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1. Introduction

In this paper we consider three-dimensional systems of neutral differential equa-
tions of the form:

/

(1) —pyrt—7)) = p1(t) fr(y2(ha(t))),

vo(t) = pa(t) fa(ys(hs(1))), (1.1)
va(t) = ops(t) fs(yr(ha (1)),
where t € Ry = [0,00), 0 = 1 or 0 = —1 and the following conditions are assumed

to hold without further mention:
(a) 7>0,0<p<1;

(b) p; € C(Ry,Ry),i = 1,2,3 are not identically zero on any subinterval
[T,00) C Ry and

o0

/pj(t)dt = o0 for 7 =1,2;
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(¢) hi € C(R4+,R) and

flim hi(t) = for 1 =1,2,3;

(d) fi(u) = |u
The assumption (d) implies that

“ sgn u where o; € R, a; > 0,1 =1,2,3.

(e) ufi(u) >0 for uw # 0 and f; € C(R,R), i = 1,2,3 are nondecreasing func-

tions.

Surveying the rapidly expanding literature devoted to the study of oscillatory
and asymptotic properties of neutral differential equations, one finds that few pa-
pers concern systems of neutral equations (for example [1-9]). The purpose of this
paper is to establish some criteria for the oscillation of the system (1.1) for the
following cases

I) o=—-1and 0 < ajazas <1;

II) o =—1and a;asag = 1;
II) o =1.
Another cases (for example 0 = —1 and a1 > 1, 0 < ag < 1, ag > 1) are

studied in [6]. Theorem 1 and Theorem 2 are generalizations of results of V. N.
Shevelo, N. V. Varech, A. G. Gritsai in paper [7].
For any y;(t) we define z(t) by

2(t) = yi(t) —pyi(t — 7).

Let ty > 0 be such that
t = min{to — 7, inf hi(t), i = 1,2,3} > 0.
t>ty

A vector function y = (y1, y2, y3) is a solution of the system (1.1) if there exists
a tp > 0 such that y is continuous on [t1,00), z(t), y2(t), y3(t) are continuously
differentiable on [ty, 00) and y satisfies system (1.1) on [tg, 00).

Denote by W the set of all solutions y = (y1, y2, ys) of the system (1.1) which
exist on some ray [Ty, 00) C R and satisfy

3
su E )] t=>T3F >0 forany T > T,,.
p Ly (t)] Y y
i=1

Such a solution is called a proper solution. A proper solution y € W is defined to
be nonoscillatory if there exists a T}, > 0 such that its every component is different
from zero for all ¢ > T,. Otherwise a proper solution y € W is defined to be
oscillatory.
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2. Some basic lemmas

We begin with some lemmas which will be useful in the sequel.

Lemma 2.1. (|2, Lemmal]) Let (a)—(d) hold and y € W be a nonoscillatory solu-
tion of (1.1). Then there exists a to = 0 such that z(t), y2(t), ys(t) are monotone
functions of constant sign on the interval [tg, 00).

Let y = (y1, Y2, y3) € W be a nonoscillatory solution of (1.1). Taking into
account the Lemma 2.1 we obtain:

yi(t)z(t) >0  for t > tg (2.1)

or

y1(t) z(t) <0 for t > to. (2.2)
Denote by N (or N7) the set of components ;(t) of all nonoscillatory solutions
y of system (1.1) such that (2.1) (or (2.2)) is satisfied.

For the components y;(t) of the nonoscillatory solutions hold the following
lemmas.

Lemma 2.2. ([5, Lemma3|) Let (a) hold and y1(t) € N—. Then tlim y1(t) =0,

tlim z(t) =0.

Lemma 2.3. (|3, Lemma2|) Let (a) hold and y,(t) € N*. If tlim z(t) = 0, then
tlim y1(t) = 0.

3. Oscillation theorems

Theorem 3.1. Assume that o = —1 and

(A1) hs(ha(hi(t))) < t, hi(t) are nondecreasing functions for i = 2,3;

(AQ) 0<ajasasz <1.

