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Abstract. The paper deals with a generalized ratio set of positive integers defined as
Ry (A)={aiaz...a,/(b1ba...byp);a1,a2,...,an,b1,b2,...,b, EA}, where ACN.

There are characterized the accumulation points of R, (A). Further it is proved that if ACN has
positive lower asymptotic density then for sufficiently large positive integer n the set R, (A) is

dense in R™T.
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1. Introduction

Denote by R (R™) the set of all real (positive real) numbers and by N the
set of all positive integer numbers, respectively. The ratio set of A C N is denoted
by R(A) = {%;a,b € A} (see [3], [5]). The symbol X¢ will stand for the set of all
accumulation points of X C RT. It is easy to see that for any infinite subset A
of positive integers {0, +0o} C R(A)?. The set R(A) is everywhere dense in R if
R(A) = [0, +o0].

It is known that if lim,_ azf = 1 for the set A = {a1 < as <---} C N then
R(A) is dense in R™ [5], on the other hand if lim “i = ¢ > 1 then R(A) is

not dense in R¥, moreover R(A)4 N (1,¢) =0 [6].

The lower and upper asymptotic density of A, denoted by d(A) and d(A)
respectively, are defined as

dA) = tim, 29 Gy =T, A2
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where A(z) = #{a < x:a € A}. If d(A) = d(A) = d(A) then the number d(A) is
called the asymptotic density of the set A.

We mention some known results on the topics density of ratio sets. Salat [5]
showed that d(A) = d(A) > 0 or d(A) = 1 implies that R(A) is everywhere dense
in R*_‘ and for every sufficiently small € > 0 there exists a subset of A C N such
that d(A) =1 — e and R(A) is not everywhere dense in R*. He gave an example
of A C N for which d(A) = 1 and R(A) is not everywhere dense in RT. Strauch
and Toth [4] proved that % is the lower bound of 4’s for which d(A4) > ~ implies
that R(A) is everywhere dense in RT.

We define the generalized ratio set

a1ag ...0ap

R, (A) = {m;

al,ag,...,an,bl,bg,...,bnEA}.

Clearly, R1(A) = R(A) and R, (A4) C R, (A) for m > n.

In [2] was asked: For which sets B C R does there exist a set A C N such that
R(A)Y = B? It is evident that B # () provided A is infinite. On the other hand,
{0,400} € R(A)? for any infinite A C N. Further, if some positive t € R(A)?, then
1 € R(A)?, since ¢ € R(A) always implies that £ € R(A). Notice also, that the
accumulation points of any linear set constitute a closed set in R. Consequently,
the nonempty set B must be a closed subset of [0, +00] = R* U {0, +00}, it must
contain 0 and +oc0, and if b € B (b € RT) then 1 € B. In [1] was proved that these
conditions are also sufficient for the existence of an A C N for that R(A)¢ = B.

We show that the same assertion is valid if we consider the generalized ratio set
R, (A) instead of the ratio set R(A).

2. Theorems and proofs

Theorem 1. Let ) # B C [0, +o0] and n be a positive integer. The followings are
equivalent:

(i) There exists an A C N such that R,,(A)? = B;
(ii) BNR is closed in R, {0,400} C B and b € B implies ; € B.

Proof. As the implication (i) = (ii) is trivial it suffices to prove only (ii) = (i). The
case n = 1 was considered in [1]. Let us suppose that n > 1 and suppose 0 # B C
[0, +-00] satisfies (ii). Let S stand for the system of intervals (1+ =1, 14 L) where
n€Nandi=1,2,...,n°% The length of intervals tends to zero with increasing n
and every real number greater than 1 can be covered with infinitely many elements
of S. Denote by ((cx — dk, ¢k +6x))52, the sequence of those intervals from S which
meet B (i.e. which contain at least one element from B).
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Define the set A = {ap < a1 < az < ...} C N as follows:
Let ap =1, a1 = 2, as = 3, further

2 2 [Ck-(a3k+l)n

asr = L(agk_l)" (Ck + 1)J,a3k+1 = (agk)” , A3k42 = (a3k)"_1 —‘for k=1,2,...

We will show that R,,(4)¢ = B.

(1) B C R,,(A)%: Let t € B be a positive real number. We may suppose that
t > 1. Let ((¢my —Omy s Cmy +9m, )5 be a sequence of intervals containing ¢. Then
klim Cm, =t since klim Om, = 0. Accordingly the sequence
— 00 — 00

n—1

A3mp+2 ° (a3mk)n_1 _ Cmy, ° (a3mk+l)n . (a3mk)
@) (@) [ (@)™ W (@ e1)"

converges to t; thus, t € R(A)%.

(2) R.(A)? C B: Let us consider the fraction

- Aj Qiy o - Qg ERn(A),

Aj, Ajy - - - Ay,

where m < n, a;,,...,a;,,0a;,...,a5, € A further a;;, > as, > -+ > a4, a;, >
aj, > aj, > --- > aj, and the fraction r cannot be simplified. Our aim is to show
that only a sequence like (1) from R, (A) can have finite limit. To prove this we
consider the following possibilities:

(a) i1 = 3k or i3 = 3k + 1. In this case we have

a; 2_
T2 Gy
11—

B)ym<n, i1 =3k+2,j1,...,Jm <3k+lorm=mn, j1,...,Jn-1 < 3k+1,
Jn < 3k. Now we have

ck-(azpy1)”

> A3k+2 _ { (azp)" 1 1 > A3k+1 = ( 3k)n2—n

T (asg+1)" ! - ask (ask+1)™ "t - ase — (asg)”

(C) i1 =3k+2,102,...,0h_1 <3k, i, <3k —1, Jj1=17J2 = =]n=3l€+1
Then we have the following estimation
o UBht2 (ask)™ 2 - agk—1 < (ck +1) - (asp41)" (ask)™ 2 - agp—1 (ex + 1)agp—1
- (ask+1)™ (azk)™ 1 (asky1)™ ask
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2
<(asp—1)'""".

