Acta Academiae Paedagogicae Agriensis, Sectio Mathematicae 30 (2003) 55-65

ON THE L' NORM OF THE WEIGHTED MAXIMAL FUNCTION
OF THE WALSH-KACZMARZ-DIRICHLET KERNELS

Gyorgy Gat (Nyiregyhaza, Hungary)

Dedicated to the memory of Professor Péter Kiss

Abstract. In this paper we investigate the integral of the weighted maximal function of
the Walsh—Paley—Dirichlet, and the Walsh—Kaczmarz—Dirichlet kernels. We find necessary and
sufficient conditions for the finiteness of the integrals. The conditions are quite different for the

two rearrangements of the Walsh system.
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1. Introduction

The Walsh system in the Kaczmarz enumeration was studied by a lot of
authors (see [4], [5], [8], [7], [1], [6], [9]). In [2] it has been pointed out that the
behavior of the Dirichlet kernel of the Walsh-Kaczmarz system is worse than of
the kernel of the Walsh—Paley system considered more often. Namely, it is proved

[2]that for the Dirichlet kernel D,,(x) of the Walsh-Kaczmarz system the inequality

limsup,,_, % > C > 0 holds a.e. This “spreadness” of this system makes

easier to construct examples of divergent Fourier series [1].

A number of pathological properties is due to this “spreadness” property of
the kernel. For example, for Fourier series with respect to the Walsh—-Kaczmarz
system it is impossible to establish any local test for convergence at a point or on
an interval, since the principle of localization does not hold for this system.

On the other hand, the global behavior of the Fourier series with respect to this
system is similar in many aspects to the case of the Walsh—Paley system. Schipp [5]
and Wo-Sang Young [9] proved that the Walsh-Kaczmarz system is a convergence
system. Skvorcov [8] verified the everywhere (and uniform) convergence of the Fejér
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means of continuous functions, and Gat proved [3] that the Fejér-Lebesgue theorem
also holds for the Walsh—Kaczmarz system.

Beyond the convergence theorems of the Fourier series one can often find
some boundedness properties of the Dirichlet kernel functions. For instance, for
the Walsh-Paley system we have sup, N |Dn ()| < oo for each z # 0. This —as
we have seen above— is not the case for the Kaczmarz rearrangement. What can
be said for the norm of maximal functions? It is easy to have that the L! norm
of sup, . | Dn| with respect to both systems is infinite. What happens if we apply
some weight function «? That is, on what conditions find we the inequality

?

valid? The aim of this paper is to find the necessary and sufficient conditions for
the both rearrangement of the Walsh system.

sup n
nGN a(n)

< 0
1

Let P denote the set of positive integers, N := P U {0} the set of nonnegative
integers and Z5 the discrete cyclic group of order 2, respectively. That is, Zo = {0,1}
the group operation is the mod 2 addition and every subset is open. Haar measure
is given in a way that the measure of a singleton is 1/2. Set

G = X];O:OZQ

the complete direct product. Thus, every z € G can be represented by a sequence
x = (z;,t € N), where z; € {0,1} (i € N). The group operation on G is the
coordinate-wise addition, (which is the so-called logical addition) the measure (de-
noted by ) and the topology are the product measure and topology. The compact
Abelian group G is called the Walsh group. Set e; := (0,0,...,1,0,0,...) € G the
i-th coordinate of which is 1, the rest are zeros.

A base for the neighborhoods of G can be given as follows
Iy(z) =G, IL,(z):={y=(yi,ieN)eG:y; =z;fori <n}

for x € G,n € P. Let 0 = (0,7 € N) € G denote the nullelement of G, I, :=
I,(0) (n € N). Let T := {I,(z) : * € G,n € N}. The elements of 7 are called
the dyadic intervals on G. Furthermore, let LP(G) (1 < p < o) denote the usual
Lebesgue spaces (| . |, the corresponding norms) on G, A, the o algebra generated
by the sets I,(z) (z € Gy,) and E, the conditional expectation operator with
respect to A, (n € N) (f € L').