If
(A3)
00 h1(v) ha(u) o o
/pg(v)[ / pl(u)( / pg(s)ds) du} dv = oo,
0 0
(A4)
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then every proper solutiony € W of (1.1) is either oscillatory or y;(t), i=1,2,3 tend
monotonically to zero as t — 0.

Proof. Let y(t) € W be a nonoscillatory solution of (1.1). According to Lemma 2.1
there exists a tg > 0 such that z(t), y2(¢), ys(t) are monotone functions of con-
stant sign on the interval [to, 00). Without loss of generality we may assume that
y1(t) > 0 for t > to. Then either y;(t) € Nt or y;(t) € N~ for t > ¢.

I. Let y1(t) € N*,t > to. Then z(t) > 0, t > to and using the assumptions (c),
(d) and (b), the third equation of (1.1) implies that y3(¢) is a decreasing function
for ¢ Z tl Z t().

I.1 Let y3(t) < 0,t > to > t;. In regard of (c) there exists a t3 > to such that
y3(hs(t)) < 0 for t > t3. The assumptions (d), (b) and the second equation of (1.1)
imply that yo(¢) is a decreasing function for t > ts.

In view of (c) there exists a t4 > t3 such that hs(t) > t3 for t > t4. Using
the monotonicity of ys(t) we have y3(hs3(t)) < ys(t3) and hence | y3(hs(t)) |= K1,
where Ky = —y3(t3) > 0 for t > t4. Raising this inequality to the power of as and
multiplying by —p2(t) the second equation of (1.1) implies

Ya(t) < —K7? pa(t), t>ta (3.1)

Integrating (3.1) from ¢4 to ¢ and in regard of (b) we obtain tlirrolo ya(t) = —o0.
Therefore ya(t) < 0 for ¢t > t5 > 4.

In view of (c) there exists a tg > ¢5 such that ha(t) > t5 for t > ts. Using
the monotonicity of yo(t) we have ya(ha(t)) < y2(ts) and hence | ya2(ha(t)) | = Ko,
where Ky = —ys(ts) > 0, t > tg. Raising the last inequality to the power of
and multiplying by —p1(¢) the first equation of (1.1) implies

Z(t) < —K3'pi(t), t=te. (3.2)

Integrating (3.2) from tg to ¢t and in regard of (b) we obtain tlim z(t) = —o0.

Therefore z(t) < 0 for t > t; > tg which is a contradiction with positivity of z(t)
for t > tg.

1.2 Assume that y3(¢) > 0 for ¢t > to > ¢1. In view of (c¢) there exists a t3 > to
such that y3(hs(t)) > 0 for ¢ > t5. The assumptions (d), (b) and the second equa-
tion of (1.1) imply that yo(¢) is an increasing function for ¢t > 3.

I.2.a Let yo(t) > 0 for t > t4 > t3. Integrating the second equation of (1.1)
from t4 to ¢ we obtain
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In regard of monotonicity of functions hs(t), ys3(t) the inequality ¢4 < s < ¢ may

be rewritten as (yg(hg(t4))>a2 > (yg(hg(S)))a2 > (yg(hg(t)))%. Then from (3.3)

we get
t

ya(t) > (ys(hg(t)))az /pg(s) ds, >ty

ty

In view of (c¢) there exists a t5 > t4 such that ho(t) > t4 for ¢t > t5. Then the last
inequality holds for ho(t), t > t5, too:

hao(t)

lba®) > (smha(ba®) ™ [ pals)ds, ¢ 15 (34)

ta

Raising (3.4) to the power of a; and multiplying by p;(¢) the first equation of (1.1)
implies:

ho (t)
ay

20 =m0 (tata©)) ([ pd)" i

ty

Integrating this inequality from ¢5 to ¢ and using the inequality y1(t) > z(t) >
z(t) — z(t5) we have

t ha (u)
yl(t)>/p1(u) (sahs o)™ ( / pa(s)ds) du, 1215 (35)

