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A generalization of an approximation
problem concerning linear recurrences

BELA ZAY*

Abstract. Let {G,} be a linear recursive sequence of order ¢(>2) defined by G, =

A1Gp_1++A:Gp—y for n>t, where Aq,...,A; and Gy,...,G¢_1 are given rational integers.

Denote by ai,as,...,a; the roots of the polynomial zt—A;z*~'—...— A, and suppose that
|ay|>|a;| for 2<i<t. It is known that lim Gg::s =aj, where s is a positive integer.

n— o0

The quality of the approximation of «; by rational numbers Ggis in the case s=1 was

investigated in several papers. Extending the earlier results we show that the inequality

G
s__“n+ts 1
Y -G, |<woT

holds for infinitely many positve integers n with some constant c if and only if

1
<] loglaal
= logla |

Let {G,};2, be a k™ order (k > 2) linear recursive sequence defined
by
G, =A1Gp 1+ AG, o+ -+ ApG,_ for n >k,

where Aq,..., Ay, and Gy, ...,G} are given rational integers with Ay # 0
and GZ + -+ + G2_, # 0. Denote by a,...,a; the distinct roots of the
characteristic polinomial

flx)=aF — Azt — o — Ay = (2 — o)™ (z — )™ (1 — )™

Using the well known explicite form of the terms of linear recursive sequen-
ces, GG, can be expressed by

t m; t
(1) G, = Z Zaijnj_l al = Z P;(n)a (n>0)
i=1 \j=1 i=1
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where the coefficients a;; of polinomials P;(n) are elements of the algebraic
number field Q(ayq,...,a;). We assume that the sequence G is a non dege-
nerate one, i.e. ai1,as1,...,as, are non zero algebraic numbers and «;/a;
is not a root of unity for any 1 < i < 7 < t. We can also assume that
G, # 0 for n > 0 since the sequence have only finitely many zero terms
and after a movement of indices this condition will be fulfilled. If |o;| < a3

for i = 2,3,...,t than from (1) it follows that lim % = . In the case
n— 00 n

k = 2 the quality of the approximation of o by rational numbers G,,11/G,
was investigated some earlier papers (e.g. set [2], [3], [4] and [5]). In the
general case P. Kiss ([1]) proved the following result. Let G be a t"™ order

linear recurrence with conditions |ay| > |ae| > |ag| > -+ > |oy|, where
my =---=my =1). Then
G 1
Qg — n+1 -
G, cGE

holds for infinitely many positive integers n with some constant c¢ if and
only if k < kg, where

log |Oé2|

ko=1— R

0 log|ay| — t—1

and the equation kg = 14 15 can be held only if [A;| = 1 and |oq| > |az| =
In [1] the following lemma was also proved.

Lemma. Let 8 and v be complex algebraic numbers for which |3| =
|7] = 1 and + is not a root of unity. Then there are positive numbers ¢ and
ng depending only on 3 and -y such that

|1 +5’Yn| > e6logn

for any n > ng.

In the case |ag| > a; (2 < i < t) it is clear that lim GG"—+ = of for
n— o0 "

any fixed positive integer s.

The purpose of this paper is the investigation of the quality of the
approximation of aj by rational numbers GG"—: and to prove an extension
of P. Kiss’s theorem.

Theorem. Let G be a non degenerate k'™ order linear recurrence
sequence with conditions:

t
lon| > |ag] > |as| > |aa] > -+ > o], my =mg =1, Zmi:k
i=1
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(where m; is the multiplicity of «; in the characteristic polinomial of G)
and G,, > 0 for n > 0. Then

Gn+s

S_—

(%
1
Gn

1
cGT

(2)

holds for infinitely many positive integers n with some positive constant c
if and only if

log |as|
3 r<ro=1-—
®) log [an|
We remark that in the case of s =1, my = --- = my = 1 we get the

result of P. Kiss ([1]). In the next proof we shall use similar arguments wich
was used by P. Kiss.

Proof of the Theorem. Since m; = my = 1 the polinomials P;(n)
and P»(n) are non zero constants (denoted by aq; and ag; respectively) and
so by (1) we have

s Gnis s Pi(nts)ay™ 4+ P(n+s)ai"
a, ! Pi(n)af + -+ Py(n)ad
t
= |G| |azi(af — 08)as + > (aipi(n) — o Pi(n + s))af
=3
= |G, ag(af — a3)al | Hs(n)
where
t
$Pi(n) — o P, »
Hg(n) -1 + Z (al (’I’L) ?z (Sn _‘;8)) a; ]
i—3 az (o] — a3)ay

Since Gy, = an1af (1 +dy,), where lim d,, = 0, (2) holds if and only if

n—oo

c ‘agl(ai — ag)aQ‘G;fl‘ Hs(n)

= clajy aai(af — a3)(1 + dn) " |azal 7" Hs(n) < 1.

Denoting the second and the third factors of the last product by H;(n) and
Hy(n) respectively, (2) holds if and only if

(4) cHi(n)Hs(n)Hs(n) < 1.
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It is easy to see that
et < Hi(n) <e*

holds with suitable real numbers ¢y, cs.
From this it follows that

(5) ceh™ e < cHy(n)Hy(n) < cemte

where h = log as + (r — 1) log ay.

If we assume that |ae| > |ag| then lim cHp(n)Hs(n) = ccy, where
Cco = |a’£f1a21(a“{ — a§)|.

Using the well known fact

log|as |
log|a |

0, ifr<rg=1-
1, ifr=nmrg

oo, ifr>mrg

lim Hy(n) = lim ‘ala?lrh =

n—oo

it is clear that (4) (and so (2), too) holds for infinitely many positive integers
n with some positive constant ¢ (0 < ¢ < ¢g!') if and only if r < ry. Now
we assume that

lor| > Jag| = |ag| > [ag| > -+ > |y

Since « is real and ag/asg is not a root of unity as and ao are (not real)
conjugate complex numbers and my = mg (i.e. my = my = 1 = mg and
Ps;(n) = Ps(n+ s) = agy). Furthermore ay; and as; also are conjugate
numbers since they are solutions of the system of linear equations

t my
G":Z Zaijnjfl a, 0<n<k-1
i=1 \ j=1

az1(af—a3)
az)l (a1 —a;)
and so using the Lemma (proved by P. Kiss in [1]), we obtain the estimation

az1 (o] — a3) <%>n

ag (af —af) \ e

Hence and Z—z are algebraic numbers with absolute value 1

with some positive real 4.
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But |oy| < |as] for i > 4, so by the last inequality

e—calogn 1+ a3(ai_a§) Qs "
(af —a3) \a

t n

aibi(n) — ajPi(n + s) <az>

+ — = Hs(n) <3
iz; as (af —a3) Qg 3(n)

with some c3 > 0 if n is large enough.

(7)

By (5) and (6) we have
celm—eslognter o (n)Hy(n)Hs(n) < celmteatlogs,

(7) holds for infinitely many positive integers if and only if A < 0, which

is equivalent to r < 7.

1]
2]
3]

4]

[5]

This completes the proof of the theorem.
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