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On a theorem of type Hardy—Littlewood
with respect to the Vilenkin-like systems

GYORGY GAT

Abstract. In this paper we give a convergence test for generalized (by the author)
Vilenkin—Fourier series. This convergence theorem is of type Hardy—Littlewood for the

ordinary Vilenkin system is proved in 1954 by Yano.

Introduction and the result

First we introduce some necessary definitions and notations of the the-
ory of the Vilenkin systems. The Vilenkin systems were introduced by N. JA.
VILENKIN in 1947 (see e.g. [7]). Let m:= (my,k € N) (N:={0,1,...}) bea
sequence of integers each of them not less than 2. Let Z,,, denote the m-th
discrete cyclic group. Z,,,, can be represented by the set {0,...,m; — 1},
where the group operation is the mod m; addition and every subset is
open. The measure on Z,,, is defined such that the measure of every sin-
gleton is 1/my. (k € N). Let

This gives that every x € G,, can be represented by a sequence x = (x;,i €
N), where z; € Z,,, (i € N). The group operation on G,, (denoted by
+) is the coordinate-wise addition (the inverse operation is denoted by —),
the measure (denoted by p) and the topology are the product measure and
topology. Consequently, G, is a compact Abelian group. If sup,, cn My < 00,
then we call GG,,, a bounded Vilenkin group. If the generating sequence m
is not bounded, then G,, is said to be an unbounded Vilenkin group. The
boundedness of the group G,, is supposed over all of this paper and denote
by sup,en Mn < 00. ¢ denotes an absolute constant (may depend only on
sup,, m,,) which may not be the same at different occurences.
A base for the neighborhoods of G, can be given as follows

Ip(x): =G, In(x):={y=(yi;,i € N) € Gp,:y;=uz; fori<n}
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for z € Gy, n € P:=N\ {0}. Let 0 = (0,7 € N) € G,, denote the
nullelement of G,,, I, :=1,(0) (n € N). Let Z:={I,(z): = € G,,, n € N}
The elements of Z are called intervals on G,,.

Furthermore, let LP?(G,,) (1 < p < oo0) denote the usual Lebesgue
spaces (| . |, the corresponding norms) on G,,, A,, the o algebra generated
by the sets I,,(z) (x € G,,) and E,, the conditional expectation operator
with respect to A, (n € N) (f € L)

Let My:=1, M,,+1:=m, M, (n € N) be the generalized powers. Then
each natural number n can be uniquely expressed as

n:ZniMi (n; € {0,1,...,m; — 1}, i € N),

where only a finite number of n;’s differ from zero. The generalized Rade-
macher functions are defined as

() ::exp(27rzx_") (r € G, n€N, 1:=v-1).

My

Then

Hr (n € N)

the nth Vilenkin function. The system 1 := (¢,,: n € N) is called a Vilenkin
system. Each 1, is a character of (G,, and all the characters of G,, are of
this form. Define the m-adic addition as

k& n::Z(k‘j +n; (mod m;))M; (k,ne€N).
j=0

Then, 1/}166971 = Yr¥n, 7/}71(33 + y) = ¢n($)wn(y)v ¢n(_x) = Tz_)n(x)v |7pn| =
1 (k,neN, z,ye€ Gy )

Let functions ay,, a; *).G,, — C (n,j,k € N) satisfy:

(i) a§k) is measurable with respect to A; (j,k € N),

(i) [P =alP(0) =al” =al” =1 (j,k e N),
(it) @y =12 al™", 0= n; (n € N).

Let xn :=vYnay, (n € N). The system {x,, : n € N} is called a Vilenkin-like
(or Ya) system ([2]-[4]).
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We mention some examples.

1. If a§k) = 1 for each k,j € N, then we have the “ordinary” Vilenkin
systems.

2. If m; =2 for all j € N and agn(j)) = (B;)("), where

Bj(z) = exp (2772(:13;;1 Lt %)) (n,j €N, z € Gp),

then we have the character system of the group of 2-adic integers (see e.g.

[51, [4])-

3. If
tn(x):=exp | 2m ZMn—il Za:ij (r € G, n € N),
j=0 """ j=0

then we have a Vilenkin-like system which is usefull in the approximation
theory of limit periodic, almost even arithmetical functions (|2], [4]).