In regard of monotonicity of functions ha(t), hs(t) and ys(t) the inequality t5 <
u < t may be rewritten as

(63K D)

(ss(hs(ha)) ™™ = (ss(hs(ha0))) ™ “tor 1> 15,

Combining the last inequality and (3.5) we obtain

t ha(u)
yl(t)2(yg(hg(hg(t))))alaz / pl(u)< / pg(s)ds)aldu, t>t5.  (3.6)

In view of (c) there exists a tg > t5 such that hy(t) > t5 for t > tg. Then (3.6)
holds for hq(t), t > tg, too and raising to the power of a3 we get

ha(t) ha(u)
(yl(hl(t))>a3><y3(h3(h2(h1(t))))>alawg{ / pl(u)( / pg(s)ds)alalur3

(3.7)
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for t > tg. Multiplying (3.7) by —ps(t) and using the third equation of system (1.1)
we have

hi(t) ha(u)

i) < ~a(t) (s hahars (00)) " [ [ it ([ patoas)aul

ts ty

a3

(3.8)
for t > tg. Taking into account (Al) and the monotonicity of y3(t) we obtain

(ss(haraba())) ™ > ()™ for ¢ > ¢

Therefore (3.8) may be rewritten as

hy(t) ha(u)
mgps(t)[/m(u)( / p2(s)ds)a1dur3, t>te.  (3.9)

Integrating (3.9) from t¢¢ to ¢t and using the substitution x = y3(w) from (3.9) we
get

ys(t) d oo hi(v) ha(u)
. X (%]
tlirglo / oraaas < - /pg( ) / / pa(s ds du] dv.  (3.10)
ys(te) te
We know that y3(t) is a decreasing function and y3(¢) > 0. Thus tlim ys(t) = K1 >
—00
ys(t)
0 and in view of (A2) we obtain lim [ -2 = K», where K is a finite real
“ys(te)

number. This fact contradicts the assumption (A3).

1.2.b Let ya(t) < 0,¢ > t4 > t3. In regard of (c) there exists a t5 > ¢4 such that
y2(ha(t)) < 0, for ¢t > t5. The assumptions (d), (b) and the first equation of (1.1)
imply that z(¢) is a decreasing function for ¢ > ¢5. On the interval [t5, c0) hold:

e z(t) is a decreasing function and z(t) > 0;
e y5(t) is an increasing function and ys(t) < 0;

e ys3(t) is a decreasing function and y3(t) > 0.

Therefore exist tlim ys(t) = A >0, tlim y2(t) = B < 0 and tlim z(t)=C = 0. We
— 00 — 00 — 00
shall show that A =0,B =0 and C = 0.



Some properties of solutions of systems of neutral differential equations 99

(i) Let A > 0. Then y3(t) > A for t > Ty > t5. In view of (c) and raising to the
power of as we have (ys3(hs(t)))*2 > A* for t > Ty > Ty. Integrating the second
equation of (1.1) from T} to ¢ and using the last inequality we get

t
ya(t) — y2(Ty) = A2 /pg(s) ds, t=1T. (3.11)
T

(3.11) and (b) imply that tlim y2(t) = oo. Therefore yo(t) > 0 for t > Ty > T4,
which contradicts y2(t) < 0 for ¢t > t5. Then tlim ys(t) = 0.

(ii) Assume that B < 0. Then yo(t) < B for t > Ty > t5 and in regard of (c) we
have ya(ha(t)) < B for t = Ty = Ty . Hence | y2(ha(t)) |= —y2(ha(t)) = K1, K5 =

—B,t > T;. Raising this inequality to the power of oy, multiplying by —p; (¢) and
using the first equation of (1.1) we obtain

2(t) < =K pu(t), t=1Th.

