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ON TRANSFORMATION MATRICES CONNECTED
TO NORMAL BASES IN RINGS

J. Kostra (Zilina, Slovakia), M. Vavro$ (Ostrava, Czech Republic)

Abstract. In the paper [6, Problem 7] there is presented an open problem to characterize
all circulant matrices which transform any normal basis of any order of cyclic algebraic number
field K to a normal basis of its suborder in K. A conjecture is that if a circulant matrix A=
circy, (a1,az2,...,an), Z a;==1, transforms some normal basis of ring to normal basis of its subring

i=1
then it transforms any normal basis of ring to normal basis of its subring. In this paper it is shown

n
that if E a;#=+1, then the related conjecture is false.

1=1
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1. Introduction

Let K be a tamely ramified cyclic algebraic number field of degree n over the
rational numbers Q. It seems that K C Q((), where (,, is a m-th primitive root
of unity and m is square free. Such a field has a normal basis over the rationals Q,
i.e. a basis consisting of all conjugations of one element. Transformation matrices
between two normal bases of K over Q are exactly regular rational circulant
matrices of degree n.

In the paper [6, Problem 7| there is presented an open problem to characterize
all circulant matrices which transform any normal basis of any order of cyclic
algebraic number field K to a normal basis of its suborder in K. A conjecture is

n
that if a circulant matrix A = circ, (a1, a9, ..., a,), Y. a; = +1, transforms some
i=1
normal basis of ring to a normal basis of its subring, then it transforms any normal
basis of ring to a normal basis of its subring. In the paper it is shown that if
n
>~ a; # £1, then the related conjecture is false.
i=1
In the paper [5], the special class of circulant matrices with integral rational
elements is characterized by the following proposition.
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Proposition 1. Let K be a cyclic algebraic number field of degree n over rational
numbers. Let
A =circy (a1, a9,...,a,)

be a circulant matrix and a1, as,...,a, € Z. By A;, i = 1,2,...n we denote the
algebraic complement of element a; in the matrix A. Let

a+ag+---+a, ==£1
and

a; =a; (mod h)
fori,j e {1,2,...,n}, where

h— det A
o ng(Al,Ag,...7An) ’

Then the matrix A transforms a normal basis of an order B of the field K to a
normal basis of an order C' of the field K, where C C B.

In the papers [3, 4] previous matrices are characterized by Theorem 3 [4].

Proposition 2. Let G be a multiplicative semigroup of circulant matrices of degree
n, satisfying the assumptions of Proposition 1. Let U be multiplicative group of
integral unimodular circulant matrices of degree n. Let H be the semigroup of
circulant matrices of type circy,(a,b,...,b), such that

a+(n—1)b==+1.

Then G=H - U.

2. Results

First we recall the definition of order of algebraic number field.

Definition 1. Let K be an algebraic number field and let the degree of the
extension K/Q be equal to n. A Z-module B C K is called an order of the field K
if it satisfies the following conditions:

1. 1 € B,
2. B has a basis over Z consisting of n elements,
3. B is a ring.

Remark 1. Matrices from Proposition 1 transform also normal bases rings which
have a basis over Z consisting of n elements to normal bases of their subrings. Such
rings we will call semiorders.
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Definition 2. Let K be an algebraic number field and let the degree of the
extension K/Q be equal to n. A Z-module B C K is called a semiorder of the
field K if it satisfies the following conditions:

1. B has a basis over Z consisting of n elements,
2. B is a ring.
In the following it will be shown that the condition

a+(n—1)b==+l1.

from Proposition 1 for matrix circ,(a,b, ..., b) is necessary.
Example 1. Let {7 be a 7-th primitive root of unity and let {€1,e2,£3) be a
normal integral basis of the field K = Q*((7) over Q, where

a=G+¢ =G+, 5=+
Let A = circ3(0,5,5) and (a1, ae, a3) = (€1,€2,€3) - A, so

a1 = beg + deg
oo = bey + deg

ag = de1 + Hes.

Then
I T SV
a1+ g = 2 a1 2042 20[3

and the module Z[aq, g, ag] is not a ring, so Z[as, as, ag] is not a semiorder.
Example 2. Let €1,e3,¢3 and A be the same as in above example.

Let
ap = 261 y
Qg = 2e2,
a3 = 283.

and <ﬂlaﬁ?7ﬁ3> - <Oél,0(270[3> . A, SO

B1 = b + das
B2 = a1 + Sas
B3 = bag + bas .

Then

2 = —50a; — 100as — 150as3 ,
2 = —1500; — 50a — 100a3,
2 = —1000; — 15002 — 5003 .
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and

B1- P2 = 50aq,
B2 - B3 = 50az,
Bs - B1 = 50as .

We have

B = —2061 — 10832,
B3 = —2003> — 10035,
B3 = —1081 — 2035.

and

B1- P2 =—581+ 582 + 503,
B2 - B3 =501 — 5P2 + 503,
B3 -1 =>501+ 502 —503.