In [3] we proved that a Vilenkin-like system is orthonormal and com-
plete in L'(G,,). Define the Fourier coefficients, the partial sums of the
Fourier series, the Dirichlet kernels with respect to the Vilenkin-like system
x as follows.

n—1

Xy =Fm):=[ X  SXf=Saf =D XR)xk
k=0

n—1
D%(% IL’) = Dn(ya .T) ‘= Z Xn(y)in(x)a
k=0
It is known ([2]) that

M’ru ify—xe —[n 0 )
D, (y, @) = D, (y — ) = {0 if Zy/ —x ¢ Ing();

Sn, f(y) = My i )de:Enf(y) (f € Ll(Gm)v n € N)
n\Y

and
m]' —1

Doy, ) = Xn(W)Xa(2) > Dary(y—2) Y. rH(z)
=0

p=mj—n;
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(r € G, n €N, fe LY G,)). Then, y —x ¢ I, gives
(1) [Dn(y, )| < cMs (s € N)
([2]). Tt is also known ([2]) that for y — x ¢ I

Ms—1

(2) Z XjM.+t(Y)Xjm.+¢(x) =0 (j € N).
=0

Moreover,
X1 (y) = /G (@) Doy, z) dp

(n € N, y € G,,). For more details on Vilenkin-like systems see e.g. [2]-[4].

The following theorem of type Hardy—Littlewood for the ordinary Vi-
lenkin system is proved in 1954 by YANO (|8]). We generalize this result for
Vilenkin-like systems.

Theorem. Suppose that the following two conditions hold for function
f € LY (Gy,) and for ay € G,,.

(1) Mylogh f, |f(@+ 1) — f)] du(z) — 0 (n — o),

(2) |f(k)| < ck° for some & > 0.
Then S, f(y) converges to f(y).

Proof. Denote by
3) Moz M, [ 1@ +3) = F)] du(@) =2, — 0.

(3) implies that

4)  1Swm, f(y) — fy)| = M,

En
/J @ = Tt <

for n € N. Let £k € N and n € N for which M,, < k < M,4+1. Also, let
n > ng € N be some integer depend on n for which r < n/ng that is the
ratio of n and ng has a lower bound, where constant r € N is discussed
later.

k—1

Sif(y) = /G @) S x5 (0)%5 (@) duz)

k—1
:/G f(x+y)ZXj(y)>2j($+y) dp(x)
m §=0
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and
/ Z Y)X; (@ +y) du(x) =0
gives
k—1
6) $uf0) =S, /) = | (Hat9)~1w) Y 60l +o) dute).
" J=Ms

In (5) we integrate over Gy, which is the disjoint union of I, I, \ I, and
Gm \ I, - Since sequence m is bounded, then we have

k—1
ZX] ()X (z +y) du(z)
j=M

J n

/In(f(wﬂl

< (o= 30,) [ 1f@+9) = £l duta) < 20/ 0g My,

(6)

By (1) we have

k—1
/ (Fa+9) - F) S x5 + ) du(o)
Ing\In j=M,
()
CEg
< SZ;O M, o 1f(z+y) — fly) du(z) < SZH:O og 1L

Finally, we have x € Gy, \ I,,. This by (2) implies

—1M;—1

Z Z Z Xkt+0 g, +1(T + Y) X+ 4 jar, +1(y) = 0.

s=ng j=0 1=0
Denote by

no—1ks—1 Ms—1

J(@+y.y Z Z Z Xito+0 i1, +1(T + Y) X0 4z, 11(Y)-

s=0 j=0 1[=0
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Then,
k—1
Lm\lno(f($+y ]:zj\;[ X] Xj x+y dﬂ( )
- / (@ +1) — F@)I (@ +,3) du(z)
G\l
< / (F@+9) — FW)J (@ +v,y) du(z)
I

) (x +y,y) du(x)

nog—1ks—1 —
< cep,/log My, + Z > Z F(RHY) 4+ M, +1)]

s=0 j=0 =0
< n0275n < c \"0
< CEpy +C < CEpy + 26 .
At last by (4), (6), (7), (8), we get

1Sk f(y) = Sm, f(W)| < [Sm, f(y) — f()]

| [ Gt = 10) X )%+ ) du

En C no
< el ()
< 10 . + cep/log +zn:1 +c€0+ o

~ no
< ey + e + sup e5(1/ng+ -+ 1/n) + <2—§T> —0

s>ng



as n — oo, where constant » € N is given as
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c

- < 1 and ng — oo (as

26
n — oo) provided that r < n/ng. That is the proof of the theorem is
complete.
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