ),

gD is called the diagonal lift of g to T 2M .

Theorem 3.2. Let (M, g) be a Riemannian manifold and ∇̃ be the Levi-Civita
connection of the tangent bundle of order two T 2M equipped with the diagonal
metric gD. Then
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1. (∇̃X0Y 0)p = (∇XY )0 − 1
2 (R(X,Y )u)1 − 1

2 (R(X,Y )w)2,

2. (∇̃X0Y 1)p = (∇XY )1 + 1
2 (R(u, Y )X)0,

3. (∇̃X0Y 2)p = (∇XY )2 + 1
2 (R(w, Y )X)0,

4. (∇̃X1Y 0)p = 1
2 (Rx(u,X)Y ))0,

5. (∇̃X2Y 0)p = 1
2 (Rx(w,X)Y ))0,

6. (∇̃XiY j)p = 0

for all vector fields X,Y ∈ Γ(TM) and p ∈ Γ(T 2M), where i, j = 1, 2 and (u,w) =
S(p).

The proof of theorem 3.2 follows directly from Theorem 3.1 and the Kozul
formula.

Lemma 3.3. Let (M, g) be a Riemannian manifold and (TM, gs) be the tangent
bundle equipped with the Sasaki metric. If X,Y ∈ Γ(TM) are a vector fields and
(x, u) ∈ TM such that Xx = u, then we have

dxX(Yx) = Y H(x,u) + (∇YX)V(x,u).

Proof. Let (U, xi) be a local chart on M in x ∈ M and (π−1(U), xi, yj) be the
induced chart on TM , if Xx = Xi(x) ∂

∂xi |x and Yx = Y i(x) ∂
∂xi |x, then

dxX(Yx) = Y i(x)
∂

∂xi
|(x,Xx) + Y i(x)

∂Xk

∂xi
(x)

∂

∂yk
|(x,Xx),

thus the horizontal part is given by

(dxX(Yx))h = Y i(x)
∂

∂xi
|(x,Xx) − Y

i(x)Xj(x)Γkij(x)
∂

∂yk
|(x,Xx)

= Y H(x,Xx)

and the vertical part is given by

(dxX(Yx))v = {Y i(x)
∂Xk

∂xi
(x) + Y i(x)Xj(x)Γkij(x)} ∂

∂yk
|(x,Xx)

= (∇YX)V(x,Xx).

Lemma 3.4. Let (M, g) be a Riemannian manifold and (T 2M, gD) be the tangent
bundle equipped with the diagonal metric. If Z ∈ Γ(TM) and σ ∈ Γ(T 2M) , then
we have

dxσ(Zx) = Z0
p + (∇̂Zσ)Vp . (3.2)

where p = σ(x).
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Proof. Using Lemma 3.3, we obtain

dxσ(Z) = dS−1(dXσ(Z), dYσ(Z))S(p)

= dS−1(Zh, Zh)S(p) + dS−1((∇ZXσ)v, (∇ZYσ)v)S(p)

= Z0
p + (∇̂Zσ)Vp .

Lemma 3.5. Let (M, g) be a Riemannian n-dimensional manifold and (T 2M, gD)
be its tangent bundle of order two equipped with the diagonal metric and let σ ∈
Γ(T 2M). Then the energy density associated with σ is

e(σ) =
n

2
+

1
2
‖∇̂σ‖2.

where ‖∇̂σ‖2 = tracegg(∇Xσ,∇Xσ) + tracegg(∇Yσ,∇Yσ).

Proof. Let (e1, . . . , en) be a local orthonormal frame on M , then

e(σ) =
1
2

n∑
i=1

gD(dσ(ei), dσ(ei))

Using formula 3.2 and Remark 2.17, we obtain

e(σ) =
1
2

n∑
i=1

gD(e0i , e
0
i ) +

1
2

n∑
i=1

gD((∇̂eiσ)V , (∇̂eiσ)V )

=
n

2
+

1
2
‖∇̂σ‖2.

Theorem 3.6. Let (M, g) be a Riemannian manifold and (T 2M, gD) be its tangent
bundle of order two equipped with the diagonal metric. Then the tension field
associated with σ ∈ Γ(T 2M) is

τ(σ) = (traceg∇̂2σ)V + (traceg{R(Xσ,∇∗Xσ) ∗+R(Yσ,∇∗Yσ)∗})0. (3.3)

Proof. Let x ∈ M and {ei}ni=1 be a local orthonormal frame on M such that
∇eiej = 0, then

τ(σ)x =
n∑
i=1

(∇dσ(ei)dσ(ei))σ(x)

=
n∑
i=1

[
∇e0i+(∇eiσ)V

(
e0i + (∇̂eiσ)V

)]
σ(x)
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From Theorem 3.2, we obtain

τ(σ)x =
n∑
i=1

{
∇e0i e

0
i +∇e0i (∇eiXσ)1 +∇e0i (∇eiYσ)2 +∇(∇eiXσ)1e

0
i

+∇(∇eiYσ)2e
0
i

}
σ(x)

=
n∑
i=1

{
(∇ei∇eiXσ)1σ(x) + (∇ei∇eiYσ)2σ(x) + (Rx(Xσ(x),∇eiXσ)ei)0

+ (Rx(Yσ(x),∇eiYσ)ei)0
}

Theorem 3.7. Let (M, g) be a Riemannian manifold and (T 2M, gD) be its tangent
bundle of order two equipped with the diagonal metric. A section σ : M → T 2M is
harmonic if and only the following conditions are verified

traceg(∇2Xσ) = 0,
traceg(∇2Yσ) = 0,
traceg{R(Xσ,∇∗Xσ) ∗+R(Yσ,∇∗Yσ)∗} = 0.

From Proposition 2.5 and Theorem 3.7 we obtain

Corollary 3.8. Let (M, g) be a Riemannian manifold and (T 2M, gD) be its tangent
bundle of order two equipped with the diagonal metric. If σ : M → T 2M is a section
such that Xσ and Yσ are harmonic vector fields, then σ is harmonic.

Corollary 3.9. Let (M, g) be a Riemannian manifold and (T 2M, gD) be its tangent
bundle of order two equipped with the diagonal metric. If σ : M → T 2M is a section
such that Xσ and Yσ are parallel, then σ is harmonic.

Theorem 3.10. Let (M, g) be a Riemannian compact manifold and (T 2M, gD) be
its tangent bundle of order two equipped with the diagonal metric. Then σ : M →
T 2M is a harmonic section if and only if σ is parallel (i.e ∇̂σ = 0).

Proof. If σ is parallel, from Corollary 3.9, we deduce that σ is harmonic. Inversely.
Let σt be a compactly supported variation of σ defined by σt = (1 + t)σ. From
Lemma 3.5 we have

e(σt) =
n

2
+

(t+ 1)2

2
‖∇̂σ‖2.

If σ is a critical point of the energy functional we have :

0 =
d

dt
E(σt)|t=0,

=
∫
M

‖∇̂σ‖2dvgD

Hence ∇̂σ = 0.
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