The last case we have to consider is related to (1)

(d) iy =3k +2,ip = =iy =3k, j1 = = jn = 3k + 1.
Let now t € R(A)% and t > 1. Then there exist sequences (s;;)5, and (r;,;)22,,
1=1,2,...,n of positive integers such that
o) T AL L VR
=00 Qpy ;" Qpy =" Ay y

Observe that if the fractions in (2) are of the form (a) and (b) then their limit
is +o0o and if these fractions are of the form (c) then their limit is 0. So (2) can
hold only if for sufficiently large numbers we have the case (d). Therefore for some
subsequence (my)2, of positive integers we have

lim ¢, =t.
k—-+oo Mk

Taking into account that every interval (¢, —0m,,, Cm,, +0m,, ) contains some ¢, € B,
therefore klim ti, = t. Finally, the closedness of BN R in R ensures that t € B.
— 00

Remark. As a consequence of the theorem we immediately have that for each
n > 1 there exists a set A C N such that R, (A) is not dense in R™, but R,1; is
already dense in RT. Indeed, there is a set A such that the set of all accumulation
points of R,(A) is equal to B = {n, %;n = 1,2,...}. Obviously, then R, 1(A) is
dense in R™.

Strauch and To6th [4] have proved that for any A C N and the interval («a, 3),
0<a<pB<1if(a,B)NR(A) =0 then d(A) < 1— (3 — ). The following lemma
generalizes this result and it is basic for the proof of the theorem below.

Lemma. Let A C N and the pairwise disjoint intervals (o, 3;), 0 < a; < 3; <1
are such that (o, 3;) NR(A) =0, i =1,2,...,m. Then

m

d(A) < 1= (8 — )

=1

Proof. In the cases d(A) = 0 or d(A) = 1 the assertion is trivial (it was proved by
Salat [5] that d(A) = 1 implies that R(A) is everywhere dense in RT), so we can
suppose that the set A is infinite and A has infinite complement in IN. Thus A can
be expressed as the set of integer points lying in the intervals

[blacl]a [b2702]7' "7[bnacn]7' cey
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whose endpoints are ordered as
bhi<ecp<by<c<---<b,<c¢, <---

Obviously,

n

— 1
d(A) =Tm, 0o — Y (ci —bi+1).
=1

Let us consider the fractions o) where a € A, a < ¢,. All these fractions are
contained in the union of the intervals

(3) [i)_lvz_l:|7 |:i)_2’z_2:|”|:lc)_"7z_":|

The distance of any two neighbouring fractions lying in the same interval of (3) is

bi — 0 asn — +oo. Therefore, for sufficiently large n, each interval («;, ;) C [0, 1],

t=1,2,...,m must lie in the complement of
b ¢
[—’“,—’“}, kE=1,2,... n
Cn Cn

This complement is formed by the pairwise disjoint intervals

b
(C—’“ ﬂ) k=1,2,...,n—1.

cn Cn

Hence
ck brt1
s ) € Uty (5,252

n Cn

and therefore
m

Z(ﬁi —a;) < 2”: M
k=1 Cn

=1

The upper asymptotic density of the set A we can write as

d(A) =lim, 4 (C” — b + 2o 1 [(ba —c1) + (bs —c2) 4+ - + (bn — cn_l)]>

Cn Cn  Cn

whence
m

d(A) —d(C) < 1= (B — ),

=1

where C is the range of ¢,. Now, for a positive integer t, transform [b,,c,] —
[tby, te, +t—1] and denote by A; the set of all integer points lying in [th,, te, +t—1],
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n =1,2,.... Analogously, C is the set of all tc,, +t— 1. Then we have d(A;) = d(A)
and d(C;) = d(C)/t, which gives

-2 100

and the assertion of the lemma follows.

Theorem 2. For arbitrary A = {a1 < a2 < ---} C N having positive lower
asymptotic density (d(A) > 0) there exists a positive integer n such that the set
R, (A) is dense in R*.

Proof. First, we claim that d(A) > 0 implies that for some interval [y,d], 1 <
v < ¢ the set R(A) is dense in [v,d]. Indeed, if such interval «, d] does not exist,
then there exist pairwise disjoint intervals (a;,3;), 0 < «a; < B; < 1 such that
(aiy i) NR(A) =0, i = 1,2,...,m and the sum of the length of these intervals
can be arbitrary near to 1, i.e.

Z(ﬁi —a;) > 1—d(A)

which is a contradiction with the lemma.

From the condition d(A) > 0 follows that for sufficiently large K we have

Ak+1
A

<K, k=12,...

If R(A) is dense in [v,4], (1 < < §) then Ry(A) is dense in [1, %] and Ry(A) is

dense in [1, (%)2], .... To see this, we remark that

Rons1(A) = R(Ran(4)), n=1,2,...

Evidently (%)” — +o0 for n — 400, therefore for sufficiently large n we have that
R, —1(A) is dense in [1, K]. Using this fact we have that the set

{t- Z_’;; te Rn_l(A)} C Ru(A)

is dense in each [Z&, “=2], k = 1,2,.. ., hence Ry,(A) is dense in R™.

To conclude this paper, let us describe some open problems associated with
this topic.
Let (n) be the least value of v for which d(A) > ~ implies that R, (A) is

dense in R*, n =1,2,.... It is known that (1) = 1/2. Determine the exact value
of v(2). What can be said about the function ~y(n)?
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