Let n € N. Then n = "3, n;2", where n; € {0,1} (n € N), i.e. n is expressed
in the number system based 2. Denote by |n| := max(j € N : n; # 0), that is,
2lnl < p < 241 The Rademacher functions are defined as:

ro(z) = (=1)"* (z € G, neN).
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The Walsh—-Paley system is defined as the sequence of the Walsh—Paley functions:

9]
In|

wn(x) = [[(ru(@))™ = (—1)2=0"* (x € G, neN),
k=0

That is, w := (wp,n € N). The n-th Walsh-Kaczmarz function is

In|—1
[n|—1

k(@) = i (@) ] (rnjm1n(@)™ = vy (2)(=1)20nm0 ezt

k=0

for n € P, ko(x) := 1,2 € G. The Walsh-Kaczmarz system & := (ky,n € N) can be
obtained from the Walsh-Paley system by renumbering the functions within the
dyadic “block” with indices from the segment [2", 2"+ —1]. That is, {x,:2* <n <
2FH1Y = {w,, 1 28 <n < 281} for all k € N, ko = wp.

By means of the transformation 74:G — G
Ta(x) = (Ta_1,Ta-2,. .., T1,20,TA, TA+1,.-.) € G,
which is clearly measure-preserving and such that 74(74(x)) = x we have
Kn(T) = 7| ()wn (10| (x)) (2 € N).

Let us consider the Dirichlet kernel functions:
n—1
DS =" o,
k=0

where ¢ is either k or w and n € P.

Let function a:[0,4+00) — [1,+00) be monotone increasing, and define the
weighted maximal function of the Dirichlet kernels:

D¢
D?(z) := sup 1Da@)] (x € G),
neN a([logn])
where ¢ is either the Walsh—Paley, or the Walsh-Kaczmarz system. If it does not
cause confusion the notation ¢ is omitted. First we discuss the Walsh—Paley case.

Proposition 1. D% € L' if and only if Y5 _, LA) < oo. Moreover,

ol

1 1 =1
5> s <Dy <2y
2 = a(A) — a(A)
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Proof. In [6] one can read that for arbitrary « € I4\Ia11, and A € N the inequality
|D,, ()| < min{n,24}.

This immediately follows

That is,

That is, we have proved that (1/a(n)) € I! implies D, € L. On the other hand,
in the same way as above we have

| Da |1—Z/ 2)du()

A\1A+1

= Doa ()
> du(z
AZ_O/IA\IM a(d) W)

_ i 1 24
T 2. A (A
2 a(A)

In the case of the Walsh—-Kaczmarz system the situation changes. Namely, we
prove the following two propositions:

Prop051t10n 2. If Y00, aA) < oo, then D% € L'. Moreover, || D% ||;<

42,4:1 o T C, where C is some constant, such that may depend on « (but
anyway it is a finite real).

Proposition 3. There exists a positive constant C' (which may depend on «) such

that .
Dih> o Z
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These propositions give

Corollary 4. D% € L' if and only if > 5, ﬁ < 0.

That is, in the case of the Kaczmarz rearrangement we have to divide by a
“greater” weight function « if we want the maximal function D}, to be integrable.
Besides, by the method of the proof of Proposition 3 one can prove that if D% ¢ L!
(that is, Y%, ﬁ = 00), then it is not integrable on any dyadic interval. This
is quite different in the Walsh—Paley case. Since for this system even the maximal
function sup,, |D¥| is bounded by 24 on G'\ I 4. In order to prove Proposition 2 we
use to following lemma. Let

Dsy; . )
Lo(x) := sup{M 1j<Aj,AeN}, zed.

a(A)

Lemma 5. We prove || Lo [1<2Y %, ﬁ +C.

Proof.
oo A oo
| ng oTaA |1 A+1
Lo 1< = C.
| |1722 a(A) Z a(A) +
A=0j=0 A=1

Proof of Proposition 2. It is known ([6]) that for 1 <n € N
Dy, = Daini + 70| Dy i) © Tin-
Since in [6] one can find the inequality
Dy (2)] <27 = Dyi(x)
for any « € I \ Ij41, then

s |Dy ()| < Daa(x) + s, |Dy (14 ()] < Daa(2) +sup{Das (Ta(z)) : j < A}

This gives

K () — sup su | Dy ()] . | Dya ()]
Dalw) = Ap|n\:pA a(A) = r a(A)

By Proposition 1 we have

8
b

D¥ ;<2 — 4+ C
| D2 1< ;a(A)+ )
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and by Lemma 5, that is, by

o0

A
L, 1<2 —+C
| 1< AZ:lO‘(A)+

the proof of the inequality

= A
Dr 1< 4 —+C
| oc|1— ;O‘(A)_F )

that is, the proof of Proposition 2 is complete.