Integrating the last inequality from T; to ¢ and in view of (b) we get tlim z(t) =
—00

—00. Therefore z(t) < 0 for t > T» > T; which is a contradiction with positivity of

z(t) for t > ts.

(iii) Let C' > 0. Then z(t) > C for t > Ty > t5. Taking into account the
definition of z(t) we are led to y1(t) > z(t) > C for t > Tp. In view of (¢) we have
y1(h1(t)) = C for t > Ty > Ty and the third equation of (1.1) implies

ys(t) < —C* ps(t), t=Th.

Integrating the last inequality from 7T; to ¢ and multiplying by (—1) we obtain

t
lT) > 1a(T2) ~ s(®) > € [ pa(s)ds, > Th
T
Hence for ¢t — co we get

o0

ys(Ty) = C*® /pg(s) ds. (3.12)

T

In view of (c) there exists a T > T} such that hs(t) > T} for t > Ts. Then (3.12)
holds for hs(t), t = Ts, too:

ys(hs(t)) = C*° / ps(s)ds, t>Tp>Ti.

hs(t)
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Using the second equation of (1.1) we have

o0

)= =) [ pals)ds)”, t> 1 (3.13)
hs3(t)

Integrating (3.13) from T3 to ¢ and in regard of (A4) we obtain lim y2(t) = 0.

Hence y2(t) > 0 pre ¢ > T3 > T, which is a contradiction with yo(t ) < 0 for t > t5.
Therefore tlim z(t) = 0 and from Lemma 2.3 we obtain that tlim y1(t) =0.

II. Let y1(t) € N7, t > to. Then z(t) < 0,t > to. Using the assumptions
(c),(d) and (b), the third equation of (1.1) implies that ys(t) is a decreasing func-
tion for t > t1 > tg.

II.1 Assume that ys(t) < 0, 9 > t1. Then we can proceed the same way
as in the case 1.1 to get hm z( ) = —00 Wthh is contrary to Lemma 2.2.

I1.2 Let y5(t) > 0 for t >t > t;. In view of (¢) there exists a t3 > to such
that y3(hs(t)) > 0 for t > t3. The assumptions (d),(b) and the second equation of
(1.1) imply that yo(t) is an increasing function for t > ts.

I1.2.a Let yo(t) > 0 for t > t4 > t3. In regard of (c) and monotonicity of ya(t)
holds: yo(ha(t)) = ya(t4) for t > t5 > t4. Raising this inequality to the power of o,
multiplying by p;(¢) and using the first equation of (1.1) we get 2/(t) > M“py(t)
where M = y5(t4), t > t5. Integrating this inequality from ¢5 to ¢ we obtain

z(t) — 2(t5) = M /pl(s)ds, t>ts.

Hence lim z(t) = oo which is a contradiction with Lemma 2.2.

t—oo

I1.2.b Let y2(t) < 0 for ¢t > ¢4 > t3. In view of assumptions (c), (d), (b) and
first equation of (1.1) we get that z(t) is a decreasing function for t > t5 > t4.
Therefore lim z(t) = A < 0 which contradicts the Lemma 2.2. O

t—oo

Theorem 3.2. Let 0 = —1 and assume that (A1) and (A4) hold. Moreover, let
(A5) a1 O X3 = 1,'

(A6)
hi(t) ha(u)

/pg(t)[ / pl(u)( / pg(S)dS)aldu}(lie)asdt =00, O0<e<l.
0
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Then every proper solution y € W of (1.1) is either oscillatory or y;(t), i=1,2,3
tend monotonically to zero ast — co.

Proof. Assume that y(t) € W is a nonoscillatory solution of (1.1) and y;(t) > 0
for t > ty. We can proceed exactly as in the proof of Theorem 3.1. We shall discuss
only the possibility 1.2.a. The proofs of cases 1.1, [.2.b and II. are the same.

I. Let y1(t) € N*,t > ty. Then z2(t) > 0,t > to and the third equation of (1.1)
implies that ys(t) is a decreasing function for t > ¢; > to.