And so Z[ay, az, ag) is a semiorder.
By the previous examples we have that in the case A = circ,(a1,aq,...,a,),

n
> a; # £1, the conjecture from [6], that if a circulant matrix transforms some
i=1
normal basis of a semiorder to normal basis of its subsemiorder then it transforms
any normal basis of any semiorder to normal basis of its subsemiorder, does not

hold.

Theorem 1. Let A’ = circy,(a,b,...,b), a+ (n—1)b = 1. Let A = circ,(0,b —
a,...,b—a). Let b=1 (mod n — 1), then matrix A - U, where U is a unimodular
circulant matrix of degree n, transforms any normal basis of any semiorder R to a
normal basis of its subsemiorder S.

Proof. Let A’ = circ,(a,b,...,b), a+ (n—1)b=1, A = circ,(0,b—a,...,b—a)
and b =1 (mod n — 1). From

a+(n—-1)b=1

we obtain
b—a=mnb-1.
So
det A= (=1)""1-(n—1)-(nb—1)"
Then

—1 = circ, | — n-2 ! 1
A= n( (n—l)-(nb—l)’(n—l)-(nb—l)"”’(n—l)-(nb—1)>'
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Let {a1,as,...,a,) be a normal basis of semiorder R. Let

<61762a"'76n> = <04130527"'7an>'A

be a normal basis of submodule S C R. Then

B1=(nb—1)as+ (nb—1Dag+---+ (nb—1ay,,
B2 = (nb—Day + (nb—Daz + -+ (nb — Day,,

Bn=mb—1a;+ (nb—1ag + -+ (nb—1)an_1 .
From the above it follows that for all 4, j
BiBj = (nb— 1) (brag + bacg + - - - + by,
where b; € Z for all i. By the expression of A~! we have for any i, j

ﬂlﬁ] = Clﬁl + -+ cnﬂn

(nb—1)
=7 . ot dpB).
=1 (d1B1 + -+ dnfn)
If b = 1 (mod n — 1), then coefficients ¢; € Z, and S is a subsemiorder of the
semiorder R. Clearly the same holds for A - U, where U is a unimodular circulant
matrix of degree n.

Remark 2. Matrix A = circs(0, 5, 5) from Examples 1, 2 was obtained from matrix
A’ =circg(—3,2,2) and 2 # 1 (mod 2).

Remark 3. If in the above Theorem 1 a+(n—1)b = —1, then if b = —1 (mod n—1)
matrix A transforms a normal basis of any semiorder R to a normal basis of
subsemiorder S C R.

The previous Theorem 1 gives the way to find a circulant matrix A of arbitrary
degree for which there exist semiorders R, Ro such that A transforms a normal
basis of R; to a normal basis of submodule S; C R; and S is a semiorder and S5
is not a ring and so S2 is not a semiorder.

Example 3. Let (11 be an 11-th primitive root of units and let (g1, €2, €3, €4, €5),
where

10 2 9 3 8 4 7 5 6
€1==C1 + (s €2 =C1 + G, €3 =1 + G, €4 = (1 + Gy €5 = G+

be a normal integral basis of the field K = Q1 (¢11) over Q. The field K = Q({11 +
(1) is the maximal real subfield of Q((11).
Let A’ = circs(a,b,b,b,b) = cire5(—7,2,2,2,2), a+4b =1, b #Z 1 (mod 4).
Let
A = cires(0, 5b—1, 5b—1, 5b— 1, 5b — 1) = circ5(0,9,9,9,9),
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1 11 1 1
A_lzcir05< —————— )

and Ry = (€1,€2,€3,€4,€5), S2 = (a1, a2, a3, g, v5), Where

<O[1,CY2,053,CY4,Q5> = <617€27637€4765> : A7
SO

a1 = 9e9 + 93 4+ 94 + 9e5,
as = 9¢1 + 9e3 4+ 9e4 + 9¢5 .

Then
a1 - g = 8161 — 8154 — 8155.

After transformation by matrix A~! we have

45 9 9 81 81
a1 -0 = ——01 — —0g — 03 — — Q4 —

4 1 1 1 i

From this it follows that Ss is not a ring.
And now let Ry = (1,¢2,€3,€4,¢5) and Sy = (b1, B2, B3, Ba, B5), where

B1 = bey,
B2 = bea,
B3 = be3,
By = 6eq,
b5 = 6es .

<71772573774575> = <ﬁlvﬁ?7ﬂ3vﬁ4aﬂ5> A

We have ;v = 36 - (b1 31 + baB2 + - - - + b5 35). From the expression of A™1 it
follows that 7;v; = c17v1 + c2y2 + - - - + ¢575 with integral rational coefficients c¢;. So
S1 is a semiorder.
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