Proof of Proposition 3. Introduce the following notations:

Dyj; 074
Lon:=s —, :=| Ly, N € N).
N = s = an =[ La,n |1 ( )
i<a
First, we prove that
(1) an S CN2

This in equality can be proved in the following way.

N A DQJ OTA
an < g E E E C < CN?.
A=0 j=0 1 A=0 j=0

Next, for N € N, and k£ € N,1 < k denote by Jy i the following subset of G.

J {J?EG TNk =L, TN_k+1 = =$N_1=0} it N>k>2,
Nk {reG:ay_1=1} if N >Fk=1.

Since for fixed N the setsJy i, In are disjoint, and UévzlJN,k U Iy = G, then
we have

(2) aN—Z/

IN K

a,N dpt+ / La,ndp.
In

We give another upper bound for ay, a different one from the inequality (1).
Investigate the function L, n on the set Jy k.

If A= N, then for y = 74(z) we have yo =+ -+ = yp—2 = 0, yx—1 = 1.
Thus, sup;< 4 Dai(7a(x))/a(A) = 2k=1/a(N).
For A= N — 1 we have sup, y Do, (1a(z))/a(A) = 2872 /a(N —1).
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And soon ...
Finally, if A = N —k + 1 we have sup; 4 Do (ta(z))/a(A) = 1/a(N -k +1).
That is, for x € Jy i

D2j OTA (;C)
a(A)

~ 2k 1 2k—2 1
_max{a(zv)’a(N—1)""’a(N—k+1)}'

N—k<A<N
j<A

This, and
. ng OTA(x) o 1
sup T d,U—Q_kaN—k
IN & AJS_%VA—IC «
implies
1 1 1 1
Lo v (z) du(z) = , .
J,,, Eetarauta s e S
Consequently, by (2) we have
a 1 N
any < sup ———— + —aN_k+/ Lo ndu
I;ze[ k) 2a(N —1+1) Z:Qk In
1
<Z SUp o +Z aN-k+ 5 =% La,n(0)
e g 200l —l+1
(3)

1
<N su —|— a + sup ——————
= AE[LP)N] ON—A+1, Z N—k A<5)\f 9N —Aqa(A)
(N, 1 +ZN: 1 L1

— sup ———— —an_k + ——.
=2 0onty 2V-Aa(A) T Lo N TF T NG ()
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for some 1 < k < n, then we have

1 1 1 1
sup { a(n)’ 2a(n —1)"" "7 27" 1a(1) } - 2ka(n — k)

1 1 1 1
Sup { a(n—1)" 2a(n—2)"" "7 27 2a(1) } - 2k=la(n — k)

1 1 1 1
S“p{a(n_k)’2a(n—k—1)""’2n—k—1a(1)} “a(n—k)

Consequently, for the left side of (4) we have the following upper bound.

K
1 n; n; +1 n; + 2 Nitr1 — 1
2 ; (O‘(ni) " 2a(n;) * 22a(n;) L 2"i+1_"i_1a(ni)> ’

where for the strictly monotone increasing sequence (n;) we have n; = 1, and
K € Nis defined as ng11 — 1= N. If

{ieNin;+1<ni1} =0,
then the left side of (4) is bounded by

1Kn Nn
22 G "2 2 am)

N =

On the other hand, if

{i eENn; +1< ni+1} #* (Z),
then let p denote its minimal element. That is, ny = 1,10 =2,...,n, = p,npr1 >
p + 2. Consequently for the left side of (4) we have

S 1 1
=2 P a(n)’ 2a(n —1)"" "7 2n=1a(1)
BV
2 \a(l)  «a2) alp—1)

L np+1 Npr1 — 1
"3 (a(n,» T 3aln,) T ZenmTaln,)

(5) 1 & n; n; +1 n; + 2 nir1 — 1
5 2 \amy T3y T Zapy Tt T ety

K oo .