1.2 Assume that ys(t) > 0 for ¢ > to > t;. The assumptions (c), (d), (b) and
the second equation of (1.1) imply that y2(t) is an increasing function for ¢ > t3.

I.2.a Let yo(t) > 0 for ¢ > ¢4 > t3. Then we can proceed the same way as for
the case 1.2.a of Theorem 3.1 to get (3.7):

ha(t) ha(u)
(yl(hl(t))>as><y3(h3(h2(h1(t)))))alawg{ / pl(u)( / pg(s)ds)aldurg

for t > t¢. In view of monotonicity of y3(t), assumptions (A1), (A5) and raising to
the power of 1 — € we are led to

hy (t) ha(u)
@) > o0V [ [ ) ([ maas) a7 @

for t > tg. The property yo(t) > 0,t > ¢4 and the first equation of (1.1) imply
that z(t) is an increasing function for all sufficiently large ¢. From the proof of
Theorem 3.1 we know that hq(t) > t5 for t > tg. Therefore z(hy(t)) > z(t5) for
t > tg and from y (t) > z(t), t = to we get y1(h1(t)) > z(t5), t > t¢. Hence

K
(y1(ha(t)))es’

Raising to the power of € and multiplying by (y1 (h1(¢)))®* may be the last inequality
rewritten as

1> K, = (Z(t5))a3 > 0,1t > tg.

(Y2 (b1 ()79 <Ky (y1 (I (£)))™, kde Ky = K, t > tg.

Combining this inequality and (3.14), multiplying by —ps(¢) and using the third
equation of (1.1) we obtain

hl(t) hz(u)
e—1 7/ aq (1—€) ag
Ko (1) 7 950 < —pa®)| [ i) ([ pe(9)ds) ] et
t5 t4
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Integrating (3.15) from tg to t we have

B2 Tt~ (uslto))]

€
t hi(z) ha(u)

S—/m(l‘)[ / pl(u)( / p2(5)d5)aldu}(lie)a3d$

te ts ta

for t > tg.

The last inequality and the assumption (A6) imply that tlim (y3(t))c = —o0.
But (ys(t))¢ is a decreasing function and (ys3(¢))¢ > 0. Therefore lim (y3(t))c =

t—o0

€

A > 0 and this is a contradiction with tlim (y3(t)) = —o0.
—00

O

Theorem 3.3. Assume that o = 1 and the assumptions (A3), (A4) of Theorem 3.1
are fulfilled. Then every proper solution y € W of (1.1) is either oscillatory or
| yi(t) |, i = 1,2,3 tend monotonically to infinity as t — oo or y;(t), i=1,2,3 tend

monotonically to zero ast — oo.

Proof. Let y(t) € W be a nonoscillatory solution of (1.1). According to Lemma 2.1
there exists a tg > 0 such that z(t), y2(¢), y3(t) are monotone functions of con-
stant sign on the interval [to, 00). Without loss of generality we may assume that

y1(t) > 0 for t > to. Then either y;(t) € Nt or y;(t) € N~ for t > t.

I Let y1(t) € NT,

t > to. Therefore z(t) > 0 for ¢ > to. Using the assumptions

(¢), (d) and (b), the system (1.1) implies that the following four cases may occur:

I.1 | y1(t) > 0 | y2(t) is increasing | y3(t) is increasing | z(t) is increasing
and y2(t) >0 and y3(t) >0 and z(t) >0
1.2 | y1(t) > 0 | y=2(t) is increasing | y3(t) is increasing | z(t) is decreasing
and y2(t) <0 and y3(t) >0 and z(t) >0
1.3 | y1(t) >0 | y2(t) is decreasing | y3(t) is increasing | z(t) is increasing
and ya(t) >0 and y3(t) <0 and z(t) >0
I.4 | y1(t) >0 | ya2(t) is decreasing | ys(¢) is increasing | z(¢) is decreasing
and y2(t) <0 and ys(t) <0 and z(t) > 0

I.1 In view of (¢) and monotonicity of ys(t) we get ys(hs(t)) = ys(ts) for
t > tg > t5. Raising this inequality to the power of as, multiplying by p2(¢) and

using the second equation of (1.1) we have:

yo(t) = LT?pa(t), L1 = ys(ts), t > te.