1 n; 1 J
<C+= ; L
=073 i;—l o(ni) ' a(m) \" +; 2
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(C depends on «). Since the function a:[0,+00) — [1,+00) is monotone
increasing, then we have

That is, the inequality (4) is verified. On the other hand, (2) also implies

> i a ! L + s L
a max —F AN — up ————
M= 2a(N) 2k "Nk B 2N=Aq(4)

A<N
N 1 LN/4] )
= Z + Z SEAN—k + SUD s
k=|N/4]+1 20(N) = 2 A<N 2 a(A)
3N/8 anN—1 anN_o a|—3N/4'\
~ «a(N) 2 + 92 +oo SIN/4] +,§l§11]3\7 SN A (A)’

By this inequality we have

3N/4  an—2  an—3 A[3N/4] 1
e o> ) —
aN —an-1 > (V) + 5 92 Tt o[N/4]-1 + jglj)\; 2N-Aq(A)
Consequently, (3) gives
3N/4 an—2  an-_3 A[3N/4]
. L L e ——
ay —2an-1 > a(V) B) 92 T 9lN/4]-1 + jg% 2N-Aq(A)
N1 b s L
2 ASNp—l 2N=1=4a(A) k=1 A ASNp—l 2N=4a(4)
3N/4 N-—1 1 - 1
> —

“aN) 2 Ai?vp_lzN—l—Aa<A>‘k_L%Mz_kaN‘”“'
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At last by (1) and (4) we have the following lower bound for ay.

n=1
N N-1 N
3n/4 n 1 n?
SN2t NP — oS
- ; a(n) =2 Zin 2n—Aq(A) ; on/4
N
3 2 n
> (== —=C
_<4 3);an)

Apply Proposition (1), or more exactly, the method its proof, and the inequality
given for ay above.

I DE [l1= sup up{Hm 1:n<N}

NeN

D2HA+21' . .
> sup sup :j<A<N,(j,A,NeN)
NGN O[(A) 1
D¥ o1s  Daya , _
zsupsup{} 2 — :j<A§N,(],A,NEN)}
NeN a(d)  al4)];
N
> sup (ay —2 —_
o (v-22 )
1 N n N 1
> sup | — — -2 — —C
N€N<24112—:1an) AX::la( ) )
1 << n
> _
- 25;a(n ¢

This completes the proof of Proposition (3).

References

[1] BaLaSov, L. A., Series with respect to the Walsh system with monotone
coefficients, Sibirsk Math. 7, 12 (1971), 25-39.

2] SNEIDER, A. A., On series with respect to the Walsh functions with monotone
coefficients, Izv. Akad. Nauk SSSR, Ser. Mat., 12 (1948), 179-192.

[3] GAT, GY., On (C,1) summability of integrable functions with respect to the
Walsh—-Kaczmarz system, Studia Math., 130 (1998), No. 2, 135-148.

[4] Scuipp, F., Certain rearrangements of series in the Walsh series, Mat. Za-
metki, 18 (1975), 193-201.



On the L' norm of the weighted maximal function. .. 65

[5] Scuipp, F., Pointwise convergence of expansions with respect to certain
product systems, Analysis Math., 2 (1976), 63-75.

[6] Scaipp, F., WADE, W. R., SImMON, P. and PAL, J.,Walsh series: an in-
troduction to dyadic harmonic analysis, Adam Hilger, Bristol and New York,
1990.

[7] Skvorcov, V. A., Convergence in Ly of Fourier series with respect to the
Walsh-Kaczmarz system, Vestnik Mosk. Univ. Ser. Mat. Meh., 6 (1981), 3-6.

[8] Skvorcov, V. A., On Fourier series with respect to the Walsh-Kaczmarz
system, Analysis Math., 7 (1981), 141-150.

[9] YounGg, W. S.; On the a. e. convergence of Walsh-Kaczmarz—Fourier series,
Proc. Amer. Math. Soc., 44 (1974), 353-358.

Gyorgy Gat

Inst. of Math. and Comp. Sci.
College of Nyiregyhéza

H-4400, Nyiregyhaza, P.O. Box 166.
Hungary

e-mail: gatgy@zeus.nyf.hu