Integrating the last equation from ¢g to ¢ we obtain

Y2(t) = y2(t) — ya(te) = L7* /pg(s)ds, t>tg.

t

te

(3.16)
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Hence lim ys(t) = oo, i.e. lim |y2(t)| = oo.
t—o0 t—o0

In regard of (c) and monotonicity of y2(t) we are led to ya(ha(t)) = ya(ts),
t > tg > t5. Raising this inequality to the power of a;, multiplying by p;(¢) and
using the first equation of (1.1) we get:

Z'(t) = Ly pi(t), t > te, Lo = ya(ts).

Integrating the last inequality from tg to ¢ and using y; (t) > z(t) for ¢ > ty we

have:
t

w0 > 15 [m)ds >t
te
Therefore tlim y1(t) = 0o and tlim ly1(t)| = oo.

In view of (c) there exists a t7 > tg such that ho(t) > tg for t > t7. Then (3.16)
holds for hy(t),t > t7, too:

hQ(t)
yo(ha(t)) > L / po(s)ds, t>tr.
te
Hence we have
ha(t)
! a1 a1 a1 g
20 =0 (ta)” > Lm0 [ pao)ds) ", L= 18 > 0

te

Integrating this inequality from t7 to ¢ and taking into account y;(t) > z(t) we get

t ha(u)
yi(t) > Ly / pl(u)( / pg(s)ds) du, t> tr. (3.17)
tr te

In regard of (c) the last inequality holds for hy(t), t > tg > t7, too:

hl (t) hz (u)
aq
n(n®) > Ly [ p@( [ pas)ds) du, ¢ 1
tr te

Hence using the third equation of (1.1) we obtain

h1 (t) hz (u)
«q [0 7%:1
i) > Lina®( [ m( [ maods) "), L=z @as)

tr te
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Integrating (3.18) from tg to t we get

t h1(v) ha(u)
o1 s
y3(t)2L4/P3(U)< / Pl(u)( / pz(S)dS) du) dv, t > ts.
ts t7 te

In view of (A3) the last inequality implies tlim y3(t) = oo. Then tlim lys(t)] = 0.

1.2 We can proceed the same way as for the case 1.1 to get (3.16):

t

ya(t) > 1a(t) — yalte) > L9 / pa(s)ds, ¢ .

Therefore tlim y2(t) = oo, i.e. y2(t) > 0 for t > t7 > t. But this is a contradiction
—00
with yo(t) < 0 for ¢t > t5

1.3 Using (c), monotonicity of z(t) and y1(t) > z(t) we have:y;(h1(t)) > Ls,
Ls = z(t5), t > tg > t5. Then the third equation of (1.1) may be rewritten as
ys(t) = Le®ps(t), t > te. Integrating this inequality from ¢¢ to ¢ we obtain:

t
yste) = us(t) — yslte) > L / pa(s)ds, > ts.
te

Hence for t — oo we see that

o0
—y3(te) = L3/P3

In regard of (c) the last inequality holds for hs(t), t > t7 > tg, too:

(oo}

“ya(ha(®) = lys(ha(1))] > Lo / po(s)ds, Lo = L&, 1> tr.
ha(t)

Hence

as
ps(S)dS) , t >,

\8

a(t) = —pa(V)lys (ha()1** < ~Lg"pa(t)

hs(t

—~
=

and integrating from ¢7 to ¢t we are led to

t o3}

Ya(t) — ya(tr) < Laz/ Q(U)( / pg(s)ds)azdu, t>tr.
tr hs(u)
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Therefore in view of (A4) we get flim y2(t) = —oo. It means that y2(t) < 0 for
L — OO
t > tg > t7 which is contrary to ya(t) > 0 for ¢t > t5.

1.4 In regard of (c¢) and monotonicity of y2(¢) we have |yz(ha(t))| = L7, L7 =
(=y2(ts5)), t > te > t5. Hence 2'(t) = —p1(t)|y2(ha(t))|* < —L7'p1(t), t > te and
integrating from tg to ¢ we obtain

¢
z(t) — z(te) < —L3* /pl(s)ds7 t > tg.
te
Using (b) the last inequality imply that 75lim z(t) = —oo. Therefore z(t) < 0 for
t > t7 > tg which is a contradiction with z(¢) > 0 for ¢ > 5.

II. Let y1(t) € N~. Hence z(t) < 0 for ¢t > ¢, and the third equation of (1.1)
implies that y3(t) is an increasing function for ¢ > ¢;.

II.1 Assume that y3(¢t) > 0, ¢ > to > t;. Then ys(hs(t)) > 0 for t > t3 > to
and from the second equation of (1.1) we get that yo(¢) is an increasing function
for t > t3.

II.1.a Let y2(t) > 0 for t > t4. In view of (¢) and monotonicity of ys(t) we have
(y2(h2 (1)) = (y2(ts))® for t > t5 > t4. Integrating the first equation of (1.1)
from t5 to t and using the last inequality we are led to

t

2(t) — 2(ts) = (y2(ta))™ /pl(s)ds, t>ts.

ts

Hence in view of (b) we get tlim z(t) = oo which contradicts Lemma 2.2.

II.1.b Let y2(t) < 0,t > t4. Taking into account assumptions (b), (c), (d) the
first equation of (1.1) implies that z(t) is a decreasing function for ¢ > t5. It means
that tlim z(t) = A < 0 which is contrary to Lemma 2.2.

I1.2 Assume that y3(t) < 0,t >t > t1. From the second equation of (1.1) we
get that y5(¢) is a decreasing function for ¢ > t3.
Function ys(t) is increasing. Therefore exists tlim y3(t) = B < 0. We shall
—00

show that B = 0.
Let B < 0. Then y3(hs(t)) < B < 0 for t > t4 > t3. Hence |ys(hs(t))| > C,
C =—-B and
Yo (t) = —p2(t)|ys(hs(t))|** < —C™pa(t), t2>t4
Integrating the last inequality from ¢4 to ¢ and using (b) we obtain tlim ya(t) = —o0,
ie. ya(t) < 0,t > t5 > t4. In regard of assumptions (b), (c) and (d) the first
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equation of (1.1) implies that z(¢) is a decreasing function for ¢t > tg. Therefore
tlim z(t) = D < 0 which is a contradiction with Lemma 2.2. Then tlim y3(t) = 0.

II.2.a Let y2(t) < 0, t > t4. From the first equation of (1.1) we have that z(t)
is a decreasing function. Therefore tlim z(t) = E < 0 which contradicts Lemma 2.2.

I1.2.b If y5(t) > 0, t > t4 > t3, then exists tlim y2(t) = F > 0. We shall show

that F' = 0.
Assume that F' > 0. Then y2(h2(t)) > F, t > t5 > t4 and hence

2'(t) = p1(t)(y2(ha(t)))™ > F¥pa(t), t>ts.

Integrating the last inequality from ¢5 to ¢ and using (b) we obtain tlim z(t) = 0.
— 00

Therefore z(t) > 0 for t > tg > t5 which is a contradiction with z(¢) < 0. Then
lim y2(t) = 0.
t—o0

Because y5(t) > 0, the first equation of (1.1) implies that z(¢) is an increasing
function such that z(¢) < 0. In regard of Lemma 2.2 we obtain 26lim 2(t) = 0 and

— 00

tlim y1(t) = 0. O
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